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Abstract

Wireless communication systems require advanced techniques at the trans-
mitter and at the receiver that improve the performance in hostile radio
environments. The received signal is significantly distorted due to the
dynamic nature of the wireless channel caused by multipath fading and
Doppler spread. In order to mitigate the negative impact of the channel
to the received signal quality, techniques as equalization and diversity are
usually employed in the system design.

During the transmission, the phenomenon of inter-symbol interference
(ISI) occurs at the receiver due to the time dispersion of the involved chan-
nels. Hence, several delayed replicas of previous symbols interfere with
the current symbol. Equalization is usually employed in order to com-
bat the effect of the ISI. Several implementations for equalization filters
have been proposed, including linear and non-linear processing, provid-
ing complexity-performance trade-offs. It is known that the length of the
equalization filter determines the complexity of the technique. Since the
wireless channels are characterized by long and sparse impulse responses,
the conventional equalizers require high computational complexity due to
the large size of their filters.

In this dissertation, we have further investigated the long standing prob-
lem of equalization in light of the recently derived theory of compressed
sampling (CS) for sparse and redundant representations. The developed
heuristic algorithms for equalization, can exploit either the sparsity of the
channel impulse response (CIR), or the sparsity of the equalizer filters, in
order to derive efficient implementation designs. To this end, building on
basis pursuit and matching pursuit techniques new equalization schemes
have been proposed that exhibit considerable computational savings, in-
creased performance properties and short training sequence requirements.
Our main contribution for this part is the Stochastic Gradient Pursuit algo-
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rithm for sparse adaptive equalization.
An alternative approach to combat ISI is based on the orthogonal fre-

quency division multiplexing (OFDM) system. In this system, the entire
channel is divided into many narrow subchannels, so as the transmitted
signals to be orthogonal to each other, despite their spectral overlap. How-
ever, in the case of doubly selective channels, the Doppler effect destroys
the orthogonality between subcarriers. Thus, similarly to ISI, the effect of
intercarrier interference (ICI) is introduced at the receiver, where symbols
which belong to other subcarriers interfere with the current one. Consider-
ing this problem, we have developed iterative algorithms which recursively
cancels the ICI at the receiver, providing performance-complexity trade-
offs.

For low or medium Doppler spreads, the typical approach is to ap-
proximate the frequency-domain channel matrix with a banded one. On
this premise, we derived reduced-rank preconditioned conjugate gradient
(PCG) algorithms in order to estimate the equalization matrix with a re-
duced number of iterations. Also developed an improved PCG algorithm
with the same complexity order, using the Galerkin projections theory.
However, in rapidly changing environments, a severe ICI is introduced and
the banded approximation results in significant performance degradation.
In order to recover this performance loss, we developed regularized esti-
mation framework for ICI equalization, with linear complexity with respect
the the number of the subcarriers. Moreover, we proposed a new equaliza-
tion technique which has the potential to completely cancel the ICI. This
approach works in a successive manner through a number of stages, con-
veying from the fully-connected ordered successive interference cancella-
tion architecture (OSIC) in order to fully suppress the residual interference
at each stage of the equalizer.

On the other hand, diversity can improve the performance of the com-
munication system by sending the information symbols through multiple
signal paths, each of which fades independently. One approach to ob-
tain diversity is through cooperative transmission, considering a group of
nearby terminals (relays) as forming one virtual antenna array and apply-
ing a spatial beamforming technique so as to optimize the communication
via them. Such beamforming techniques differ from their classical counter-
parts where the array elements are located in a common processing unit,
due to the distribution of the relays in the space.

In this setting, we developed new distributed algorithms which enable
the relay cooperation for the computation of the beamforming weights
leveraging the computational abilities of the relays. Each relay can estimate
only the corresponding entry of the principal eigenvector, combining data
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from its network neighbours. The proposed algorithms are applied to two
distributed beamforming schemes for relay networks. In the first scheme,
the beamforming vector is computed through minimization of a total trans-
mit power subject to the receiver quality-of-service (QoS) constraint. In the
second scheme, the beamforming weights are obtained through maximiza-
tion of the receiver SNR subject to a total transmit power constraint. More-
over, the proposed algorithms operate blindly, implying that no training
data are required to be transmitted to the relays, and adaptively, exhibiting
a quite short convergence period.
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Chapter 1
Introduction

Wireless communication systems usually operate over hostile radio environ-

ments where various physical phenomena hinder the seamless communica-
tion between the transmitter and the receiver. The propagation environ-
ment of the transmitted wave and the relative mobility between the trans-
mitter and the receiver are usually form a time-varying wireless channel
which causes severe signal distorsion at the receiver.

More specifically, this thesis considers three basic types of channel im-
pairments, namely the inter-symbol interference, inter-carrier interference

and multipath fading. Inter-symbol interference (ISI), caused mainly due
to time dispersion of the channel, is a long-standing problem and present
in many communication systems, even when the communication link ends
are considered static. In contrary, inter-carrier interference (ICI) is caused
due to the fast relevant movement of the link ends, which results fast tem-
poral variations of the channel. This case has attracted considerable in-
terest lately, because of its practical relevance, such as vehicle-to-vehicle
communications (V2V). On the other hand, multipath fading is present in
the majority of the wireless communication systems, caused by the several
physical paths through which travels the electromagnetic wave.

Moreover, many aspects must be considered in the design of a wireless
communication system, such as the communication quality, the computa-
tional performance, the bandwidth occupation and many other, composing
a multi-parameter problem without a unique solution. All these facts ar-
gue in favor of the study and the development of advanced signal processing

techniques, elaborating from the recent tools in optimization theory. Within
this work, our aim is to study, design and develop efficient techniques in
order to mitigate the aforementioned types of impairments. To this end,
we employ efficient optimization tools from signal processing and mathe-
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2 CHAPTER 1. INTRODUCTION

matics, exploiting the special properties of each problem. The application
of these tools highlight the particularities of the considered problems and
the need for special treatment in each case.

In the following, first we introduce the wireless channel and the three
key elements of fading, equalization and diversity, and then we present the
outline of this thesis and the main contributions. A more precise formula-
tion of the studied problems in this work, is provided in the next chapter.

1.1 The Wireless Channel

Wireless channels operate through electromagnetic waves which travel from
the transmitter’s to the receiver’s antennas. Any obstructions caused by
ground, buildings, vehicles, etc. which can be found in the vicinity of these
waves must be taken into account for the channel modeling. The three ba-
sic interactions between radio waves and surrounding objects are reflection,
scattering and diffraction [1], [2]. Reflection occurs when radio waves im-
pinge on a large, smooth surface such as a wall. Scattering may occur if the
surface is very rough, spreading the reflected wave in multiple directions.
Diffraction is a characteristic wave phenomenon, causing the impinging
wave to bend around sharp edges.

It is obvious that when one has to consider all slight effects introduced
by the propagation channel into the channel modeling, the resulting model
is too complicated in many circumstances. Therefore simplified channel
models that reflect merely the most important properties of channels are
usually developed. A simple description of the wireless channel model is
through statistical characterization [3], [4]. The random fluctuations in
the received signal due to fading can be modeled by treating the channel
impulse response (CIR) as a random process in time. Since the components
of the multipath signal arise from a large number of reflections and scat-
tering from rough or granular surfaces, then by virtue of the central limit
theorem, CIR can be modeled as a complex Gaussian process [5].

1.2 Channel Fading

In wireless mobile communications, the transmitted signal is subject to
various impairments caused by the transmission medium combined with
the mobility of transmitters and/or receivers. The dynamic nature of the
wireless channel causes variations to the channel strength over time and
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frequency, and can be roughly divided into two types, large-scale and small-

scale fading [1], [2].
Large-scale fading, occurs due to path-loss and shadowing phenomena.

Path-loss is an attenuation of the signal strength with the distance between
the transmitter and the receiver antenna. Unlike the transmission in free
space, transmission in practical wireless channels is affected by terrain con-
tours, since the propagation takes place near the ground. As the mobile
moves, the slow variation in the mean envelope over a small region, shad-
owing, appears due to the variations in large-scale terrain characteristics,
such as hills, forests, buildings, and large objects. In order to combat these
large-scale phenomena and the produced slow variation in mean received
envelope, power control techniques are often used.

On the contrary, small-scale fast fluctuation of the received signal en-
velope resulting from multipath reception and transmitter and/or receiver
movement. Multipath fading results in the constructive or destructive ad-
dition of arriving plane wave components, and manifests itself as large
variations in amplitude and phase of the composite received signal in time.
Due to this phenomenon, the channel can exhibit a deep fade, where the
instantaneous signal-to-noise ratio (SNR) is very low. It is well known that
equalization and diversity techniques combat multipath fading by reducing
the probability that the received signal is weak.

1.3 Communication over the Wireless Channels

A wireless system consists of multiple dimensions: time, frequency, space
and users. Consequently, wireless communication systems are susceptible
to several types of impairments that hinders the performance and the qual-
ity of the system. In the time and frequency domains, interference between
successive signals is often present, reducing the quality of the received sig-
nal. In particular, time dispersion of the communication channel results
into inter-symbol interference (ISI) between the transmitted symbols [6].
Moreover, when the multipath channel has fast variations in time, inter-

carrier interference (ICI) is introduced in multicarrier systems, effecting the
transmitting symbols in the frequency domain [7]. In the case where the
communication system consists by multiple antennas or users, special treat-
ment must be used for the manipulation of the transmitted signal at each
terminal, in order to avoid the interference between them [8].

To mitigate the impact of the various types of interference, advanced
signal processing techniques are required at the receiver or/and at the
transmitter of the communication system. Techniques such as equaliza-
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tion and diversity are usually employed in the system design [6], [8]. In
the next subsections, we give a brief discussion about the interference and
the techniques which are considered in this thesis.

1.3.1 ISI Equalization

Inter-symbol interference (ISI) is a problem of long-standing interest [9].
One main reason that causes ISI at the receiver is the time dispersion of
the involved channels. Several delayed replicas of previous symbols inter-
fere with the current symbol. Equalization is usually employed in order to
combat the effect of the ISI. Viewed from the system design perspective,
equalizers can be classified depending on the channel state information
(CSI) at the receiver [6], [10]. In the case where the channel impulse
response (CIR) is estimated at the receiver, the equalization filters can be
expressed based on the identified CIR. In this thesis, we adopt the term
indirect equalizer in order to refer to this scheme of equalization. On the
other hand, when CIR is considered as unknown, the equalization filters
can be obtained by utilizing the second-order statistics of the channel. This
type of equalizers will be referred as direct equalizers.

More specifically, indirect equalizers are based on a two step procedure.
The main interest is focused on the first step of the channel identification

problem. Afterwards, given that the CIR has been estimated, the compu-
tation of the equalization filter is a straightforward procedure of solving a
system of equations. It is obvious that higher accuracy at the estimation
of the channel taps results into a higher equalization performance. Ro-

bust techniques are usually employed in order to take into account possible
errors due to inexact channel modeling. Furthermore, in the case where
the channel taps change rapidly in time, adaptive identification techniques
are usually employed in order to track these variations of the channel taps
[11].

Direct equalizers are based on the second-order statistics of the CIR,
such as the auto-correlation matrix and the cross-correlation vector [12].
The system of equations which must be solved at this case, is expressed by
the auto-correlation and cross-correlation quantities, which are estimated
based on the received samples. The update frequency of these quanti-
ties determines the computation complexity of the overall scheme. For
instance, adaptive equalizers demand the solution of the system at each
symbol period, and hence usually have high computational demands.



1.3. COMMUNICATION OVER THE WIRELESS CHANNELS 5

1.3.2 ICI Equalization

An alternative approach to combat ISI is through orthogonal frequency-

division multiplexing (OFDM) [6], [7]. In OFDM systems, the entire chan-
nel is divided into many narrow subchannels, so as the transmitted signals
to be orthogonal to each other, despite their spectral overlap. This causes
an OFDM symbol to be much longer than a data symbol in a single-carrier
system, enhancing the robustness of the system to the delay dispersion
of the channel. Two types of interference is considered in these system,
the interference which occurs among successive symbols (ISI) at the same
subcarrier, as well as among signals at different subcarriers (intercarrier
interference - ICI). For multicarrier systems operating over time-invariant
but frequency-selective channels, these two interferences can effectively be
avoided by inserting a cyclic prefix (CP) before each block of parallel data
symbols and using a single-tap equalizer in the frequency domain.

However, in applications with high levels of mobility and capacity, the
experienced channels are usually time- and frequency-selective (so-called
doubly selective), and temporal variations within one OFDM block corrupt
the orthogonality of different subcarriers, generating power leakage among
the subcarriers. In the case of severe ICI, the single-tap equalization is
unreliable and thus advanced techniques are necessary to mitigate ICI in
transmissions over rapidly varying channels.

In applications with large number of subcarriers, the computational
cost of the advanced equalization techniques grows in an unfavorable fash-
ion. Hence, several approximated equalization schemes have been studied
in the literature as a means to mitigate ICI, ranging from linear to decision-
feedback techniques and turbo equalization. Most of these schemes exploit
the special structure of ICI, where one subcarrier symbol affects only a few
neighboring subcarriers. Those schemes are quite attractive due to their
low complexity but their performance in high mobility scenarios degrades
noticeably.

1.3.3 Multipath Fading and Diversity

Diversity can be used to mitigate the signal fading arising from multipath
propagation [3]. The main idea is based on the fact that the performance
of the communication system can be improved by sending the information
symbols through multiple signal paths, each of which fades independently.
Space, or mutiple-antenna, diversity techniques are particularly attractive
as they can be readily combined with other forms of diversity, e.g., time
and frequency diversity, and still offer dramatic performance gains when
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other forms of diversity are unavailable.
In contrast to the more conventional forms of space diversity with phys-

ical arrays, an alternative approach to obtain diversity is through cooper-
ative transmission [13], [14]. By considering a group of nearby terminals
(relays) as forming one virtual antenna array, a spatial beamforming tech-
nique can be applied so as to optimize the communication via them. Such
beamforming techniques differ from their classical counterparts where the
array elements are located in a common processing unit, due to the distri-
bution of the relays in the space.

In order to achieve user-cooperative diversity, different relaying strate-
gies have been proposed in the literature [8]. Due to its low-complexity,
one popular approach is the amplify-and-forward (AF) technique, where
the relays simply retransmit properly-scaled and phase-shifted versions of
their received signals. The performance of the relaying strategies depends
on available information of the source-to-relay and relay-to-destination chan-
nels. In cases where the relays have perfect channel state information
(CSI), the AF scheme is known to maximize the signal-to-noise ratio of
the destination subject to power constraints, resulting into optimal closed-
form expression. When CSI is not available, the problem of distributed
beamforming is considered under the assumption that the second order
statistics of the channels are known.

Usually the distributed beamforming algorithms require the employ-
ment of a fusion center, which is assumed to have perfect CSI or knowl-
edge of the second order statistics of the channels, for the entire network.
However, this requirement increases the communication costs, as a large
amount of data must be transmitted from the relays to the fusion center.

1.4 Thesis Outline and Contributions

The presentation and the contributions of this work are organized as fol-
lows.

Chapter 3 deals with the indirect ISI equalization problem, where the
equalizer at the receiver is designed based on the identification of the
channel impulse response. This knowledge comes from a training process,
where the unknown channel is being identified by using sparse-aware algo-
rithms. To this end, our main contributions on this topic are the following
:

• Regularized convex optimization techniques and heuristic strategies
are considered, in order to recover the sparse channel. On this base,
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two techniques for designing a sparse equalizer are proposed, exploit-
ing the sparsity of the CIR.

• Performance evaluation of the proposed schemes is conducted, indi-
cating that sparse equalizers exhibit smaller bit-error and faster con-
vergence rates comparing to the non sparse-aware techniques.

The case of direct ISI equalization is considered in Chapter 4 and the
equalization problem is formulated as an inverse one where sparseness is
sought. Our contributions on this topic are summarized as follows :

• The sparse adaptive equalization problem is investigated, viewed from
the inverse system perspective. It is shown that under of reasonable
condition concerning the CIR coefficients, the equalizer filter may be
approximated by a sparse vector.

• The Stochastic Gradient Pursuit (SGP), a novel low-complexity heuris-
tic iterative algorithm is proposed. This algorithm is based on the
matching pursuit and inexact line search optimization.

• The proposed SGP algorithm is extended to the case where the spar-
sity order is assumed unknown. Hence, an adaptive sparsity order

algorithm is derived.

The problem of inter-carrier interference is addressed in Chapter 5, con-
sidering an orthogonal frequency-division multiplexing (OFDM) system,
operating over a doubly selective wireless channel. Our contributions on
this topic are summarized as follows :

• The Forward OSIC, a novel equalizer that extends the ordered succes-
sive interference cancellation (OSIC) architecture is proposed. This
is achieved by applying equalization filters that eliminate efficiently
both the forward and backward ICI introduced in each subcarrier.

• An iterative low complexity algorithm, based on Galerkin projections,
for estimating the per subcarrier equalizer filters is provided. The
total estimation and equalization cost is of quadratic order with the
number of the subcarriers, which is among the lowest reported in the
open literature.

• The efficiency of the proposed equalizer is validated in practical vehicle-

to-vehicle (V2V) communication scenarios using parameters selected
in line with the IEEE 802.11p specifications. Extensive simulation ex-
periments demonstrate that the proposed equalizer offers enhanced
robustness to severe ICI as compared to state-of-the-art approaches.
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Chapter 6 investigates the problem of fading mitigation. The two dis-
tributed beamforming schemes for relay networks are considered. In the
first scheme, the beamforming vector is computed through minimization
of a total transmit power subject to the receiver quality-of-service (QoS)
constraint. In the second scheme, the beamforming weights are obtained
through maximization of the receiver SNR subject to a total transmit power
constraint. Specifically, the main contributions of Chapter 6 are the follow-
ing :

• Two new distributed and adaptive algorithms for beamforming weight
computation are proposed. These algorithms enable the relay coop-
eration for the computation of the beamforming weights leveraging
the computational abilities of the relays, without the need to forward
the data to a fusion center.

• The proposed algorithms operate blindly, implying that no training
data are required to be transmitted to the relays, and adaptively, ex-
hibiting a quite short convergence period.

In all chapters of this thesis, the simulations of the wireless systems
and the implementation of the presented algorithms are conducted in the
MATLAB computing environment [15].



Chapter 2
General Formulation of the Studied
Problems

This chapter gives a concrete formulation of the problems which are exam-
ined in this thesis. In Section 2.1 a general model of the wireless system
is presented, along with the WSSUS statistical model. Section 2.2 provide
the mathematical description of two interference types, which have been
introduced in the previous chapter. Also, we provide a short review of the
main techniques for interference mitigation in each case.

2.1 Wireless System Model

In typical wireless systems, the available communication bandwidth which
can be occupied is usually restricted by regulatory authorities. Communi-
cation occurs in a pass-band of bandwidth W around a carrier frequency
fc, that is [fc − W/2, fc + W/2]. At the transmitter end, the signal is up-
converted to the carrier frequency and transmitted via the antenna. Sim-
ilarly, at the receiver end, the signal is down-converted to the baseband.
Therefore, most of processing is actually done in the baseband.

Let us first introduce a generic time-varying channel impulse response,
in order to capture both fast and slow channel variations. Consider that a
band-limited real signal s(t) = Re

{
u(t)ej2πfct

}
, is transmitted over a mul-

tipath wireless channel with W < 2fc, where u(t) is the complex baseband
equivalent. The received signal will appear as a pulse train, with each pulse
corresponding to the LOS component or distinct multipath component as-
sociated with a distinct scatterer or cluster of scatterers.

9
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Consider that the baseband equivalent received signal is expressed as

r(t) = Re







L(t)
∑

l=1

cl(t)u(t− τl(t))e
−j(2πfc(t−τl(t))+φDl

)






(2.1)

where cl(t) is the multipath component complex amplitude and it is a func-
tion of path loss and shadowing, φDl

corresponds to the Doppler phase shift,
while L(t) is the time-dependent number of resolvable multipath compo-
nents. The expression (2.1) can be simplified by letting

φl(t) = 2πfcτl(t)− φDl
(2.2)

Then the received signal can be rewritten as

r(t) = Re











L(t)
∑

l=1

cl(t)e
−jφl(t)u(t− τl(t))



 ej2πfct






. (2.3)

In the relation (2.3), each multipath component cl(t) can represent a dif-
ferent number of paths. In particular, when each multipath component
corresponds to a single electromagnetic path, then its corresponding am-
plitude cl(t) is based on the path loss and shadowing associated with that
multipath component. On the contrary, when nonresovalble components
are combined into a single multipath component with approximated the
same delay and an amplitude and phase corresponding to the sum of the
different components. The amplitude of this summed signal will typically
undergo fast variations due to the constructive and destructive combining
of the nonresolvable multipath components.

The expression in (2.3) can be equivalently written as a convolution of
the channel impulse response h(t, τ) and the transmitted baseband signal
u(t), i.e.

r(t) = Re

{∫ +∞

−∞
h(t, τ)u(t− τ)dτ

}

= Re











∫ +∞

−∞

L(t)
∑

l=1

cl(t)e
−jφl(t)δ(τ − τl(t))u(t− τ)dτ



 ej2πfct







=

L(t)
∑

l=1

cl(t)e
−jφl(t)u(t− τl(t)) (2.4)
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where the CIR is given by

h(t, τ) =

L(t)
∑

l=1

cl(t)e
−jφn(t)δ(τ − τl(t)) (2.5)

Note that h(t, τ) includes both variations in t and τ . Specifically, time-
variant behavior (in t) of the channel, occurs due to motion of the receiver
or a changing environment. Time spreading (in τ) of the symbol duration
within the signal, is equivalent to filtering and bandlimiting.

If the channel is time-invariant, then the time-varying parameters in
h(t, τ) become constant and h(t, τ) = h(τ) is just a function of τ

h(τ) =
L∑

l=1

cle
−jφlδ(τ − τl). (2.6)

2.1.1 Discrete-time Model

Let us now convert the continuous-time channel band-limited model into
a discrete-time baseband channel. This is usually achieved through the
sampling theorem, that is any band-limited signal limited to W can be
expanded in terms of the orthogonal basis {sinc(Wt−n)}n with coefficients
given by the samples, taken uniformly at integer multiples of 1

W
, i.e.

x(n) =
∑

n

u(n)sinc(Wt− n) (2.7)

where u(n) is the baseband equivalent of s(t) with bandwidth W sampled
at n time instant, and sinc(t) is defined as

sinc(t) =
sin(πt)

πt
. (2.8)

Expression (2.7) can be interpreted as the sampling operation conducted at
the transmitter and the receiver of a communication system. In particular,
at time n, we are modulating the complex symbol u(n) by the sinc(·) pulse
before the up-conversion. At the receiver, the received signal is sampled at
times n/W at the output of the low-pass filter. However, in practice, other
transmit pulses, such as the raised cosine pulse, are often used in place of
the sinc pulse.

Based on (2.7), the representation of the received signal in discrete-time
is given by

r(n) =
∑

l

u(n− l)
∑

i

ci(
n

W
)sinc(l −Wτi(

n

W
)). (2.9)
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To simplify the expression (2.9), let us define the l-th component of the
channel impulse response at time instant n as follows

hl(n) =
∑

i

ci(
n

W
)sinc(l −Wτi(

n

W
)). (2.10)

Then, the received signal can be written as

r(n) =
∑

l

hl(n)u(n− l) (2.11)

which is in equivalent with the continuous-time form of (2.4). In the case
where the channel taps hl(n) are time-invariant, then (2.11) simplifies to

r(n) =
∑

l

hlu(n− l) (2.12)

where the l-th channel sample can be interpreted as

hl =
∑

i

cisinc(l − τi). (2.13)

In our wireless channel modeling we include additive white Gaussian noise
(AWGN), η(n), which has zero-mean and power spectral density N0/2, i.e.
η(n) ∼ N (0, σ2

η). For this model, the sampled output x(n) can be written as

x(n) = r(n) + η(n). (2.14)

The assumption of AWGN is a widely used for most communication sys-
tems.

2.1.2 Statistical Wireless Channel Model

There are several reasons that consent to statistical modeling of the wireless
channel, i.e. simplicity of the expressions, robustness of the model, better
insight of the wireless system, to name a few. The simplest probabilis-
tic model for the channel impulse response taps is based on the assumption
that there are a large number of statistically independent reflected and scat-
tered paths with random amplitudes in the delay window corresponding to
a single tap. Therefore, we assume that hl(n) is the sum of many small inde-
pendent real random variables, and so by the Central Limit Theorem, each
tap can reasonably be modeled as a zero-mean Gaussian random variable.
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The previously stated assumptions result into the widely-used Rayleigh

model for the wireless channel, where each tap is obtained by

hl(n) ∼ N (0, σ2
l ) (2.15)

where the variance of hl(n) is a function of the tap l. Thus, for complete
characterization of the model, the autocorrelation function is required,
which is defined as

Rl(τ1, τ2, k) , E{h(n, τ1)h∗(n+ k, τ2)}. (2.16)

Note also, that the frequency of the channel variations are captured through
this function.

Usually, some assumptions for the auto-correlation function are adopted.
The most widely used ones are the so-called Wide-Sense Stationary (WSS)
assumption and the Uncorrelated Scatterers (US) assumption. In the fol-
lowing, we assume that the wireless channel CIR is modeled based on WS-

SUS model, with no LOS component. In this case, the in-phase and quadra-
ture components of h(t, τ) are independent Gaussian processes with the
same autocorrelation, a mean of zero, and a cross-correlation of zero.

R(τ1, τ2,∆t) , E{h(t, τ1)h∗(t+∆t, τ2)} (2.17)

In most multipath channels, the attenuation and phase shift associated with
different delays can be assumed uncorrelated; this is the uncorrelated scat-
tering (US) assumption, which leads to

R(τ1, τ2,∆t) = R(τ1,∆t)δ(τ1 − τ2) (2.18)

Therefore, the autocorrelation function of WSSUS model is denoted by

R(τ,∆t) , E{h(t, τ)h∗(t +∆t, τ)} (2.19)

2.2 Interference Mitigation at the Receiver

In the current and the following sections, we present the modeling of the
two types of interference which have been considered in this work, along
with some basic mitigation techniques.
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2.2.1 Inter-symbol Interference

Usually, inter-symbol interference (ISI) is introduced when the modulation
symbol time is large compared with the channel’s delay spread. As a re-
sult, several delayed replicas of previous symbols interfere with the current
symbol, and thus an irreducible error floor is presented at the receiver’s
performance. Signal processing techniques must be employed in order to
counteract this effect.

To characterize ISI, suppose that the received signal is passed through
a receiving filter and then sampled at the rate 1/T samples/seconds. In
general, the optimum filter at the receiver is matched to the received signal
pulse ci(t). Hence, we denote its output as

x(t) =

∞∑

l

hl(t)u(t− lT ) + η(t) (2.20)

where h(t) is the signal response of the receiving filter and η(t) is the re-
sponse of the receiving filter to the AWGN. Now, if x(t) is sampled at times
t = nT, n = 0, 1, 2, . . . we have

x(nT ) =
∞∑

l

hl(nT )u(nT − lT ) + η(nT ) (2.21)

⇒ r(n) =
∞∑

l

hl(n)u(n− l) + η(n), n = 0, 1, . . . (2.22)

The sample values {r(n)} can be expressed as

x(n) = u(0)h0(n) +
( 1

u(0)

∞∑

k=0,k 6=n

hk(n)u(n− k)
)

+ η(n) (2.23)

Without loss of generality, by setting u(0) = 1 we have the following ex-
pression

x(n) = h0(n) +
( ∞∑

k=0,k 6=n

hk(n)u(n− k)
)

+ η(n) (2.24)

where the term h0(n) represents the desired information symbol at the n-th
sampling instant, while the term

∑∞
k=0,k 6=n hk(n)u(n− k) represents the ISI,

and η(n) is the AWGN at the n-th sampling instant.
Let us now outline the techniques which are considered in this work for

ISI equalization.
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Linear equalizer

It is the most common type of channel equalizer which is used in order
to reduce ISI. In practice, the ISI caused by channel distortion is usually
limited to a finite number of symbols on either side of the desired sym-
bol. Hence, the number of terms that constitute the ISI in (2.24) is finite.
Therefore, the equalizer is implemented as a finite-duration impulse re-
sponse (FIR) filter.

The tap coefficients of the equalizer are selected to optimize some de-
sired performance measure. When the taps are chosen so as to completely
eliminate the ISI, the equalizer is called zero-forcing. If x(n) is the input
signal at the zero-forcing equalizer, then the output is given by

z(n) =

K∑

k=−K
wkx(n− kτ) =

{
1, k = 0

0, k = ±1,±2, . . . ,±K (2.25)

where wk are the 2K + 1 equalizer coefficients and K is chosen sufficiently
large so that the equalizer spans the length of the ISI, i.e. 2K + 1 ≥ L; the
time delay τ is selected such that no aliasing occurs.

However, in practice, the optimization criterion which is usually chosen
is the minimum-mean-square error (MMSE). One main reason for that, is
that MMSE minimizes both the ISI and the AWGN at the output of the
equalizer. In particular, the mean-square-error is expressed based on

J = E{|z(n)− sn|2} (2.26)

=
K∑

i=−K

K∑

j=−K
wiwjRx(i− j)− 2

K∑

i=−K
wiRxs(i) + E{|sn|2}

where Rx(·) and Rxs(·) are the auto-correlation and the cross-correlation
sequences respectively. Note that, these statistical quantities are unknown
a priori, and thus, are estimated by using time-average sequences. The
MMSE solution is obtained by minimizing the cost function of (2.26).

For channels with unknown but time-invariant CIR, we may identify the
channel characteristics and adjust the parameters of the equalizer; once ad-
justed, the parameters remain fixed during the transmission of data. Such
equalizers are called preset equalizers. On the other hand, adaptive equaliz-

ers update their parameters on a periodic basis during the transmission of
data, so they are capable of tracking a slowly time-varying CIR.
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Decision-feedback equalizer

It is known that, for wireless transmission where the multipath propagation
of the transmitted signal results in severe ISI, the performance of the linear
equalizers is not adequate. Therefore, nonlinear equalizers are more suit-
able for this case. We have chosen the usage of decision-feedback equalizer
due to the simplicity and the increased performance that combines [6].

More specifically, the decision-feedback equalizer (DFE) is a nonlinear
equalizer that employs previous decisions to eliminate the ISI caused by
previously detected symbols on the current symbol to be detected. The
DFE consists of two filters, the feedforward and the feedback. The input
of the feedforward filter is the received signal y(n), while the input of the
feedback filter is the set of previously detected symbols. The output of the
feedback filter is subtracted from the output of the feedforward to form
the input to the detector. In the next chapter we give a more detailed
presentation of the DFE.

2.2.2 Inter-carrier Interference

In wireless communications area, the demand for high data rate trans-
mission is rapidly increasing. Orthogonal Frequency Division Multiplexing
(OFDM) is known to be a promising technique for high-rate transmission
that can overcome the intersymbol interference (ISI) which results from the
time dispersive nature of wireless channels. In OFDM systems, a high data
rate of serial stream is split into many low data rate of parallel streams,
thereby increasing the symbol duration and reducing the ISI. Inserting a
cyclic prefix (or guard time) results in the creation of an ISI-free channel,
assumed that the guard time is greater than the maximum delay spread of
the channel.

However, when the CIR cannot be assumed to be constant within one
OFDM symbol, the conventional one-tap frequency domain equalizer will
not achieve a satisfying performance in recovering the received data. This
situation takes place when the OFDM systems are applied in a wireless
mobile channel where the Doppler effect leads to intercarrier interference
(ICI) among subcarriers. The subcarrier orthogonality is destroyed by dif-
ferent frequency shifts on channel multipaths. We can observe that an
error floor presents on the bit error rate (BER) performance curve if only
the one-tap equalizer is used to eliminate the multiplicative distortion at
each subcarrier. Hence, serious performance degradation is induced.

In order to briefly describe the ICI, consider an OFDM system in which
several input bits are first encoded into one sample, and then N samples
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{Sk(m)}N−1k=0 are grouped by the serial-to-parallel converter as one OFDM
symbol at symbol index m. Each sample in the OFDM symbol is modulated
by the inverse fast Fourier Transform (IFFT) for transmission, which can be
expressed as

sn(m) =
1√
N

N−1∑

k=0

Sk(m)ej2πkn/N , n = 0, 1, . . . , N − 1 (2.27)

where sn(m) represents the n-th sample of the IFFT output at symbol index
m. For preventing the ISI due to the multipath channel, the transmitted
samples are added by the cyclic extension of sm(n). Assume that the time-
variant multipath channel consists of L discrete paths, hence the length of
the cyclic prefix is Ncp ≥ L. After removing the cyclic prefix at the receiver,
the received OFDM symbol can be expressed as

xn(m) =

L−1∑

l=0

hn(m, l)sn−l(m) + ηk(m) (2.28)

The demodulated signal in the frequency-domain is obtained by taking the
FFT of xn(m) as

Xk(m) =
1√
N

N−1∑

n=0

xn(m)e−j2πkn/N (2.29)

=
1√
N

N−1∑

d=0

L−1∑

l=0

Hl,k−d(m)e−j2πldSd(m) + Ξk(m) (2.30)

= αk,k(m)Sk(m) +
( ∑

d=0,d6=k

αk,d(m)Sd(m)
)

+ Ξk(m) (2.31)

where αk,k(m)Sk(m) represents the multiplicative distorsion for the desired
subcarrier’s output Sk(n), while

∑

d=0,d6=k αk,d(m)Sd(m) represents the ICI
coefficients specifying the interference from subcarrier d to subcarrier k.
Furthermore, Hk−d,l(m) denotes the DFT of the time-varying CIR, while
Ξk(m) the DFT of the AWGN ηk(m).

Note that if the channel is time-invariant in an OFDM block, H vanishes,
that is, the ICI term does not exist in this case. The multiplicative distor-
tion can be definitely eliminated by a one-tap frequency domain equalizer.
However, if the channel is time-variant, the ICI term will degrade system
performance and result in error floor on the BER curve when the one-tap
frequency domain equalizer is applied.
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Chapter 3
Sparse ISI Equalization based on
Channel Identification

In this chapter, equalization is viewed as a system identification problem,
where the equalizer design is based on the identification of the sparse chan-
nel impulse response. To this end, in Section 3.2, the main techniques for
sparse signal recovery and the basic concepts from Compressive Sampling
theory are briefly presented. Afterwards, in Section 3.3, the sparse chan-
nel model is formulated in order to be used with the sparse techniques
for identification. In Section 3.5, the proposed method for efficient sparse
equalization is presented; static and adaptive equalization cases are con-
sidered.

3.1 Introduction

Recently, the exploitation of sparsity in wireless communications gained
much interest in the literature as several communication systems involve
sparse multipath channels. These channels are characterized by long im-
pulse responses, consisting of a few dominant components localized to rel-
atively small regions in delay [16]–[21]. Some typical examples of applica-
tions involving sparse wireless channels are high-definition television [21],
multiple antenna communication systems [22], underwater acoustic com-
munication systems [23], [24], and ultra-wideband communications [25].

A straightforward way to leverage from the sparsity of the communi-
cation channels is through the employment of sparse system identification

techniques. Recall that, channel estimation is essentially a problem of sys-

tem identification; a known signal is transmitted and the received signal

19
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has gone through the unknown system. Usually, training-based methods
are used for the identification of the unknown system. Traditional training-
based channel estimation is known to be optimal for rich multipath chan-
nels. However, since many wireless channels encountered in practice tend
to exhibit a sparse multipath structure, it is straightforward that sparsity-

aware techniques are more appropriate in these cases.
At present, there are two major classes for sparse system identifica-

tion, depending on whether convex analysis or a heuristic algorithm is em-
ployed. In this thesis, we will adopt the signal processing nomenclature,
where the family of convex analysis methods are referred to as Basis Pur-

suit (BP), while the family of the heuristic ones as Matching Pursuit (MP)
[26], [27].

To be more specific, basic pursuit methods find signal representations
by convex analysis, where an ℓ1-norm regularized optimization problem
is solved. BP is closely related with the class of linear and quadratic pro-

gramming problems; an old-fashioned terminology to characterize ℓp-norm
regularized optimization problems. Therefore, many of the considered BP
methods which are actually coming from the area of linear and nonlin-
ear programs, have proven performance guarantees. On the other hand,
matching pursuit algorithms do not explicitly seek any overall goal, but
they merely apply a simple rule iteratively until a halting condition is met
[28], [29]. Although MP do not solve a global optimization problem, their
major advantage is the simple and fast implementations [30], while their
performance can be better than BP in some cases of interest (i.e. in regimes
with high signal-to-noise ratio) [31].

3.2 Sparse Signal Recovery

In engineering we often encounter problems formulated as such underde-

termined or overdetermined linear systems of equations. In particular, chan-
nel identification problem can be formulated as an overdetermined system
of equations, as it is shown in the next section. Let us consider a matrix
A ∈ CM×N , and define the linear system of equations

Ax = b (3.1)

where b ∈ CM denotes the vector of measurements, while x ∈ CN rep-
resents the unknown signal which we must recover. From linear algebra
it is known that, if M < N which means that this system has more un-
knowns than equations, or if M > N which means that this system has
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more equations than unknowns, the solution could be non-unique, non-
exist or infinitely many, depending on the rank of the matrix A.

In a more general setting, the problem could be formulated considering
some sort of noise in the model

Ax+ n = b (3.2)

where the vector n ∈ CM contains the noise components. Usually, n is
obtained by using a Gaussian distribution. However, in some cases it could
also represent errors due to inexact modeling.

In this section, we review the main techniques which can be used in
order to recover the signal of interest. We present the general class of reg-

ularization techniques, where through the addition of extra constraints the
optimization problem is transformed into a new one where the uniqueness
of the solution is guaranteed. Also, the core idea of heuristic techniques is
presented. For evaluation purposes, we also present the oracle-based tech-
nique, which is a non-practical method used as a performance bound.

3.2.1 Signal Recovery through Regularization

In order to guarantee one well-defined solution, additional criteria are
needed, usually expressed as constraints in optimization problems. A fa-
miliar way to do this is through regularization using ℓp-norms, defined as

‖x‖pp =
∑

i

|xi|p. (3.3)

Based on this norm function, we can define the general optimization prob-
lem considering (3.1) as follows

min
x
‖x‖pp subject to b = Ax (3.4)

and the following one, if we consider the noisy case of (3.2),

min
x
‖x‖pp subject to ‖b−Ax‖2 ≤ ǫ. (3.5)

Tikhonov regularization

The most known choice of p is the squared Euclidean norm ‖x‖22, and the
problem that results from such a choice has in-fact a unique solution x̂, the
so-called least-squares (LS) solution, given by the following expression

x̂ = AH(AAH)−1b = A†b. (3.6)
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The use of ℓ2-norm is widespread in various fields of engineering, and this
is mainly due to its simplicity. However, as we move from ℓ2 regularization
towards ℓ1, we promote sparser solutions.

ℓ1-norm regularization

In particular, ℓ1-norm is of special interest and very popular, leading into
the following formulation of the optimization problem

min
x
‖x‖1 subject to b = Ax. (3.7)

Due to the special properties of the ℓ1-norm, the solution of this problem
is guaranteed but the uniqueness is not. Several approaches have been
proposed in order to solve ℓ1 problem. A seminal work on the use of ℓ1
sparseness-inducing penalties appeared in [26], which is now famous un-
der the term of basis pursuit. For brief historical review on the use of the ℓ1
penalty in signal processing, see [32].

In the presence of noisy or imperfect data, however, it is undesirable
to exactly fit the linear system. Instead, the constraint in BP is relaxed to
obtain the basis pursuit denoise (BPDN) problem

min
x
‖x‖1 subject to ‖b−Ax‖2 ≤ ǫ (3.8)

where the positive parameter ǫ is an estimate of the noise level in the data.
The case ǫ = 0 corresponds to a solution of the basis pursuit problem. The
convex optimization problem given by (3.8) is only one possible statement
of the general category of the ℓ1-norm regularized least-squares problem.
An alternative formulation is given by a penalized least-squares problem
[26]

min
x
‖Ax− b‖22 + λ‖x‖1 (3.9)

where the parameter λ is related to the Lagrange multiplier of the con-
straint in (3.8). Usually, the expression in (3.9) is preferred, since many
algorithms and software are available. Some examples include iteratively
reweighted least-squares [33] and gradient projection [34].

A third equivalent formulation of the problem (3.8) is given by the
widely known Lasso problem

min
x
‖Ax− b‖2 subject to ‖x‖1 ≤ τ (3.10)

where the parameter τ penalizes the sparsity order of x, i.e. the sum of the
non-zero absolute value components are at most equal to τ . It is important
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to note here that, for appropriate parameter choices of ǫ, λ and τ , by using
convex analysis the three problems ((3.8), (3.9) and (3.10)) can be proved
equivalent. However, in the general case, these values cannot be known a
priori.

3.2.2 Oracle-based Signal Recovery

The extreme among all the sparsifying norms is the case of p → 0. We
denote the ℓ0 norm as

‖x‖0 = lim
p→0
‖x‖pp = lim

p→0

N∑

k=1

|xk|p = #{i : xi 6= 0}. (3.11)

This is a very simple and intuitive measure of sparsity of a vector x, count-
ing the number of nonzero entries in it. The optimization problem in this
case is expressed as follows

min
x
‖x‖0 subject to b = Ax. (3.12)

This is a classical problem of combinatorial search consisting of two steps:

1. Sweep exhaustively through all possible sparse subsets, generating
corresponding subsystems b = A|TS

x|TS
where A|TS

denotes the sub-
matrix having |S| columns chosen from those columns of A with in-
dices in S.

2. Check if b = A|TS
x|TS

can be solved.

However, the complexity of exhaustive search is exponential in N , and in-
deed, it has been proven that the ℓ0 optimization problem is in general,
NP-Hard.

Since ℓ0-norm optimization problem is impractical, let us here introduce
an ideal estimation strategy, which is intended to be used in this thesis as
optimum performance bound for the other sparse techniques. Specifically,
consider an LS estimator equipped with an oracle, which is defined as fol-
lows.

Definition 1 (Oracle). The oracle does not reveal the true x, but does inform

us of the indices of nonzero entries of x.
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Let T⋆ ∈ {1, ..., S} be the set of indices of nonzero entries of x and
suppose that an oracle provides us with T⋆. Then an ideal estimator x⋆ can
be obtained from x by first forming a restricted LS estimator

x⋆ = (AH
|T⋆

A|T⋆
)−1AH

|T⋆
b (3.13)

where A|T⋆
is a submatrix obtained by extracting the |S| columns of A

corresponding to the indices in T⋆, and then setting x⋆ to x|T⋆
on the indices

in T⋆ and zero on the indices in T c
⋆ .

3.3 Sparse Wireless Channel

In this section, we introduce the definition and the features of sparse wire-
less channels. Afterwards, we present the input/output system model for
sparse channel identification.

Based on the interarrival times between different multipath components
within the delay spread, wireless channels can be categorized as either rich
or sparse. Much of the results in the wireless channel measurements [35]
[36] suggest that multipath components tend to be distributed in clusters
rather than uniformly over the channel delay spread. These clusters of
paths physically correspond to large-scale objects in the scattering environ-
ment (e.g., buildings and hills in an outdoor propagation environment),
while multipath components within a cluster arise as a result of scattering
from small-scale structures of the corresponding large-scale reflector (e.g.,
windows of a building, trees on a hill).

We refer to such channels as sparse multipath channels and formalize
this notion of multipath sparsity in the following definition.

Definition 2 (Sparse Multipath Channel). Suppose that S denotes the set of

indices of dominant channel coefficients of a multipath wireless channel with

L channel delay bins. We say that the channel is effectively S-sparse if the

number of its dominant coefficients satisfies Ŝ = |S| ≪ L.

To be more specific, let the maximum number of resolvable paths is
given by the expression

Ŝ , L(2M + 1) (3.14)

where L = ⌈Wτmax⌉ represents the channel delays and M = ⌈Tνmax⌉ rep-
resents the Doppler shifts. Recall that W is the communication bandwidth,
and T is the symbol period. Hence, the number of resolvable paths can be
approximated as

Ŝ ≈ τmaxνmaxTW. (3.15)
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However, the effective number Ŝ of channel paths corresponds to the num-
ber of dominant channel coefficients, given by

Ŝ , |{|hk| > ǫ, k = 1, . . . , L}| (3.16)

where hk is the k-th channel component, ǫ is an a priori chosen parameter,
depending upon the operating received signal-to-noise ratio. Specifically, if
ǫ is chosen according to the standard deviation of the receiver noise, then
only the channel coefficients with power above the noise floor contribute
to the channel impulse response (CIR).

It is worth mentioning here that, even in the best of scenarios, real-
world multipath channels can never be exactly S-sparse due to many rea-
sons. For instance, if we consider the overall CIR, i.e. the convolved CIR
with the transmitter and receiver filters, the resulting vector has some ad-
ditional non-zero terms. However, in many cases, they can be well approx-
imated as compressible signals, i.e. signals with rapidly decaying compo-
nents when sorted by magnitude.

3.3.1 System Model

In communication systems that rely on training-based methods for channel
estimation, the transmitted signal contains the data symbols as well as the
training symbol sequence. These two components are orthogonally multi-
plexed in some domain (e.g. time, frequency, code). At the receiver, the
training-based methods focus only on the training component, expressed
by

y(t) = h
(
x(t)

)
+ η(t) (3.17)

where x(t) represents the transmitted training symbol sequence, already
known at the receiver, h(·) represents the unknown channel matrix as a
function of the input signal, and y(t) is the received signal.

The equivalent discrete-time representation of (3.17) depends on sev-
eral factors such as selectivity of the channel (non-selective, frequency-
selective, etc.) and the type of the signaling waveform (single carrier or
multicarrier). Although each case results into a large number of possible
scenarios, finally it turns out that, in the most cases, the output result at
the receiver takes the following general linear form

y = Xh+ η (3.18)

where y ∈ CN is the received signal expressed in vector form, η ∈ CN

represents the noise vector, h ∈ CL denotes the unknown channel vector,
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and X ∈ CL×N the measurement matrix, which is composed by N vectors
as follows

X =
[
x(n)T . . . x(n−N + 1)T

]T
. (3.19)

The exact form and dimensions of the training matrix X depend on
the specific parameters of the communication system. In this regard, two
cases of the sparse channel estimation problem can be considered. The
first one corresponds to the case when the training sequence is immediately
preceded and succeeded by zeros. In this setting, the channel estimation
problem corresponds to obtaining an estimate of the CIR from the full set
of observations. The resulting relation can be expressed in matrix-vector
product as follows,
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(3.20)

where the matrix X is a sparse matrix with a banded structure, while the
number of measurements N is equal or larger than the channel length, i.e.
N ≥ L.

The second case corresponds to the lack of the zeros between the data
and training sequence, and the number of measurements is far fewer than
the length of the unknown signal. Specifically, consider a setting where
the length of the training sequence N and the training sequence is imme-
diately preceded and succeeded by the data sequence. In this case, the
first and last N − 1 measurements also contain contributions from the un-
known data, rendering them useless for estimation purposes (the zeros in
the convolution matrix would be replaced by the data sequence).

3.4 Sparse Channel Identification

Having reviewed the major sparse signal reconstruction techniques and for-
mulate the sparse channel model, we can now proceed to the specific prob-
lem of sparse channel identification.

This problem was first explored in the literature in the context of un-
derwater acoustic communications [37], exploiting the fact that typical un-
derwater channels have impulse responses with large delay and Doppler
spreads but only a few dominant echoes.
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Techniques from the theory of sparse representations and compressive
sampling have been introduced to the problem by several authors. Match-
ing pursuit algorithms have been proposed in order to estimate the sparse
channel in [16], [38], [39]. Specifically, in [38] and [16] the authors
proposed a channel-based decision feedback equalizer, where the channel
estimation is obtained via an heuristic algorithm rather than the standard
least-squares approximation. Afterwards, this work was extended to the
case of time-varying channels [39]. In [40], the authors have proposed
new training-based estimation methods for sparse channels that are more
effective than their least-squares counterparts, in terms of transmission en-
ergy and spectral efficiency. The structure of the observation matrix is also
considered, and quantitative theoretical analysis of the reconstruction error
is provided via the exploitation of the compressive sampling principles.

The case of sparse channel identification in multicarrier systems has
been also investigated. In [41], building on [40], the authors proposed
reconstruction algorithms which was based on convex analysis exploiting
the inherent low-dimensionality of sparse channels. In [17], the locations
of the non-zero channel taps are estimated by casting an on-off signaling
problem. Comprehensive reviews on sparse channel estimation and its ap-
plications in communications can be found in [42] and [19].

In the following subsections, we proceed with the introduction of some
basic techniques from MP and BP approaches. Keep in mind that, the sparse
channel identification problem can be equivalently expressed as

min
h
‖Xh− y‖22 + λ‖h‖1 (3.21)

or

min
h
‖h‖1 subject to ‖y−Xh‖2 ≤ ǫ (3.22)

or

min
h
‖Xh− y‖2 subject to ‖h‖1 ≤ τ (3.23)

where the solution of the first expression gives methods which belong to
basis pursuit, while the solution of the second and the third one to the
matching pursuit.

3.4.1 Basis pursuit approach

The basis pursuit approach adopts the formulation of (3.21), and several al-
gorithms have been proposed for the solution of this unconstrained convex



28 CHAPTER 3. CHANNEL-BASED SPARSE ISI EQUALIZATION

Step Algorithm Complexity order
Inputs: X,y

1: Initialize z = XHy O(NL)
2: Compute matrix Φ = XHX O(NL2)
3: repeat until stopping criterion is met
4: for i = 1, . . . , N do

5: z = z+ Φ|{i}ĥi O(N)

6: Update ĥi using (3.25) O(1)
7: z = z− Φ|{i}ĥi O(N)
8: end for
9: end repeat

Output: ĥ

Table 3.1: Cyclic Coordinate Descent Algorithm

problem. In this chapter, we consider the cyclic coordinate descent (CCD)
algorithm proposed in [43] as the ℓ1 minimization approach. In CCD al-
gorithm, the coordinates of the convex optimization problem are explored
“one-at-a-time”. This algorithm works well when the minimizers for many
of the parameters do not change on cycling through the variables, resulting
into very fast iterations.

To be more specific, the problem stated by (3.21), is iteratively mini-
mized for each coordinate of h, given that the other coordinates are kept
fixed, as follows

min
hi

1

2
‖y −X|Ω\{i}h|Ω\{i} −X|{i}hi‖22 + λ|hi| (3.24)

where Ω is the column index set of X and {i} is the set with the i-th column.
The minimization of (3.24) results in the following closed-form solution,
expressed for each element of ĥ as

ĥi =
sign(zi)

Φii

max(|zi| − λ, 0) (3.25)

where Φii is the (i, i) entry of the Gram matrix Φ = XHX and zi is the i-th
entry of

zi = XH(y −X|Ω\{i}h|Ω\{i}). (3.26)

The steps of the CCD algorithm are presented in Table 3.1.
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3.4.2 Matching pursuit approach

Alternatively to basis pursuit optimization techniques, there is also a variety
of heuristic (greedy) methods for recovering a sparse signal which belong
to the category of matching pursuit (MP). In this type of approach, the
combinatorial problem (3.12) is circumvented by heuristically recover the
support set S of the channel vector, i.e. the indices of the components of
h which are non-zero. More formally, the definition of the support set is
given by

supp (h) , {i ∈ {1, . . . , N} : hi 6= 0} . (3.27)

Afterwards, the non-zero components of h are estimated by solving a re-
duced least-squares problem,

ĥ|S = argmin
h

∥
∥y −X|Sh|S

∥
∥2

2
. (3.28)

Representative algorithms of this type is the Basic Matching Pursuit (BMP)
[44], the Orthogonal Matching Pursuit (OMP) [45], and the CoSaMP [28].

In this chapter we consider the Orthogonal Matching Pursuit (OMP) al-
gorithm [44], which is one of the most popular greedy approaches due to
its implementation simplicity, low computational complexity and conver-
gence optimality [46]. The OMP algorithm is presented in Table 3.2. The
stopping criterion might depend on whether the residual error is below a
predefined tolerance, or it may be a limit on the number of iterations, which
also limits the number of non zeros in ĥ. Given that the measurement ma-
trix X satisfies RIP, then for an S-sparse h with noise-free measurements
y = Xh, OMP will recover h exactly in S iterations.

A more sophisticated algorithm, called Compressed Sampling Matching
Pursuit algorithm (CoSaMP) and developed by Needell and Tropp [28], is
known to provide nearly optimal performance guarantees.

CoSaMp takes advantage of the measurement matrix X(n) which is ap-
proximately orthonormal. Thus, the largest components of the so-called
proxy signal vector, which is defined as

p (n) = XH(n)X(n)h (3.29)

most likely correspond to the non-zero entries of h in case the measurement
matrix satisfies the RIP property. The basic steps of the CoSaMP algorithm
are the following :

1. Identification of the 2S largest components of the proxy signal.
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Step Algorithm Complexity order
Inputs: X,y

1: Initialize ĥ0 = 0, g0 = y,Λ0 = 0
2: for t = 1; t := t + 1
3: until stopping criterion is met do
4: pt = XHgt−1 O(NL)
5: Λt = Λt−1 ∪ argmax |pt| O(N)

6: ĥt
|Λt = X

†
|Λtrzu O(t3 + 2t2N + tN)

7: ĥt
|Λ̄t = 0

8: gt = y −Xĥt O(tN)
9: end for

Output: ĥ

Table 3.2: Orthogonal Matching Pursuit Algorithm

2. Support merging, which forms the union of the set of newly iden-
tified indexes of the most correlated columns with the set of indices
corresponding to the S largest components of the least squares esti-
mate obtained in the previous iteration.

3. Least-squares estimation on the merged set of components.

4. Pruning, which restricts the LS estimate to its S largest components.

5. Sample update, which updates the error residual.

6. Go to the first step until a stopping criterion is met:

3.4.3 Performance of Sparse Channel Estimators

The recovery of an unknown vector h from the linear model y = Xh +w

is a well-studied problem in the area of estimation theory. Traditionally,
channel estimates are usually obtained from y by solving the least-squares
(LS) problem

ĥ = argmin
h
‖y−Xh‖22. (3.30)

Assuming that the measurement matrix X has full column rank (N ≥ L),
then the LS channel estimate is given by

ĥ = (XHX)−1XHy. (3.31)
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It can be shown that the MSE performance of an LS channel estimate is

E‖h− ĥ‖22 = tr
(
(XHX)−1

)
. (3.32)

This expression can be simplified further through the use of the arithmetic-
harmonic means inequality [47], resulting in the following lower bound for
the reconstruction error

E‖h− ĥ‖22 ≥
L

tr(XHX)
(3.33)

where the equality holds if and only if X has orthonormal columns.
Conventional LS based signal identification schemes, while appropriate

for rich signals, fail to capitalize on the anticipated sparsity of the above-
mentioned signal. To get an idea of the potential MSE gains to be had by
incorporating the sparsity assumption into the signal identification strat-
egy, we compare the performance of an LS based estimator to that of an
estimation strategy that has been equipped with an oracle. The MSE of this
oracle channel estimator obeys

E{‖x− x̂LS‖22} = tr
(
(AH
|T⋆

A|T⋆
)−1

)
σ2 ≥ Sσ2

tr(AHA)
. (3.34)

Comparing the MSE lower bounds (3.33) and (3.34) shows that LS
based conventional channel estimates may be at a significant disadvantage
when it comes to identifying sparse channels.

3.5 Channel-Based Sparse DFE

In this section, we formulate the problem of channel-based sparse ISI equal-
ization, where our focus is on decision-feedback equalizer (DFE). Channel-

based sparse DFE is composed by two steps, where at the first step the chan-
nel is being identified by a proper algorithm that exploits the sparsity. Then,
at the second step, the equalizer filter is computed and applied at the input
signal. The first step has been already described in the previous section,
while the second step is the subject of this one.

During the last decades there have been many efforts in many different
directions towards developing efficient implementations of channed-based
ISI equalizers. Some of them are infinite impulse response methods, block
adaptive implementations, efficient algebraic solutions, modified decision-
feedback equalizers (DFE), etc. Efficient channel-based equalizer that ex-
ploit the sparsity of the channel have been proposed in [38], [48], [49].
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In [48], the authors select only a small number of equalizer taps of the
modified DFE, originally proposed in [50], based on the output signal-to-
noise ratio measures. In [49], two equalizers are proposed whose filters
are obtained after selecting only a limited number of coefficients from the
least-square estimation of the channel. A similar approach is derived in
[38],in which instead of least-squares, the basic MP method is used for
estimating the channel impulse response coefficients.

3.5.1 Problem Formulation

Let us first review the standard decision feedback equalizer (DFE) [51]–
[53]. This equalizer is known as a popular choice for channel equaliza-
tion to obtain a good performance-complexity trade-off. It is consisted by
a feedforward (FF) and a feedback (FB) filter. Originally, the FF part of
the DFE was designed as IIR filter [52]. However, usually the FF filter is
approximated by an FIR filter in order to obtain a causal system, which is
a suboptimum approach. Thus, we restrict the feedforward filter to be FIR
for the optimization beforehand as in [54].

In the following, first we consider the static case, where the channel
impulse response does not change within one block transmission period,
and then the adaptive case where the channel must be updated for each
symbol. In each case, we assume that the channel impulse response h has
been estimated based on the aforementioned sparse signal identification
techniques.

Static DFE

The DFE filter w is composed by two parts, the feedforward (FF) and the
feedback (FB), concatenated into one vector, i.e. w =

[
aT bT

]T
, where

a =
[
a0 . . . aKf−1

]T
(3.35)

b =
[
b1 b2 . . . bKb

]T
. (3.36)

Since we consider the static case, w does not change within the transmitted
block, which, at the receiver, is represented by a sequence of vectors y(n),
with

y(n) =
[
y(n) . . . y(n−Kf + 1)

]
(3.37)

where Kf is the length of the FF filter. The vectors y(n), n = 1, 2, . . . are
the input to the FF filter, while the previously detected symbols are stacked
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into the Kb × 1 vectors

d(n) =
[
d(n−∆− 1) . . . d(n−∆−Kb)

]
(3.38)

where ∆ a proper delay.
Based on the minimum-mean-square-error (MMSE) criterion, and con-

sidering the system model of (3.18), the computation of w requires the
solution of the following optimization problem

min
w

J = min
w

E
{
|e(n)|2

}
(3.39)

= min
w

E
{
|x(n−∆)−wHz(n)|2

}
(3.40)

where z(n) =
[
y(n)T d(n)T

]T
. Assuming that the previous decisions

are correct, the optimum MSE solution of (3.39) can be expressed as the
solution of the following system of equations

Rw = r (3.41)

where R = E{z(n)zH(n)} the K×K autocorrelation matrix of the equalizer
input vector z(n), and r = E{z(n)x∗(n − ∆)} the K × 1 cross correlation
vector of equalizer input and the desired output, where K = Kf +Kb. The
above system can be partitioned as

[
Ryy Ryx

RH
yx σ2

xIKb

] [
a

b

]

=

[
ryx
0

]

(3.42)

where Ryy is a Kf×Kf Hermitian matrix, IKb
is the Kb×Kb identity matrix,

while Ryx is a Kf × Kb matrix. We can express separately the FF and FB
filter coefficients as follows

a =
(
Ryy −

1

σ2
x

RyxR
H
yx

)−1
ryx (3.43)

b = − 1

σ2
x

RH
yxa. (3.44)

Let us denote by H the Kf×(Kf +L−1) Toeplitz channel matrix which can
be divided into two submatrices HFF and HFB of dimensions Kf × (Kf +
N1) and Kf × N2 respectively. According to the analysis in [55], we can
express the FF and FB filter taps of (3.43) and (3.44) based on the channel
coefficients as follows

a =
(
HFFH

H
FF + σ2

uI
)−1

HFFeKf+N1 (3.45)

b =

[
−HH

FBa

0Kb−N2×1

]

(3.46)

where eKf+N1 =
[
0 . . . 0 1

]
, with 1 placed at the Kf +N1 position.
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Adaptive DFE

For the static DFE case, the computation of the inverse matrix of (3.45) is
conducted only once per transmission block. On the contrary, in the adap-
tive equalization the inversion is demanded on symbol basis. To overcome
this issue, several techniques have been proposed in the literature for ef-
ficient channel-based adaptive equalization. Efficient implementations of
the adaptive DFE have been proposed, based on the recursive least squares
(RLS) [56], the conjugate-gradient (CG) [57], [58] or stochastic gradient-
based [59].

Recall that, the sampled output of the sparse multipath channel at time
n may be written as

x(n) = hH(n)u(n) + η(n). (3.47)

If a sparsity constraint is not imposed, the CIR can be obtained in an adap-
tive way as the minimizer of the following cost function

ĥ(n) = argmin
h(n)

n∑

k=1

λn−k ∣∣x(k)− hH(n)u(k)
∣
∣
2

(3.48)

where λ ∈ (0, 1] is a forgetting factor. Thus, at time n the above cost
function can be alternatively written as

J (h(n),Φuu(n), zxu(n)) =
hH(n)Φuu(n)h(n)

2
−Re{hH(n)zxu(n)} (3.49)

where matrix Φuu(n) stands for the N × N exponentially time-averaged
input autocorrelation matrix, and zxu(n) for the crosscorrelation vector, de-
fined in matrix-vector form as:

Φuu(n)=U(n)W(n)UH(n), (3.50)

zxu(n)=U(n)W(n)x∗(n) (3.51)

where W(n) = diag(1, λ, . . . , λn−1).

3.5.2 Proposed Technique: SD-based Sparse DFE

In this section we propose a heuristic algorithm for channel-based ISI equal-
ization, which is based on the Steepest Descent (SD) iterative algorithm for
channel tracking. The sparse channel identification part of this new tech-
nique offers considerably fast convergence behaviour as compared to other
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approaches for the static and the adaptive sparse channel-based equaliza-
tion [60], [61].

The least mean squares (LMS) is one of the most widely used algorithms
in adaptive filtering due to its simplicity, robustness and low complexity.
However, its poor convergence properties usually render it impractical in
cases where fast convergence is required. On the other hand, the recursive
least squares (RLS) algorithm is one order of magnitude costlier but signif-
icantly improves the convergence speed of LMS. However, the update rule
for RLS cannot be directly restricted to the index support set. To overcome
these drawbacks and take advantage of the fact that we already possess an
estimate of the gradient of the cost function, we apply a Steepest Descent
(SD) coefficient update.

Let the error residual at time n is given by

e(n) = x(n)−X(n)ĥ∗(n) (3.52)

where ĥ(n) is a sparse vector with N − S zeros obtained in the previous it-
eration (time slot). At each iteration, the current approximation induces an
error residual that corresponds to the part of the CIR that has not been ap-
proximated. As the algorithm progresses, the samples are updated so that
they reflect the current error residual. These samples are used to construct
a proxy signal, which point toward the largest S entries of the error resid-
ual. Thus the new proxy signal may be computed similarly to that of the
CoSaMP algorithm [28] in order to incorporate the current correlation and
forget the data, capturing the variations on the support set of the channel,

p(n) = X(n)W(n)e∗(n). (3.53)

By combining eqs. (3.52) and (3.53) it can be easily shown that the proxy
signal correpsonds to the gradient of the cost function. The gradient can
be evaluated as

g(n) = zxu(n)−Φuu(n)ĥ(n) (3.54)

It can be easily seen that g(n) = p(n). Thus in order to identify the new
support set we select the largest 2S coefficients of the estimated gradient,
i.e.

Ω = max(|g(n)|, 2S). (3.55)

To proceed, we form a union of Ω with the set of indices corresponding to
the S non-zero components of the LS estimate h(n) obtained in the previous
iteration:

Λ = Ω ∪ supp
(
ĥ(n)

)
(3.56)
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Then, we focus on estimating the coefficients of the channel that corre-
spond to the index set Λ. These coefficients denoted as h|Λ(n) can be com-
puted as the minimizer of the cost function J

(
h|Λ(n),Φuu,|Λ(n), zxu,|Λ(n)

)

with respect to h|Λ(n). Note that h|Λ(n) and zzu,|Λ(n) denote the Q × 1 co-
efficient and crosscorelation sub-vectors corresponding to the index set Λ,
while Φuu,|Λ(n) is a Q × Q matrix formed by the corresponding to Λ rows
and columns of Φuu (n), with Q ∈ [2S, 3S].

Following the Steepest Descent (SD) method, the Q× 1 channel coeffi-
cient subvector ĥ|Λ(n) can be updated as follows

ĥ|Λ(n+ 1) = ĥ|Λ(n) + α(n)g|Λ(n) (3.57)

Note that ĥ|Λ(n) and g|Λ(n) denote the coefficient and the gradient subvec-
tors corresponding to the index set Λ. In the proposed algorithm, the step
size α(n) is selected as the minimizing argument of J

(
h|Λ(n),Φuu,|Λ(n), zxu|Λ(n)

)

with respect to α(n), i.e.,

α(n) =
g|Λ(n)

Hg|Λ(n)

g|Λ(n)HΦuu,|Λ(n)g|Λ(n)
(3.58)

As verified by simulations, the proposed greedy scheme significantly im-
proves the performance of the scheme presented in [62] at the cost of a
slight increase in complexity. This increase is due to the computation of the
extra matrix-by-vector product Φuu,|Λ(n)g|Λ(n) in (3.58), being of the order
of O (S2).

In the next step of the algorithm, the CIR estimate ĥ(n+1) results from
the S largest coefficients of ĥ|Λ(n + 1) located at the positions determined
by the index set

ΛS = max(|ĥ|Λ(n+ 1)|, S) (3.59)

while the remaining N − S coefficients are set to zero, i.e.

ĥ|Λc
S
(n + 1) = 0(N−S)×1 (3.60)

where Λc
S represents the complement of set ΛS. The proposed scheme is

summarized in the upper part of Table 3.3.

3.6 Simulation Results

In this section we present some indicative simulation results of the new
equalization schemes. We consider as a test channel a typical terrestrial
HDTV CIR containing 6 multipath components with amplitudes −20, 0,
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Step Algorithm SD sparse DFE Complexity order
Input u(n), x(n)

1: Initialize zxu(n) = λzxu(n− 1) + u(n)x∗(n)
2: Update the matrix Φuu(n) = λΦuu(n− 1) + u(n)uH(n)

3: g(n) = zxu(n)−Φuu(n)ĥ(n)
4: Ω = max(|g(n)|, 2S)
5: Λ = Ω ∪ supp

(
ĥ(n)

)

6: α(n) =
g|Λ(n)

Hg|Λ(n)

g|Λ(n)HΦuu,|Λ(n)g|Λ(n)

7: ΛS = max(|ĥ|Λ(n+ 1)|, S)
8: ĥ|Λc

S
(n + 1) = 0(N−S)×1

9: Estimate the DFE
Output w(n)

Table 3.3: Steepest Descent based Sparse DFE Algorithm

−20, −18, −14, −10 dB, while the corresponding time delays with respect
to the main peak are −20Ts, 0Ts, 5Ts, 20Ts, 50Ts, 120Ts, where Ts is the
symbol period. The multipath component phases were chosen randomly
and a square-root raised cosine filter was used with 11.5% rolloff. The
number of the non-zero terms of the approximated equalizer filter, S, is
computed based on eqs. (3.45) and (3.46), and it is set to 14. The input
sequence consisted of QPSK symbols, while complex white Gaussian noise
was added to the channel output. The FF and FB filters had a temporal
span of Kf = 30, and Kb = 128 taps, respectively.

Initially, to study the convergence of the equalizers, the Doppler effect
was ignored and the channel was kept static for an interval of 4096Ts.
Four different DFE algorithms were tested: SD-based sparse DFE algorithm,
SpAdOMP [62], Ordinary Least-Squares (OLS) algorithm, and the LS with
an oracle. Fig. 3.1 shows that the proposed algorithm is very close to that
of the optimal LS with an oracle, and is significantly faster than that of the
OLS and SpAdOMP algorithms.

Error propagation effects in decision-directed mode were studied by
simulating a system that operates over a static channel and employing a
training period of only 20Ts. As observed from Fig. 3.2, the non-sparsity
aware algorithm OLS converges slowly. The tracking performance of the
algorithms was tested by simulating a system that operates over a modi-
fied HDTV channel, where the first and second multipath casual compo-
nents vary according to the autoregressive model hi (n) = αhi (n− 1) +
√

1− |α|2v (n) where α = Jo (2πfDTs), Jo(·) is the zero-th order Bessel
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Figure 3.1: All Trainning (λ = 0.998).

function and v (n) denotes a white noise process with unit variance and
a normalized Doppler frequency fDTs=1.1 10−5 was simulated. The sup-
port set of the sparse channel also undergoes gradual changes. The second
multipath component in the time delay 20Ts, is gradually reduced and is
nullified after 1000 symbol periods while a new component with increas-
ing amplitude gradually appears in the time delay 5Ts with respect to the
main peak of the CIR. After 1000 symbol periods the amplitude of the new
multipath component is equal to −5dB.

Fig. 3.3 shows the performance of the DFE algorithms when the param-
eters changes dynamically in time. Our schemes exhibit improved tracking
capabilities as compared to SpAdOMP. On the other hand, OLS could not
track the changes of the channel, given that the training period is only
20Ts. Finally, the SER performance of the proposed equalizers operating
over slow fading frequency selective channels at different SNR conditions,
showed that the proposed schemes have superior performance as compared
to the algorithm proposed in [62] and the OLS schemes.
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Figure 3.2: Training period: 20Ts (λ = 0.998).
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Figure 3.3: Slow fading channel (λ = 0.98).



40 CHAPTER 3. CHANNEL-BASED SPARSE ISI EQUALIZATION

3.7 Summary

In this chapter, ISI equalization for channels with long and sparse impulse
responses has been investigated, under the principles of the compressive
samping theory. Specifically, channel-based equalization has been consid-
ered which exploits the sparsity of the CIR via ℓ1-minimization and greedy
optimization strategies. A scheme for sparse DFE based on steepest de-
scent optimization has been proposed, which exhibits considerable com-
putational savings, increased performance properties and short training
sequence requirements. Furthermore, the performance of the proposed
scheme in terms of solution recoverability and simulation results has been
investigated.



Chapter 4
Sparse ISI Equalization

The previous chapter developed sparse optimization techniques for ISI equal-
ization based on sparse channel identification problems. This chapter, in-
vestigates the sparsity of the inverse problem. After a literature review for
sparse inverse filtering, we formulate the problem, along with a discussion
about the conditions where the inverse problem is approximately sparse
(i.e. compressible). The main contribution of this chapter is the derivation
of Stochastic Gradient Pursuit algorithm, which is presented in Section 4.3.
Furthermore, an extension to the case where the sparsity order is assumed
unknown is presented.

4.1 Introduction

To the best of our knowledge, very little work has been done for the sparse
equalization problem, viewed as a sparse inverse problem and not based
on sparse channel identification. In parallel to our work, a new design
framework for sparse equalizers has been proposed for MMSE linear and
decision-feedback equalizers [63]. However, the framework proposed there,
was targeting to non-adaptive equalization of a time-invariant channel. In
this chapter, we investigate the sparse adaptive equalization problem viewed
from the Compressive Sensing (CS) perspective [64], [65], where the sens-
ing matrix (i.e. the correlation matrix of the equalizer input sequence)
is updated at each time instant. Within this context, we propose a low-
complexity heuristic iterative scheme based on the matching pursuit (MP)
algorithm [44] and inexact line search optimization, termed as Stochastic

Gradient Pursuit (SGP).
The basic MP algorithm [44] offers efficient implementations but suf-

41
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fers from slow convergence. Other variants, such as Orthogonal MP (OMP)
[66], have superior performance but increased computational complexity
due to the orthogonalization step. In order to avoid the cost of OMP but
preserve the fast convergence rate, a line search optimization strategy can
be adopted [67]. In that case, the estimation of the sparse signal is ob-
tained by making successive steps along a descent direction, which can be
computed by various methods, such as Gradient Descent (GD), conjugate
gradient or Newton’s method. Due to reasons which will be analyzed in
a subsequent section, in our work we present only the GD case, although
extensions to the other methods are also possible.

It has been verified through simulations that the proposed scheme ex-
hibits faster convergence and improved tracking capabilities compared to
conventional and other sparse aware equalization schemes, offering at the
same time a reduced complexity. Furthermore, we develop an extension
of SGP where the order of the support set (i.e. the set with the indices of
the non-zero coefficients) of the sparse equalization vector is not known a
priori but it is recovered in an adaptive manner. Also, the recoverability
properties of the proposed greedy scheme are studied theoretically.

4.2 Problem Formulation

In this section, we formulate the sparse equalization framework for the
design of sparse adaptive decision-feedback equalizers. We describe only
the DFE case, as the linear equalizer can be viewed as a special case.

In cases where the CIR is unknown or time-varying, we estimate the
autocorrelation matrix R(n) and cross-correlation vector r(n) using an ex-
ponentially time-averaged window, as follows

R(n) = λR(n− 1) + y(n)y(n)H (4.1)

r(n) = λr(n− 1) + y(n)s∗(n) (4.2)

where λ is the forgetting factor with λ ∈ (0, 1]. Starting with the conven-
tional adaptive equalizer, the coefficients w(n) can be obtained at each time
instant, as the minimizers of the following cost function

J (w(n),R(n), r(n)) =

n∑

k=1

λn−k|s(k)−w(n)Hy(k)|2

= βs(n)− r(n)Hwo(n)

+ (w(n)−wo(n))
HR(n)(w(n)−wo(n)) (4.3)
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where wo(n) = R(n)−1r(n) and βs =
∑n

k=1 λ
n−k|s(k)|2. As previously, we

can formulate the sparse adaptive DFE problem

min
w(n)∈CK

‖w(n)‖0 subject to J (w(n),R(n), r(n)) ≤ ǫ. (4.4)

Using a heuristic algorithm for the approximation of (4.4), we end up with
the following system of equations

R|Ωn(n)w|Ωn(n) = r(n) (4.5)

where in this case, the correlation quantities are time-varying.

4.2.1 Sparsity of the Inverse Filter

Sparsity of the channel response does not, in general, imply sparsity of the
inverse system, i.e. the equalizer in our case. In this section, we investigate
the necessary conditions in order the inverse filter to be inherently or ap-
proximately sparse. The overall discrete time CIR, which is the convolution
of the CIR, h(n), with the impulse responses of the transmit and receive
filters, can be expressed as follows

g(n) = g0 +

M∑

i=1

giδ(n− τi) (4.6)

with M ≥ L. Let the z-transform Z{·} [68] of the overall CIR be written as

Z{g} ≡ G(z) = g0 +
M∑

i=1

giz
−τi . (4.7)

In [69], it has been proved that given that the energy of the specular path of
the channel is larger than the power spectral density of all scattered paths,
i.e.

|g0|2 >
∣
∣
∣
∣
∣

M∑

i=1

giz
−τi

∣
∣
∣
∣
∣

2

(4.8)

then the CIR is characterized as a minimum-phase sequence [68]. Follow-
ing the approach in [70] and given that (4.8) is satisfied, the inverse filter
G−1(z) can be expressed as a geometric series

G−1(z) = g−10

∞∑

k=0

(−1)k
[

M∑

i=1

gi
g0
z−τi

]k

. (4.9)
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Expanding the k-th power in (4.9) we obtain terms proportional to ex-
ponentials z−τ1−...−τk . Hence, taking the inverse z-transform Z−1{·}, the
Infinite-Impulse Response (IIR) inverse filter contains Kronecker delta func-
tions δ(n−τ1−. . .−τk), at positions given by the nonnegative-integer-based
linear combinations of the positions of the time-shifted components of g(n).
A Finite-Impulse Response (FIR) approximation of (4.9) can be obtained by
setting an upper value for the index k. For example, by taking the 2nd or-
der approximation, with k = 2, and computing the inverse z-transform we
have

Z−1{G−1(z)} ≈ g−10 − g−20

M∑

i=−M
giδ(n− iTs)

+ g−30

M∑

i=−M

M∑

j=−M
gigjδ(n− iTs + jTs).

(4.10)

The above expression indicates the candidate positions of the non-zero
terms of the FFF filter. Indeed, by inspecting (4.10) and given that (4.8) is
satisfied, it can be easily shown that for k ≥ 3, the additional terms of the
k-th order approximation are almost zero.

The FB equalizer filter, in turn, has non-zero components at tap posi-
tions that match with the multipath delays of g(n) [68], hence it is charac-
terized as a sparse vector, given that the overall CIR is sparse.

Nevertheless, the CIR of real-world multipath channels is likely to be
a mixed-phase sequence, due to phenomena such as Doppler spread and
deep fading. Hence, even in case the FBF is a compressible vector, the
feedforward filter will probably be a full vector. In such cases, the sparsity
order could not be considered as a priori known or a static parameter, but
it must be adaptively adjusted.

4.3 Proposed Technique: Stochastic Gradient Pur-

suit

In this Section we derive a new algorithm for the solution of the sparse
adaptive equalization problem of (4.4) [71]. It is based on a proper incor-
poration of an inexact line search strategy into an MP-type heuristic opti-
mization technique. The term stochastic is intended to point out the fact
that the measurement matrix and vector, appearing in eqs. (4.1) and (4.2),
are not deterministic but stochastic quantities.
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In the first part we describe the general philosophy and the basic struc-
ture of an MP-type algorithm, and we introduce the inexact line search
method which is used to solve the resulting linear system. In the second
part we extend the proposed scheme to the case where the sparsity order
parameter is unknown and should be adaptively recovered.

In basic MP-type algorithms [44], [66], during each iteration, the algo-
rithm selects one or several indices that represent good partial support set
estimates and then adds them to the current support set estimation. Once
an index is included in the support set it remains in this set throughout
the remainder of the reconstruction process. On the other hand, recently
developed MP-type algorithms, such as Subspace Pursuit (SP) [29] and
Compressive Sampling Matching Pursuit (CoSaMP) [28], find an estimate
of the support set of a predefined order S which is updated during each
iteration. An index can be added to or removed from the estimated sup-
port set at any stage of the recovery process. However, in order to update
the support set, a larger set with 2S for SP and 3S for CoSaMP must be
updated at each iteration, resulting in increased computational complexity.
In our work, we develop a greedy strategy which is based on SP/CoSaMP
algorithms, but requires less complexity.

Considering the n-th time instant and dropping the time index for sim-
plicity, i.e. w ≡ w(n), the problem of (4.4) can be iteratively solved using
an MP-type greedy strategy. At the i-th iteration the support set Ωi is up-
dated selecting the new elements based on the so-called proxy signal. In
our case, the proxy signal is defined as the correlation between the rows of
the measurement matrix R and the error ei−1 = wo −wi−1, namely

pi ≡ Rei−1 = r−R|Ωi−1wi−1
|Ωi−1 (4.11)

where wo = R−1r is the Least-Squares (LS) solution. The i-th approxima-
tion of the proxy pi, corresponds to the part of the sparse vector that has
not been approximated yet. Let Ωi−1 be the set of indices of the S largest
components of the previously estimated vector wi−1. Then we update the
support set by replacing the index of the smallest component with the index
of the largest component of the proxy vector

Ωi = argℓmax(|wi−1
ℓ |, S − 1) ∪ argℓ max(|piℓ|, 1) (4.12)

where max(|xℓ|, S) denotes the S largest elements of the vector x ∈ CK

with ℓ = 1, . . . , K. Therefore, the support set, with a predefined order of
S, is refined by only one component, at each stage of the recovery pro-
cess. This is adequate for convergence to the true support set, since the
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measurement matrix has linearly independent columns. Once the i-th ap-
proximation of the support set has been found, the non-zero values of wi

are easily estimated via LS as

w|Ωi =
(
R|Ωi

)†
r (4.13)

Finally, the components of w which do not belong to the support set, wΩc
i
,

are set to zero, performing the pruning step.
The steps which are executed within each time instant n, are summa-

rized below :

step 1 Update the proxy vector via eq. (4.11).

step 2 Identify the index with the largest component of the proxy
signal.

step 3 Merge indices sets, forming the union of the set indices cor-
responding to the S − 1 largest components of the estimate
obtained in the previous iteration with the newly identified
index of the proxy signal.

step 4 Estimate the sparse vector via LS on the merged set of com-
ponents via eq. (4.13).

step 5 Prune the elements which do not belong in the support set.

One way to solve in an adaptive fashion the linear system involved in
the 4th step is by using the RLS algorithm. However, this solution is not
straightforward because the update rule cannot be directly restricted to the
varying support set. Hence, we choose an iterative line search method [72],
where successive steps are made in a descent direction towards the mini-
mization of the cost function J (w|Ω,R, r), where for now Ω is assumed to
be known and time-invariant. Specifically, the basic steps of the line search
method at the k-th iteration are the following :

step 1 Determine the direction of search dk
|Ω.

step 2 Find ak as the a minimizing

min
a
J (wk−1

|Ω + adk
|Ω). (4.14)

step 3 Make a step at the descent direction

wk
|Ω = wk−1

|Ω + αkdk
|Ω. (4.15)
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As mentioned previously, there are several methods of choosing d|Ω, such
as Gradient Descent, Conjugate Gradient (CG) or Newton Method (NM).
In general, the CG and NM are characterized by faster convergence com-
pared to the GD algorithm, but with increased computational complexity
and storage. However in our case, due to the dimensionality reduction of
the problem, the GD algorithm offers similar convergence rate at a smaller
cost, as verified by the simulation results. Hence, we employ a GD direction
rule, where the direction vector corresponds to the opposite of the gradient
vector, which is expressed as

dk
|Ω ≡ gk = −∇J (wk

|Ω,R, r). (4.16)

The solution of (4.14) implies that the current residual is orthogonal to the
previous, i.e. (gk)Hgk−1 = 0, which leads to the next expression for the step
size

αk =
(gk−1)Hgk−1

(gk−1)HRgk−1 . (4.17)

We can now proceed with forming the adaptive SGP scheme, incorpo-
rating the line search strategy into the MP-type algorithm. At the n-th time
step of the adaptive algorithm, the proxy signal can be viewed as the resid-
ual of the cost function J (w|Ωn−1(n− 1),R(n), r(n)), namely

p(n) ≡ g(n) = r(n)−R|Ωn−1(n)w|Ωn−1(n− 1). (4.18)

Therefore, the computation of the proxy and the direction vector can be
combined into one step. Using the time-updated proxy signal, the identifi-
cation of the n-th support set can be obtained by

Ωn = argℓmax(|wℓ(n− 1)|, S − 1) ∪ argℓmax(|gℓ(n)|, 1). (4.19)

In order to avoid the cost of running several iterations, we set the GD al-
gorithm to run just one iteration, i.e. for k = 1. However, in that case,
the step size given by (4.17) does not orthogonalize the current and the
previous residuals, resulting in an approximation to the exact line search
solution. This is due to the stochastic nature of quantities R, r and the time
varying support set. For the proposed scheme, we define the step size at
the n-th time instant as follows

α(n) =
(g|Ωn(n))Hg|Ωn(n)

(g|Ωn(n))HR|Ωng|Ωn(n)
. (4.20)

Furthermore, instead of using an approximation as the one that follows
from (4.15), we propose the modified approximation

w|Ωn(n) = w̄|Ωn(n− 1) + α(n)g|Ωn(n) (4.21)
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Step Algorithm SGP Complexity Order
Gradient update

1: g(n) = r(n)−R(n)w̄(n− 1) O(KS)
Support set update

2: Λ = argmax(|w̄(n− 1)|, S − 1) O(K)
3: Ω = Λ ∪ argmax(|g|Λc(n− 1)|, 1) O(K)

Line search optimization

4: α(n) =
g|Ω(n)

Hg|Ω(n)

g|Ω(n)HR|Ω(n)g|Ω(n)
O(KS)

5: w|Ω(n) = w̄|Ω(n− 1) + α(n)g|Ω(n) O(1)
Pruning

6: w̄|Ω(n) = w|Ω(n), w̄|Ωc(n) = 0 O(1)

Table 4.1: Stochastic Gradient Pursuit

where w̄(n− 1) is the pruned vector, i.e. the estimated equalization vector
of the previous adaptation step n− 1, where the elements not belonging to
the previous set, Ωn−1, have been zeroed. The steps of the SGP algorithm
are summarized in Table 4.1, for the n-th time iteration.

4.3.1 Varying Sparsity Order

As it is the case with other greedy pursuit algorithms, the SGP algorithm
requires that the sparsity order S of the equalizer vector is a priori known.
However, in many practical cases such as in time varying channel equaliza-
tion, the order S is not available or it may change due to channel variations.
Underestimation of S will cause the algorithm to diverge from the optimum
filter, whereas overestimation will degrade the convergence speed.

Thus, in this section we derive an extension to SGP, termed as ν-SGP,
where the sparsity order ν is unknown. The steps of the algorithm are
described at the Table 4.2 for the n-th time iteration. Beginning with ν = 1,
the ν-SGP algorithm increases the order of the support set by 1 at each time
instant n, when the following condition is true

ξ = ‖gν‖ − ‖gν+1‖ /∈
(
0, κǫ

)
(4.22)

where κ depends on the eigenvalue spread of the measurement matrix, ǫ is
a predefined parameter, gν is the gradient of the n-th iteration following the
definition of (4.18), and gν+1 is the gradient based on augmented support
set Ωe = Ωn ∪ argmax(|wΩc(n − 1)|, 1). Thus, given a predefined error
tolerance ǫ, the order of the support set is adaptively selected.
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At the steady-state, if w is the ν-sparse solution of (4.13) with excess
MSE Je(w) ≤ ǫ, then ξ ≤ κǫ. This follows from

ξ ≤ ‖gν − gν+1‖ ≤ ‖R|Ωcw|Ωc‖
≤ ‖R|Ωc‖‖w|Ωc‖ ≤ ‖R‖‖w|Ωc‖. (4.23)

If the matrix R has bounded eigenvalues in the range (1 − δS, 1 + δS),
where δS ∈ (0, 1), and ‖R‖ denotes the spectral norm of R, then ‖R‖ =
√

λmax(RRH) = 1+ δS. Note that R is Hermitian symmetric and nonnega-
tive definite, therefore it holds λ(RRH) = λ2(R), for any eigenvalue of R.
Hence, from (4.23) it follows that

ξ ≤ (1 + δS)‖w|Ωc‖. (4.24)

Moreover, based on the Rayleigh-Ritz inequality [11], which for our case
the lower bound of the inequality can be expressed as (1 − δS)‖w|Ωc‖ ≤
wH
|ΩcR|Ωcw|Ωc, we have that

ξ ≤ 1 + δS
1− δS

wH
|ΩcR|Ωcw|Ωc ≤ κǫ (4.25)

where the excess MSE Je(w) = wH
|ΩcR|Ωcw|Ωc has been bounded by the

predefined error tolerance ǫ. The relation of parameter δS with the mea-
surement matrix is further analyzed in the next section.

4.4 Performance Analysis

In this section we address the issues of performance and recoverability of
the adaptive SGP algorithm. In the first part, we prove that the proposed
design is asymptotically stable in the mean-squares (MS) sense.

4.4.1 Recoverability

The recoverability of the proposed algorithm, i.e. the recovery of the correct
support set, is guaranteed with high probability for a variety of algorithms,
including greedy and ℓ1-optimization based ones, when the measurement
matrix R satisfies the RIP of order S with constant δS. Based on the Defi-
nition 2, an alternative way to guarantee recoverability is by bounding the
eigenvalue spread of the Gram matrix RHR, which appears in the defini-
tion of the proxy signal [28]. A particular characteristic of the proposed
scheme, is that in the definition of the proxy signal, at eq. (4.11), appears



50 CHAPTER 4. SPARSE ISI EQUALIZATION

Step Algorithm ν-SGP Complexity Order
Gradient update

1: gν = r(n)−R(n)w̄(n− 1) O(Kν)
Support set update

2: Λ = argmax(|w(n− 1)|, ν − 1) O(K)
3: Ω = Λ ∪ argmax(|g|Λc(n− 1)|, 1) O(K)
4: γ = argmax(|wΩc(n− 1)|, 1)
5: Ωe = Ω ∪ γ
6: gν+1 = gν −R|γ(n)w|γ(n− 1) O(K)
7: if ‖gν‖ − ‖gν+1‖ ≥ κǫ then

8: g(n) = gν+1, ν = ν + 1
9: else g(n) = gν

Line search optimization

10: α(n) =
g|Ωe(n−1)Hg|Ωe(n−1)

g|Ωe (n−1)HR|Ωe(n)g|Ωe (n−1)
O(Kν)

11: w|Ωe
(n) = w̄|Ωe

(i− 1) + α(n)g|Ωe
(n− 1) O(1)

Pruning

12: w̄|Ω(n) = w|Ω(n), w̄|Ωc(n) = 0 O(1)

Table 4.2: Stochastic Gradient Pursuit with Varying Sparsity Order

the measurement matrix R. This implies that matrix R should preserve
the energy of any set with S components of the equalizer filter, and hence,
the recoverability depends on the eigenvalue spread of R and not of RHR.
The following lemma is concerned with the eigenvalue spread of the MMSE
autocorrelation matrix R.

Lemma 1. Let h be a sparse channel of length L (with N1 the non-causal

length) containing Sc non-zero taps and normalized so that ‖h‖ = 1. Then

the eigenvalues of any S × S input autocorrelation submatrix of the MMSE-

DFE are bounded in the range (1−ρ, 1+ρ), where ρ = S
(
O(ǫ)+ScO(ǫ2)

)
+σ2

η,

under the following assumptions :

1. the specular path h0 has amplitude of order O(1), while each of the

scattered paths has amplitude of order O(ǫ), where ǫ ∈ (0, 1), such that
∑Sc

k=1 |hk| < |h0|, and

2. the delay of the FF filter is ∆Ts symbol periods, with ∆ ≥ Kf − 1 +N1.

Proof. According to the Gershgorin theorem [73], each eigenvalue of R

belongs in a circle with center the value of the diagonal entry of the matrix
and radius the sum of its off-diagonal entries.
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To exploit the special structure of matrix R, we will examine the off-
diagonal entries of the first Kf and the last Kb rows separately. The off-
diagonal elements of the first Kf rows of matrix R are represented by the
row elements of the matrix Rxd = HJ∆ and the off-diagonal row elements
of matrix Rxx = HHH + σ2

ηIKf
. By taking into account the second assump-

tion, i.e. ∆ ≥ Kf − 1 + N1, it can be easily verified that matrix Rxd, does
not contain the channel coefficient h0, and hence the order of the ampli-
tude of its elements is equal to O(ǫ). Let us now express the matrix Rxx as
the sum of two matrices, one with the diagonal elements and one with the
off-diagonal elements, i.e.

Rxx =
( N2∑

i=−N1

|hi|2 + σ2
η

)

IKf
+ F (4.26)

where the Hermitian matrix F results from HHH after subtracting the main
diagonal. It is straightforward to show that the matrix F consists of ele-
ments with amplitude of order κ1 = O(ǫ)+ScO(ǫ2). To do so, consider that
the channel correlation matrix H is expressed as H = F0+DN1+1, where F0

is the Kf × (Kf +N) Toeplitz matrix which results from H after subtracting
the quantity h0 from its N1 + 1 diagonal. It follows that

HHH = DN1+1D
H
N1+1 + 2Re(DN1+1F

H
0 ) + F0F

H
0 (4.27)

where the first term of (4.27) is a diagonal matrix with |h0|2 on the main
diagonal, the second term contains only off-diagonal elements with ampli-
tude order equal to O(ǫ), and the off-diagonal elements of the third term
have amplitude order equal to ScO(ǫ2). Considering the last Kb rows of ma-
trix R, the off-diagonal entries have amplitude of the order equal to O(ǫ).
Therefore, the S×S submatrix of R, denoted by RS, will have a maximum
row sum for the off-diagonal elements equal to S

(
O(ǫ) + ScO(ǫ2)

)
. The

diagonal elements of matrix R are different for the first Kf and the last Kb

rows, where for the second case are equal to unity. However, the first Kf

row elements diverge from unity by σ2
η. Based on the above analysis, we

conclude that each of the eigenvalues of the S × S submatrix of R belongs
to a circle with center the unity and and radius S

(
O(ǫ)+ScO(ǫ2)

)
+σ2

η.

4.4.2 Complexity

The SGP algorithm has a computational complexity of O(KS) multiplica-
tions per step, which is K/S times faster than the complexity of the non
sparsity aware RLS algorithm [11]. However, there is a slight increase
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Table 4.3: Comparison in Terms of Complex Multiplications

Adaptive Algorithm Complexity Order
per Adaptation Step

Conventional RLS O(K2)
SpAdOMP O(K)
CB-DFE O(K)
SGP DFE O(KS)
ν-SGP DFE O(Kν) with ν ∈ [1, K]

in complexity compared with the greedy LMS scheme presented in [62],
due to the computation of the gradient g(n) and the extra matrix-by-vector
product R|Ω(n)g|Ω(n).

In Table 4.3, the computational complexity of the proposed algorithms
is compared with that of (i) the conventional non sparsity aware Recur-
sive Least Squares (RLS), (ii) the sparse-Channel-Based parametric DFE
(CB-DFE) which is proposed in [70] and (iii) the Sparse Adaptive OMP
(SpAdOMP) which is proposed in [62]. The comparison is carried out in
terms of complex multiplications per adaptation step of the algorithm.

4.4.3 Simulation Results

In this section, we provide simulation results for the proposed heuristic al-
gorithms in various channel conditions. Their performance has been eval-
uated in a time invariant, as well as in a time-varying environment. The
input sequence consisted of Gray coded 4QAM symbols, while complex
white Gaussian noise was added to the channel output.

The performance of the sparsity aware algorithms depends on the pre-
defined sparsity order parameter S, which results in an upper bound for the
excess MSE. Furthermore, the number of non-zero equalizer taps needed to
approach the non-sparse performance is expected to increase as the input
SNR increases, where the input SNR is defined as SNR = 10 log10

σx

ση
. In the

simulations we have used two input SNR regimes : 10dB and 30dB. Note
that in 30dB, due to a lower attainable steady-state error, we may have an
increased number of non-zero taps compared to the 10dB case.

In Fig 4.1, we show the performance of a threshold MMSE-DFE for the
“pedestrian B" (“PB") W-CDMA channel for the two SNR regimes, in terms
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Figure 4.1: (a) Power Delay Profile (PDP) of the sparse W-CDMA PB channel (b)

Equalizer FF and FB tap weights, with Kf = 20 and Kb = 90 (c) Comparison of

misadjustment error γ w.r.t. sparsity order S

of the misadjustment error γ of the thresholded MMSE DFE

γ = 10 log10

(

1 +
Je

Jmin

)

. (4.28)

Fig. 4.1(a) shows the PB CIR convolved with a square-root raised cosine
filter (SRRC) with 11.5% rolloff, while Fig. 4.1(b) shows the full, non
sparse aware, MMSE DFE equalizer filter. Comparing the results of two
SNR regimes, in Fig. 4.1(c), we observe the misadjustment error is larger
for higher SNR, given the same sparsity order.

Time-invariant Scenario

In this scenario, the channels are assumed to be block fading, that is, they
are constant within a block and independent between blocks. In our study
we have used blocks of length 4096Ts symbols over several typical multi-
path channels from W-CDMA and HDTV environments [21], [74]. How-
ever, we present the results for the commonly used “PB” W-CDMA channel
model, which is worse than the HDTV CIR, due to its strong scattered paths.
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First we study the steady-state performance of the proposed scheme. In
Fig. 4.2 (a) and (b), the performance of the stochastic gradient pursuit
(SGP) and SGP with variable order (ν-SGP) is compared, in terms of the
MSE learning curves, with the non sparse aware LS DFE and the threshold
LS (thLS). For the latter one, the support set for each iteration is obtained
by thresholding the equalizer filter of a non sparse LS DFE. The input SNR
was set to 10dB and 30dB for each figure respectively, while the FF, FB filter
lengths were set to Kf = 20, Kb = 90 and λ = 1. In each figure, the SGP
algorithm, along with the thLS, is presented for three different sparsity
order parameters, i.e. S = {5, 10, 30} taps. We observe that imposing a
smaller sparsity order S, has severe effects on the MSE in the high SNR case.
For SNR = 10dB, using only 5 non-zero components for the DFE filter, out
of the total of 110 taps, results in 10dB difference from the optimal case,
while for SNR = 30dB, wemust increase S up to 30 non-zero components,
in order to have the same misadjustment in MSE. We must point out that
similar results are obtained by using the typical HDTV CIR and a modified
HDTV CIR where eq. (4.8) is marginally satisfied, however due to space
limitations are not presented in this work.

Error propagation effects in decision-directed mode were studied by em-
ploying a training period of 300Ts, which is too sort relatively to the CIR
span L = 83 and the length of the equalizer filter K = 110. As observed
in Fig. 4.3, due to the small length of the training sequence, non sparse
LS algorithm fails to converge to the steady state, whereas for the SGP and
ν-SGP algorithms the number of the training symbols is sufficient in order
to converge to the steady state. We observe that the ν-SGP, without any
prior information, successfully tracks the sparsity order, converging to the
optimal steady-state even for very short training period.

In Fig. 4.4, we compare nine different sparsity aware adaptive DFE
schemes, in terms of MSE steady-state error. The tested schemes belong
to the greedy algorithms as well as the ℓ1-based minimization algorithms,
and they are : (i), (ii) the proposed stochastic gradient pursuit algorithms
(SGP DFE and ν-SGP DFE), (iii) the CoSaMP [28] algorithm for adaptive LS
DFE where the iterations of the algorithm conducted in the time domain,
(iv) the Reweighted Zero-Attracting Least Mean Squares (RZA-LMS) [75]
algorithm for MMSE DFE with fixed step size equal to 0.008 and parameters
ρ = 10−4, ǫ = 10, (v) the Sparse Adaptive OMP (SpAdOMP) [62] algorithm
for adaptive LS DFE with step size equal to 10−3, (vi) the Cyclic Coordinate
Descent Weighted Lasso (CCDWL) [43] iterative algorithm for MMSE DFE
with 100 iterations per adaptation step, (vii) the MMSE DFE, (viii) the thLS
DFE and (ix) the sparse-Channel-Based parametric DFE (CB-DFE) [70]. For
the greedy algorithms the sparsity order S was set to 30 symbols, except for
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MMSE DFE
thLS DFE 5 taps (4.55% active taps)
thLS DFE 10 taps (9.09% active taps)
thLS DFE 30 taps (27.27% active taps)
non sparse LS DFE
SGP DFE 5 taps (4.55% active taps)
SGP DFE 10 taps (9.09% active taps)
SGP DFE 30 taps (27.27% active taps)
v-SGP DFE

Figure 4.2: MSE learning curves for the W-CDMA(PB) channel

the ν-SGP which adapted the order given the error tolerance κǫ = 0.4. We
observe that only the proposed SGP and the thLS converge to the steady-
state with less than 1000 4QAM symbols. CB-DFE scheme cannot converge
to the optimum steady state, since the assumption of

∑S
k=1 |hnk

| < |h0| is
not satisfied under the usage of PB channel with SRRC filter.

Next, we investigate the bit-error-rate (BER) performance of the pro-
posed SGP algorithm, with Gray coded 4QAM modulation. In Fig. 4.5,
we compare the previous nine algorithms in terms of BER with respect to
input SNR, and we notice that the proposed schemes outperform the other
sparsity aware algorithms, with the ν-SGP performing near the optimum
MMSE DFE.

Time-varying Scenario

In this scenario, the tracking performance of the algorithms was tested by
simulating a system that operates over a modified PB channel, where the
first and second multipath components vary according to the autoregressive
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Figure 4.4: MSE learning curves for the W-CDMA(PB) channel, input SNR = 30dB

model hi (n) = αhi (n− 1) +
√

1− |α|2v (n) [11] where α = Jo (2πfDTs),
Jo(·) is the zero-th order Bessel function with a normalized Doppler fre-
quency fDTs=1.1 10−5 and v (n) denotes a white noise process with unit
variance. The support set of the sparse channel also undergoes gradual
changes. The second multipath component is gradually reduced starting at
the time delay 23Ts and is nullified after 1000 symbol periods while a new
component with increasing amplitude gradually appears in the time delay
40Ts with respect to the main peak of the CIR. After 1000 symbol periods
the amplitude of the new multipath component is equal to −5dB.

In Fig 4.6, we compare the proposed algorithms, the SGP and the ν-
SGP, with the conventional LS DFE and the thresholded LS DFE (thLS), in
terms of MSE learning curves. The forgetting factor was set to λ = 0.98,
the training period to 400 symbols and the input SNR to 30dB. We observe
that the proposed schemes successfully track the channel changes, along
with the thLS, as opposed to the conventional LS.



4.4. PERFORMANCE ANALYSIS 57

5 6 7 8 9 10 11 12 13

10
-5

10
-4

10
-3

10
-2

10
-1

SNR(dB)

B
E

R
(d

B
)

 

 
CB-DFE
MMSE DFE
thLS DFE
CoSaMP DFE
RZA LMS DFE
SpAdoMP DFE
SGP DFE
v-SGP DFE

Figure 4.5: BER w.r.t. input SNR for the W-CDMA(PB) channel

Figure 4.6: MSE learning curves for the time varying W-CDMA(PB) channel, input

SNR = 30dB



58 CHAPTER 4. SPARSE ISI EQUALIZATION

4.5 Summary

In this chapter, we described a general framework for the sparse adap-
tive equalization problem, under the compressive samping perspective. A
new heuristic scheme has been derived, which offers reduced computa-
tional complexity compared to existing techniques and is also able to cope
with unknown sparsity order. As demonstrated via extensive simulations,
the proposed algorithms yield considerable reductions in complexity while
maintaining performance comparable to the conventional DFE. Error prop-
agation studies showed a noticeable fast convergence which allows the use
of shorter training sequence in the applications of interest.



Chapter 5
Efficient ICI Equalization for
OFDM-based Systems over Doubly
Selective Channels

In this chapter, the problem of ICI equalization is considered. In section 5.4,
an efficient equalizer architecture is proposed. Afterwards, in 5.5 a regu-
larized approximated scheme is introduced. Indicative simulation results
are presented in each case.

5.1 Introduction

Recently, there has been increasing interest from researchers, system de-
signers, and application developers on vehicular communication networks
which have the potential to contribute in improving efficiency and safety of
transportation systems, e.g. reduce traffic congestion, CO2 emissions and
accident rates. In such networks, both the transmitter and the receiver are
operating on rapidly changing radio propagation environments which im-
ply high Doppler and delay spreads at the receiver [76]. The most widely
employed technique for data communication in such networks is the or-
thogonal frequency division multiplexing (OFDM) method [77].

In OFDM systems, the intersymbol interference (ISI) caused by the mul-
tipath environments is eliminated by dividing the entire channel into many
narrow orthogonal sub-channels. To achieve orthogonality between sub-
channels, a cyclic prefix (CP) is inserted before each block of parallel data
symbols. This property allows the use of single-tap equalizers in the fre-
quency domain, offering a low computational cost that increases linearly

59
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with the number of subcarriers. However, in applications with high levels
of mobility, the experienced channels are usually both time- and frequency-
selective (so-called doubly selective) and the temporal variations within one
OFDM block corrupt the subchannels orthogonality, generating power leak-
age among the subcarriers and thus causing intercarrier interference (ICI)
at the receiver [7], [78]. In these cases, single-tap equalization has been
proved to be inadequate [79], [80].

In this chapter, we focus on the non-banded block ICI equalization ap-
proach and we propose an efficient equalizer architecture that works in an
ordered successive manner for a given number of stages, where a symbol
decision is made at each stage [81]. The detected symbol is then removed
from the input stream and is forwarded to the next stage. In addition, in
order to cancel the ICI caused by the remaining, undetected symbols, a
forward interference cancellation strategy is employed, mitigating the inter-
ference caused by the subsequent symbols. Ideally, given that there is no
error propagation due to the symbol decisions, the ICI can be completely
removed, approaching the matched-filter performance [82]. Compared to
other parallel interference cancellation schemes (e.g. [82]), the proposed
scheme reduces significantly the error propagation at the output of the
equalizer.

The application of forward and backward ICI cancellation requires the
computation of multiple equalization filters that are estimated via a solu-
tion of a linear system of equations with multiple right-hand sides (RHS).
This operation increases significantly the computational complexity at the
receiver. To alleviate this issue, we employ an iterative algorithm that is
based on the Conjugate Gradient (CG) method and the use of Galerkin

projections, which are employed for solving efficiently the multiple RHS
systems that occur at each stage of the equalizer.

Linear (LE) [83], [84], decision-feedback (DFE) [82], [85] and turbo
equalization (TE) schemes [86] have been extensively studied as a means
to mitigate ICI. In all these works, the equalization complexity increases
significantly with the number of subcarriers. However, the specific struc-
ture of the introduced ICI, allows the development of both banded and non

banded equalization schemes. Banded equalizers take into account the in-
terference introduced by some adjacent subcarriers, while the non banded
ones, aim to eliminate the interference introduced by all the subcarriers.

Banded ICI equalization has been extensively studied in the literature
[83], [86]–[89], mainly due to its computational efficiency. The authors
in [83] [87] [90] proposed both LE and DFE schemes, that take into ac-
count the ICI introduced by a small number of subcarriers. Those schemes
are quite attractive due to their low complexity but their performance in



5.2. SYSTEM MODELING 61

high mobility scenarios degrades noticeably. The authors in [82], first de-
rived a matched-filter bound (MFB) for OFDM systems operating over dou-
bly selective channels and then proposed a minimum mean-square error
(MMSE) DFE which outperforms the above equalizers without increasing
significantly the required complexity. Moreover, TE schemes have been pro-
posed in [86], [91]. To be more specific, in [86] a turbo-like linear MMSE
equalizer is proposed where each symbol is iteratively estimated. In addi-
tion, the log-likelihood ratio (LLR) is calculated for each estimated symbol
and it is used as prior information for the detection of the next symbol.
The authors in [91] derived also a turbo MMSE equalizer, which processes
the whole OFDM block simultaneously, instead of considering the symbol
loaded on each subcarrier separately, resulting in a computationally more
efficient performance.

At this point it should be noted that, in high mobility applications where
OFDM systems experience severe ICI, all the aforementioned equalizers
introduce an irreducible error floor that results in unacceptable bit error
rates. This phenomenon becomes much more evident at high signal-to-
noise ratio (SNR) regimes [92]. To overcome this limitation several au-
thors propose the use of non-banded block equalization techniques [84],
[85]. More specifically, the authors in [85] presented an effective ICI can-
cellation equalizer that is based on ordered successive interference cancel-
lation (OSIC). Moreover, in [84] proposed a block linear MMSE equalizer
architecture based on signal-to-interference-noise (SINR) maximization cri-
terion and then extend it to the MIMO-OFDM case. Although both schemes
result into effective cancellation of severe ICI, they require a prohibitively
large number of operations, which increases cubically with the number of
subchannels.

5.2 System Modeling

Let us consider an OFDM system with N subcarriers operating over a time-
and frequency-selective discrete-time baseband equivalent channel. A sim-
plified block diagram of an OFDM transceiver, ignoring the units that per-
form Sampling Frequency estimation and Carrier Frequency Offset estima-
tion and mitigation, is depicted in Fig. 5.1. Let s = [s1 . . . sN ]T be a set of
N symbols at the output of the Constellation Mapper that are forwarded
to the input of the Inverse Discrete Fourier Transform (IDFT) unit. The sk
symbol is transmitted via the k-th subcarrier. The output of the IDFT unit,
denoted by u = FHs, is forwarded at the CP Adder, where the time domain
OFDM symbol û of length M = N +Ncp is formed by adding a CP of length
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Figure 5.1: OFDM block diagram

Ncp at the beginning of vector s. This operation may be described in matrix
form as follows

û = Ccpu =

[
0(N−Ncp)×N INcp

IN

]

u. (5.1)

In wireless communications, a doubly selective fading channel is often
modeled as a Wide Sense Stationary Uncorrelated Scattering (WSSUS)
channel [93]. In a discrete time model, the channel impulse response (CIR)
of this WSSUS channel can be expressed as

h(n, τ) =

L−1∑

l=0

al(n)δ(τ − l) (5.2)

where al(n) is complex zero mean Gaussian random variable. Assuming a
causal channel with maximum delay spread L ≤ Ncp, the received signal at
the input of the OFDM demodulator may be written in matrix form as

x= H̃tû+ ŵ (5.3)

where

[H̃t]i,j =

{
ai−j(i), for i− j ∈ [0, L− 1]
0, elsewere

(5.4)

and ŵ is a vector with complex Gaussian entries with zero mean and vari-
ance σ2. If we ignore the sampling and carrier frequency offset, the block of
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Figure 5.2: ICI power for doubly selective channel with 48 subcarriers and relative

speed v = 400km/s in 3d (left figure) and 2d (right figure) plots.

time-domain samples x, passes through the CP Removal unit of the OFDM
demodulator, where the first Ncp samples are discarded. This operation
may be written in matrix form as

z = Rcpx =
[
0(M−N)×N IN

]
x. (5.5)

Then, vector z passes through the DFT unit whose output is given by:

y = Fz = FRcpH̃tC
cpFH

︸ ︷︷ ︸

H

s+w = Hu+w (5.6)

where, due to the unitary property of F, the entries of w are complex
Gaussian random variable with zero mean and variance σ2.

If the involved channel is time-invariant, i.e. ai(1) = ai(2) = · · · = ai(N)
, i = 1, . . . L, the matrix H becomes diagonal since RcpH̃tC

cp has a circulant
structure, and therefore equalization is possible with O(N) operations. On
the contrary, in case the channel is time-varying, the matrix H is no longer
diagonal (cf. Fig. 5.2) due to the introduced ICI, and, hence, nontrivial
equalization techniques are required.

5.3 Conventional ICI mitigation techniques

Let us first review some basic approaches concerning ICI mitigation. In
this work, we focus on the minimum mean square error (MMSE) criterion
as symbol detection method, which in general, leads to algorithms with
higher implementation complexity compared to the zero-forcing one, but
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it provides enhanced noise-suppression performance and stability [94, Sec-
tion II-B]. These properties are quite important in cases of doubly selective
channels, where the associated matrix becomes very often ill-conditioned
[7, Chapter 7], [95]. The results which are presented here will form the
basis for the new technique that will be derived in the next section.

5.3.1 Linear Equalization

Recall that the received vector y is given by Eq. (5.6) where H is no longer
diagonal. A straightforward way to mitigate ICI would be to apply paral-
lel equalization to the received data y ∈ CN×1 using an equalizer matrix
G ∈ CN×N . Based on the MMSE criterion, this matrix should minimize the
cost function E{‖s − GHy‖22}, or equivalently by using the orthogonality
principle, it would satisfy the following equation,

E{(s−Gy)yH}= 0N (5.7)

⇒ GE{yyH}= E{syH}. (5.8)

Assuming that: a) the data and noise signals are zero-mean uncorrelated
sequences, i.e. E{swH} = 0N , and b) the data sequence is normalized,
i.e. E{‖s‖22} = IN , then the autocorrelation matrix can be expressed as
E{yyH} = HHH + σ2IN , while the cross-correlation matrix as E{syH} =
HH . Recall that, since the autocorrelation matrix is Hermitian and positive
definite, the system (5.8) has a unique solution, that is G = HH(HHH +
σ2IN)

−1. Hence, given that the channel state information is known to the
receiver, the soft estimate of the OFDM symbol is expressed as

s̃ = Gy = HH(HHH+ σ2IN)
−1y. (5.9)

After the decision device, the hard estimate of the OFDM symbol is given
by ŝ = Π(̃s).

The dominant cost of (5.9), comes from the computation of the inverse
of the autocorrelation matrix, which has complexity order O(N3). Here
note that, the operations concerning the channel matrix can be conducted
in the time-domain, through the transformation

G=FGtF
H (5.10)

=HH
t (H

H
t Ht + σ2IN)

−1 (5.11)

where Ht = RcpH̃tC
cp. If the channel matrix Ht is considered to be sparse

with a banded structure, then the complexity order for the computation of
the equalization matrix Gt is reduced to O(NL2), where L is the number
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of non-zero values in each row of the time-domain channel matrix Ht and
L ≪ N . However, in most cases, the wireless channel has CIR which is
characterized by a long time span and it is composed only by few non-zero
components. Therefore, matrix Ht has a relatively wide band of non-zero
elements. Then, the solution of (5.9) is not favored by the sparsity of the
channel matrix Ht, due to the aforementioned fill-in effect which occurs at
the direct matrix inversion.

5.3.2 Successive Interference Cancellation

Successive interference cancellation (SIC) may offer a more effective ICI
reduction as compared to linear equalization with the cost of higher com-
plexity [85]. To comprehend the basic idea, let us first recall that each
subcarrier is related with one of the N transmitted data symbols. Thus, SIC
architecture is comprised by N stages, where at each stage we can easily
subtract the part of the ICI which is associated with the decisions already
made at previous stages.

Specifically, let us consider that the symbols are detected successively in
the order sz1 , sz2, . . . , szN . Then at the zk-th stage, we seek for the minimizer
of the cost function

gzk = argmin
gzk

E{‖gT
zk
yzk − szk‖22} (5.12)

where gzk denotes the equalizer filter of the zk stage, and yzk is the updated
vector of the received OFDM block after the cancellation of k−1 previously
detected symbols. Equivalently, it is given as the solution of the following
system of equations

Rzkg
T
zk

= hH
zk

(5.13)

where hzk is the zk-th column of the channel matrix H. If Hzk denotes the
channel matrix after the removal of zk column, then the autocorrelation
matrix of the next stage zk+1 is computed according to

Rzk+1
= HH

zk
Hzk + σ2IN−k (5.14)

given that Hz1 , H. Note that, at each subsequent stage, the size of the
autocorrelation matrix Rzk+1

is reduced by one.
The detection of the current symbol is expressed as ŝzk = Π(gH

zk
y),

where gT
zk

= hH
zk
R−1zk

. The symbol decision ŝzk is used to provide an es-
timate of the respective ICI, that is hzk ŝzk , which in the next iteration zk+1,
it will have been subtracted from the received OFDM block, i.e.

yzk+1
= yzk − hzk ŝzk (5.15)
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Step Algorithm
Input R,H, z1
Repeat for all stages zk :

1: Solve the system with multiple RHS
RzkGzk = HH .

2: Estimate the zk-th subcarrier symbol,
s̃zk = gH

zk
y.

3: Detect the zk-th subcarrier symbol,
ŝzk = Π(s̃zk).

4: Cancel the zk-th symbol ICI from yzk ,
yzk+1

= yzk − hzk ŝzk .
5: Update the autocorrelation matrix,

Rzk+1
= HH

zk
Hzk + σ2IN−k.

Table 5.1: Successive Interference Cancellation Algorithm

given that yz1 , y, and the procedure continues likewise for the next sub-
carrier symbol szk+1

. The resulting SIC architecture is summarized at Table
5.1.

Since this architecture resembles that of a decision-feedback equalizer
[96], one can expect an error propagation phenomenon. However, assum-
ing that ŝzk has been correctly detected, its interference will be canceled
from the subsequent stages.

5.3.3 Optimal Detection Order

It is well-known that the detection order in SIC architecture has signif-
icant impact in the performance of the equalizer [96], [97]. Typically,
the optimal detection order can be obtained by maximizing the signal-to-
interference and noise power ratio (SINR) at the receiver, since it is known
that the maximization of the SINR also minimizes the achievable bit error
rate (BER) in an OFDM system [98]. Hence, at each stage k, we have that

SINRk =
|gH

k hk|2
∑

m,m6=k |gH
k hm|2 + σ‖gk‖22

, (5.16)

∀k ∈ [zk+1, . . . , zN ].

Note that, the computation of SINRk at stage zk, requires the knowledge of
gzk+1

, . . . , gzN equalization vectors, which are obtained from the solution of
the following systems

Rzkg
T
zl
= hH

zl
, with l ∈ [k + 1, N ]. (5.17)
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Step Algorithm
Input R,H, z1
Repeat for all stages zk :

1: Solve the system with multiple RHS
RzkGzk = HH.

2: Estimate the zk-th subcarrier symbol,
s̃zk = gH

zk
y.

3: Detect the zk-th subcarrier symbol,
ŝzk = Π(s̃zk).

4: Cancel the zk-th symbol ICI from yzk ,
yzk+1

= yzk − hzk ŝzk .
5: Update the autocorrelation matrix,

Rzk+1
= HH

zk
Hzk + σ2IN−k.

6: Find the next stage index zk+1 based on
zk+1 = argmaxk/∈{z1,...,zN} SINRk.

Table 5.2: Ordered SIC algorithm

The autocorrelation matrix in Eq. (5.17) is the same for all the RHS, since
it is updated once per stage. Equivalently, concatenating the equalization
vectors of the current stage zk and the subsequent stages zk+1, . . . , zN , into
the matrix Gzk = [gzkgzk+1

. . .gzN ]
T ∈ CN−k×N , the equalization matrix for

the current stage is obtained by the solution of the following system of
equations with N RHS,

RzkGzk = HH
zk
. (5.18)

Therefore, incorporating this optimal order criterion in the previous proce-
dure, an OSIC scheme results which is summarized in Table 5.2.

Note that the Steps 2-5 are identical to the corresponding steps of Table
5.1. The complexity burden of the scheme is dominated by the complexity
of Step 1, that is, the solution of the system (5.18) for all N stages. A
solution through a direct approach would require O(N3) complexity. In the
next section we will present some iterative techniques that can be used in
order to achieve significant reduction in the required complexity.
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5.4 Proposed Technique: Forward OSIC Equal-

izer

5.4.1 Galerkin projections for Solving Linear Systems with

multiple RHS

In this section, we present an iterative method emerging from numerical
linear algebra, the so-called Galerkin projections (GP). It is used for the
solution of linear systems with multiple RHS, exhibiting very promising
computational savings, e.g. [99]–[103]. The main idea of GP is described
in this subsection, while the proper employment of this technique to equal-
ization will be presented in Subsection 5.4.3.

Let us consider a set of linear equations with multiple right-hand sides
(RHS)

AX = [b1b2 . . .bK ] (5.19)

where A ∈ CN×N is a Hermitian positive definite matrix, and bi ∈ CN×1, i ∈
[1, K] is i-th right-hand side. Equation (5.19), may be solved by using ei-
ther direct or iterative methods [104], [105]. The direct approach via the
well-known Gaussian elimination requires first the Cholesky factorization
of A, i.e. A = LLH , where L is a lower triangular matrix with unit di-
agonal elements. Then, A−1 can be computed by forward and backward
substitutions. The overall computational cost of this approach would be
O(N3) in general. When the matrix A is sparse with a banded structure,
i.e. the (i, j)-th entry of the matrix is zero whenever |i − j| > L, then the
complexity is much lower, that is O(NL2). However, the algorithm cannot
take advantage of any zeros inside the band, as these take non zero values
during the process of elimination (the so-called fill-in effect). In contrast,
special properties of matrices (e.g. sparseness, banded structure) can of-
ten be exploited to perform matrix-vector multiplication in a more efficient
manner. Iterative methods can accomplish the solution of a linear system
of equations with a moderate number of matrix-vector multiplications, and
thus they outperform Gaussian elimination in terms of computational com-
plexity.

In this work, we consider iterative techniques which belong to the Krylov

subspace methods [105]. For the case when A is Hermitian positive definite,
the respective method is the so-called Conjugate Gradient (CG) algorithm
[105, Chapter 5], [104, Chapter 11]. The iterative solution of systems with
multiple RHS, as defined in Eq. (5.19), would require K systems to be
solved independently. Therefore, for each system, a new Krylov subspace
must be generated, and thus, the iterative solution demands high compu-
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tational cost. Specifically, for the k-th system, that is Axk = bk, the CG
algorithm at the i-th iteration will form a basis of the Krylov subspace

Kk,i = span{d0
k,d

1
k, . . . ,d

i−1
k } (5.20)

where di
k is the search direction of the k-th system at the i-th iteration.

After at most N iterations, the obtained solution xk , xN
k , minimizes the

associated quadratic functional J with respect to xk

J (xk) =
1

2
xH
k Axk − bH

k xk. (5.21)

Let us give a brief description of the CG algorithm’s basic features. The
search direction di

k is constructed by applying the i-th step of the Gram-
Schmidt procedure to the residual vector rik = −∇J (xi

k) = bk −Axi
k and

the preceding directions d0
k,d

1
k, . . . ,d

i−1
k . Taking into account that the gra-

dient ∇J (xi
k) is orthogonal to the subspace spanned by the previous direc-

tions, we have
di
k = rik + βidi−1

k (5.22)

where βi =
(ri

k
)Hri

k

(ri−1
k

)Hr
i−1
k

. For the given set of i A-conjugate directions, the

approximate solution xi
k can be expressed as a linear combination of the

already estimated directions as follows

xi
k = α0d0

k + . . .+ αidi
k = xi−1

k + αidi
k (5.23)

where the stepsize αi is obtained via line minimization as αi =
(ri

k
)Hri

k

(di
k
)HAdi

k

.

Based on Eq. (5.23), the residual vector for the i-th iteration can be ex-
pressed as rik = ri−1k − αiAdi

k. The basic steps of the CG iterative algorithm
are summarized in Table 5.3.

Concerning the complexity of the CG algorithm, the procedure is im-
plemented so that at each iteration only one matrix-vector multiplication
is required. For a general matrix A, CG algorithm demands O(N2I) opera-
tions, where I is the number of the iterations required for the convergence
of the algorithm, given a predefined error tolerance ǫ. In the case of a
sparse matrix, the complexity of the method is reduced to O(NLI), where
L is the number of non-zero elements. The number of iterations I depends
on the initialization vectors which, in this case, are assumed to be zero, i.e.
x0
k = r0k = 0. Specifically, in order the algorithm to converge to the true

solution, I must be close to N . To decrease the complexity, we could termi-
nate earlier the algorithm by choosing a proper ǫ, but this would decrease
the accuracy of the solution.
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Step Algorithm
Input A, [b1, . . . ,bN ], ǫ

1: for k = 1, . . . , N
2: r0k = 0,d0

k = 0, ρ0 = (r0k)
Hr0k, i = 0

3: while ‖rk‖ < ǫ‖bk‖
4: if i = 0
5: di

k = ri−1k

6: else

7: β =
(ri

k
)Hri

k

(ri−1
k

)Hr
i−1
k

8: di
k = ri−1k + βdi−1

k

9: end if

10: α =
(ri

k
)Hri

k

(di
k
)HAdi

k

11: xi
k = xi−1

k + αdi
k

12: rik = ri−1k − αAdi
k

13: i = i+ 1
14: end while

15: end for

Table 5.3: Conjugate Gradient Iterative Algorithm

Proper initialization of the CG algorithm provides one way to reduce
complexity, without sacrificing estimation accuracy. Since the problem re-
quires a number of systems to be solved, a naive approach for initialization
could be to use the already computed solutions as initial guesses for the
unsolved systems. Nevertheless, this approach would require significant
correlation between the vectors of the right-hand side, otherwise, the solu-
tion of the systems would be much different and unsuitable to be used for
initialization. On this premise, a more sophisticated approach has been sug-
gested in the literature, termed as Galerkin projections (GP) [100], [101],
where at each iteration of the algorithm, an approximation of the unsolved
systems is obtained through low cost projections to an already generated
Krylov subspace. Thus, avoiding the computation of the Krylov subspace
for most of the involved systems, results in dramatic complexity savings.

GPs belong to the category of projection methods, which can be found
in many articles in the literature considering the solution of symmetric and
nonsymmetric systems with multiple right-hand sides, cf. [99]–[103]. Usu-
ally, these projections are used as a good initialization for the remaining
unsolved systems. However, when complexity savings is of top priority, GP
can also be used to obtain rough approximations to the solution vectors.
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Indeed, in the algorithm proposed in [88], Galerkin projections have been
used to obtain the approximated solution vectors. The developed technique
reduced the computational complexity required for banded linear MMSE
equalization, maintaining almost the same bit-error-rate performance with
the original method.

According to GP approach, one of the unsolved systems is considered
as the seed and it is solved by the CG method. Let the s-th system, that is
Axs = bs, be the seed one. Then, the generated Krylov subspace at the i-th
iteration is expressed as

Ks,i = span{d0
s,d

1
s, . . . ,d

i−1
s }. (5.24)

For the non-seed system l, an approximation of the solution vector xl can
be obtained by using search directions di

s generated from the i-th iteration
of the seed system, i.e. by minimizing the functional J (xi

l + αdi
s). The

minimum is achieved when

α =
(di

s)
Hril

(di
s)

HAdi
s

(5.25)

where ril is the residual of the l-th non-seed system at the i-th iteration, that
is ril = bl −Axi

l. The basic steps of the Conjugate Gradient with Galerkin
Projections (CG-GP) algorithm are summarized in Table 5.4, where the
lines 13-17 describe the GP procedure. Note that in this case, GP steps
provide the initialization vectors for the next system, i.e.

x0
k = xN

k−1 (5.26)

r0k = rNk−1, for k > 1. (5.27)

It has been proved that, when the CG method is applied to the system
with the projected solution as the initial guess, it converges much faster
(superlinearly) than the usual CG process [101]. Therefore, the “for"-loop
at line 1 of Table 5.4 terminates very fast, with M ≪ N .

Having reviewed state of the art approaches for performing efficiently
ICI cancelation, and a relevant linear algebra tool for reducing the com-
plexity of the equalization approaches, we focus on the decription of the
proposed forward OSIC equalizer, termed as FOSIC equalizer. In the first
subsection, we describe the architecture and the operations which are con-
ducted at each stage of the FOSIC equalizer. Then, in the second subsec-
tion, we propose a low-complexity iterative algorithm based on the Conju-
gate Gradient algorithm with Galerkin projections (CG-GP), aiming to re-
duce the complexity burden for computing the equalization matrix at each
stage. Finally, we evaluate analytically the computational complexity of the
proposed FOSIC equalizer.
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Step Algorithm
Input A,bk, ǫ

1: for k = 1, . . . ,M
2: r0k = bk −Ax0

k,d
0
k = 0, ρ0 = (r0k)

Hr0k, i = 0
3: while ‖rk‖ < ǫ‖bk‖
4: if i = 0
5: di

k = ri−1k

6: else

7: β =
(ri

k
)Hri

k

(ri−1
k

)Hr
i−1
k

8: di
k = ri−1k + βdi−1

k

9: end if

10: α =
(ri

k
)Hri

k

(di
k
)HAdi

k

11: xi
k = xi−1

k + αdi
k

12: rik = ri−1k − αAdi
k

13: for ℓ ∈ [k + 1, N ]

14: ζ =
(di

k
)Hri

ℓ

(di
k
)HAdi

k

15: xi
ℓ = xi−1

ℓ + ζdi
k

16: riℓ = ri−1ℓ − ζAdi
k

17: end for

18: i = i+ 1
19: end while
20: end for

Table 5.4: Conjugate Gradient with Galerkin Projections (CG-GP) Iterative Algo-

rithm



5.4. PROPOSED TECHNIQUE: FORWARD OSIC EQUALIZER 73

Figure 5.3: FOSIC block model for the zk-th stage of the proposed equalizer. The part

in blue color, cancel the ICI caused due to the subsequent symbols.

5.4.2 Description of the proposed architecture

Let us first present the architecture of the new FOSIC algorithm, operating
at the receiver end of an OFDM communication system. The proposed
structure is an extension of the OSIC architecture, which only cancels the
interference caused by the previously detected symbols. The main idea is
to cancel all the remaining interference of the adjacent subcarriers at each
stage of the equalizer. In some sense, this is similar to a decision-feedback
MIMO equalizer, where the estimates of all symbol streams are fed back to
the input via a fully-connected structure [96].

FOSIC equalizer is composed by N stages, where the ordering of each
stage is defined by zk, k ∈ [1, N ]. The functional block of the zk-th stage
is depicted in Fig. 5.3. It is composed by the following basic units: 1)
Equalizer computation, 2) Channel estimation, 3) Forward ICI cancellation,
4) Ordering Update, and 5) Current ICI cancelation unit. The outputs are:
the estimated symbol ŝzk , the index zk+1 of the symbol to be detected at the
next stage and the updated input stream yzk . In the following part of this
section, we focus on each one of the building units separately.

The Equalizer Computation unit employs the proposed low-complexity
algorithm for the solution of (5.18). The details of this block will be pre-
sented analytically in the next subsection (cf. Table 5.6). It takes as an
input, the subcarrier index zk, which defines the data symbol to be detected
by the current block; at this point it should be noted that the cancellation
ordering has been determined from the previous iteration, based on the op-
timality criterion (5.16). The operation of Channel Estimation unit, which
is depicted with dotted line, is out of the scope of this work; a detailed re-
view regarding efficient estimation schemes for doubly selective channels
may be found in [85], [106], [107].

For the ICI cancellation, two units are employed, one for the remaining
(forward) and one for the current symbols, that are denoted by [szk+1

, . . . , szN ]
and szk respectively. According to the FOSIC structure, after applying the
Forward ICI Cancellation unit, the ICI caused by the remaining symbols
[szk+1

, . . . , szN ] is removed by using the following recursive procedure.

Step 1: Estimate the subsequent symbol s̃zl based on the already com-
puted equalization vector gzl, i.e.

s̃zl = gH
zl
y′zl. (5.28)
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Step 2: Detect the transmitted symbol ŝzl, i.e.

ŝzl = Π(s̃zl). (5.29)

Step 3: Update the input stream by removing the detected symbol,
i.e.

y′zl+1
= y′zl − hzl ŝzl where y′zk+1

, yzk . (5.30)

Step 4: Repeat Steps 1-3 for all l ∈ [k + 1, . . . , N ].

Concerning Step 1, note that the remaining equalization vectors gzl, l ∈
[k + 1, . . . , N ] must be known. However, this fact does not increase the
computational cost of the FOSIC equalizer, since the ordering step of the
OSIC equalizer (cf. Section 5.3.3) requires the same information as well.
Hence, the computational cost remains of the same order with the OSIC
architecture. As for the Step 3, note that the temporary input stream, y′zl,
is discarded after the detection of the symbol szk from the current block. As
a result, the symbol detection errors of the Forward ICI Cancellation unit
at the current stage zk, will not affect the next ones.

The operation of the Forward ICI Cancellation unit, removes the ICI
caused by the undetected symbols of the remaining subcarriers, from the
input stream yzk . Moreover, the ICI caused by the previously detected sym-
bols has been removed from the previous stages. Assuming that the symbol
decisions are correct, i.e. ŝzk = szk , k ∈ [1, . . . , N ], then at the output of
Forward ICI Cancellation unit of the FOSIC architecture, the updated input
signal has no remaining ICI. Therefore, the updated input stream y′zN can
be expressed as

y′zN = hzkszk +w. (5.31)

Note that the MMSE equalizer essentially becomes the matched-filter (MF)
[82] for the input y′zN . The equalization vector of the zk-th stage may be
written as:

gT
zk
= (hH

zk
hzk + σ2I)−1hH

zk
(5.32)

=
1

σ2 + ‖hzk‖22
hH
zk
. (5.33)

According to (5.30), the updated input vector for the current stage zk, can
be expressed as y′zN = y−∑N

m=1,m6=k Hzmszm , and thus, the current symbol
can be estimated as follows:

s̃zk = gT
zk
y′zN =

hH
zk
y′zN

σ2 + ‖hzk‖22
. (5.34)
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Step Algorithm
Input: z1,Hz1,Rz1,y, σ

2

1: for k = 1, 2, . . . , N
2: % Equalizer Computation

3: Compute the solution of (5.18) via CG-GP (cf. Table 5.6)

4: % Forward ICI cancellation

5: y′zk+1
= yzk

6: for l ∈ [k + 1, N ]
7: ŝzl = Π

(
gH
zl
y′zl

)

8: y′zl = y′zl − hzl ŝzl
9: end for
10: % Current Symbol Detection

11: ŝzk = Π
(

hH
zk

y′
zN

σ2+‖hzk
‖22

)

12: % Ordering update

13: zk+1 = argmaxk∈[zk+1,zN ]
|gH

k
hk |2∑

m,m6=k |gH
k
hm|2+σ‖gk‖22

14: % Current ICI cancellation

15: yzk+1
= yzk − hzk ŝzk

16: Rzk+1
= HH

zk+1
Hzk+1

+ σ2IN−k+1

17: end for

Table 5.5: Proposed FOSIC equalizer

The decision of the current symbol, and hence the output of the zk-th stage
is

ŝzk = Π(s̃zk). (5.35)

Finally, the Current ICI cancellation unit is employed in order to remove
the currently detected symbol from the input stream yzk according to

yzk+1
= yzk − hzk ŝzk . (5.36)

Then yzk+1
is forwarded to the next stage.

The Ordering Update unit operates in parallel with the operation of the
ICI cancellation units. The inputs to this unit are the current equalization
matrix Gzk and the channel estimates, and its output is the current ordering
based on SINR criterion (5.16) which will be used as input for the next
stage zk+1.

The algorithmic procedure of the proposed FOSIC architecture is sum-
marized in Table 5.5.
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5.4.3 Low-Complexity Estimation of the Equalizer filters

Note that the FOSIC algorithm described above, requires the estimate of an
equalization matrix which changes at each stage of the algorithm. In order
to deal with this issue in a computational efficient way, a novel method has
been developed based on the two methods presented in Section 5.4.1: the
Conjugate Gradient and the Galerkin Projections (CG-GP) method.

According to Eq. (5.18), we consider the following system of equations
with multiple RHS

RzkG
H
zk

= HH
zk
, for all k ∈ [1, N ] (5.37)

where recall that the subscript zk denotes the stage of the FOSIC algorithm.
Hence, at each stage, a new multiple RHS system must be solved. Also note
that, as we move on with the succession of the stages, the size of each of
the systems is decreased by one, while the number of the RHS remains the
same. So we have that Rzk ∈ CN−k×N−k while GH

zk
,HH

zk
∈ CN−k×N .

Alternatively, using the Hermitian transpose operation, one can trans-
form the systems of (5.37) to the following ones

RH
zk
Gzk = Hzk , for all k ∈ [1, N ] (5.38)

where RH
zk

= HHH + σ2IN . In this case, contrary to the previous one,
the size of the systems remains the same, while the number of the RHS
is decreased by one. The reduction of the RHS at each stage, enables a
more meaningful connection between the stages and the RHS, i.e. each
RHS corresponds to a specific stage. However, since the solutions of (5.37)
and (5.38) are mathematically equivalent, the required equalization matrix
can be obtained in both cases by using the CG-GP algorithm. A justification
for the choice between (5.37) and (5.38) models will be provided in the
following analysis.

Consider the system model of (5.38). According to the CG-GP algo-
rithm, introduced in Section 5.4.1, one of the systems is selected as the
seed one, i.e. RH

zk
gzk,s = hzk,s, where s ∈ [1, . . . , N ]; gzk,s and hzk,s are

the s-th column vectors from the matrices Gzk and Hzk , respectively. Re-
call that the seed system is solved by the CG algorithm obtaining a high
accuracy solution, while the non-seed systems are solved by the GP pro-
cedure approximating closely the true solutions. Therefore, the straight-
forward choice for the seed system is the one which matches with the
current stage zk, i.e. RH

zk
gzk,zk = hzk,zk . After i iterations of the CG al-

gorithm, the obtained solution gi
zk,zk

is constrained to the Krylov subspace
Kzk,i = span{d0

zk
,d1

zk
, . . . ,di−1

zk
}.
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For the non-seed systems,

RH
zk
gzk,l = hzk,l, with l ∈ [zk+1, . . . , zN ] (5.39)

the approximate solutions are obtained by solving the minimization prob-
lems minα J (gi

zk,l
+ αdi

zk
) for all l. Note that, the search direction vector

di
zk

has already been generated from the i-th iteration of the seed system.
The update rule for the solution vector is expressed as

gi
l = gi−1

l + αldi
zk

(5.40)

where αl =
(di

zk
)Hr

i−1
l

(di
zk

)HRH
zk

di
zk

and ri−1l is the residual of the l-th system at the

i− 1 iteration which is updated according to

ril = ri−1l − αlRH
zk
di
zk
. (5.41)

Note that, the quantity RH
zk
di
zk

has been already computed at the i-th itera-
tion of the seed system.

The proposed CG-GP algorithm is summarized in Table 5.6. The “for"
loop at line 1, represents the required restarts of the process in order to
guarantee the convergence of all systems [100]. However, a very small
number of restarts is usually needed in order to solve all systems, as it will
be shown at the simulation results subsection.

At lines 15-19, the GP procedure is executed in order to approximate
the solution vector gℓ, for the non-seed systems. The complexity cost for
the GP procedure is decreased at each successive stage, since the number of
RHS is also reduced. However, the size of the system which is solved by CG
remains constant and so does its complexity. The complexity burden for the
CG comes from line 10, where a matrix-vector multiplication is required.
However, given that the multiplication is conducted in the time-domain
where the channel matrix Ht is sparse, or the matrix has a special structure
(e.g. banded), then the considered model of (5.38) is favored.

In the general case where the complexity cost for the matrix-vector mul-
tiplication cannot be reduced, the model of (5.37) is preferred due to the
reduction of the system size at each successive stage. Let us now obtain the
formulation of the CG-GP for the solution of (5.37). For clarity, we drop
the stage index and we adopt the following notation, A , RH

zk
, B , HH

zk

and W , GH
zk

. The vectors bm and wm will denote the m-th column of the
matrices B and W, respectively. Hence, in the following part, we consider
only a specific stage of the FOSIC equalizer.

Without loss of generality we always consider the first system as the
seed one, since there is no connection between the stage and the RHS of the
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Step Algorithm
1: for i = 1, 2, . . .
2: while ‖r‖ < ǫ‖hzk‖
3: ρi = (rizk)

Hrizk
4: if i = 0
5: di

zk
= ri−1zk

6: else

7: β = ρi/ρi−1

8: di
zk

= ri−1zk
+ βdi−1

zk

9: end if
10: V = RH

zk
di
zk

11: C = (di
zk
)HV

12: α = ρi/C
13: gi

zk
= gi−1

zk
+ αdi

zk

14: rizk = ri−1zk
− αV

15: for ℓ ∈ [zk+1, zN ]
16: ζ = (di

zk
)Hri−1ℓ /C

17: gi
ℓ = gi−1

ℓ + ζdi
zk

18: riℓ = ri−1ℓ − ζV
19: end for
20: i = i+ 1
21: end while

22: end for

Table 5.6: Proposed Techinque: CG-GP Algorithm for Equalizer Estimation
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systems, i.e. Ag1 = b1. The first system is solved by using the CG method.
Therefore, the approximate solution wi

1, obtained after the i-th iteration, is
constrained to the Krylov subspace K1,i = span{d0

1,d
1
1, . . . ,d

i−1
1 }. For the

non-seed systems,

Awl = bl, with l ∈ [2, . . . , N ] (5.42)

the approximated solution of the l-th non-seed system is obtained by solv-
ing the minα J (wi

l+αldi
1), where the search direction vector di

1 has already
been generated from the i-th iteration of the seed system.

5.4.4 Evaluation of the FOSIC computational complexity

Let us now proceed with some analysis regarding the computational com-
plexity of the proposed FOSIC equalizer, where the main computational
burden of the equalizer comes from the solution of the system with multi-
ple RHS (5.37). An approach based on the direct method (Gaussian elimi-
nation), would require complexity order equal to O(N4), since the compu-
tation of the inverse for each stage k isO((N−k+1)3), with k = 1, 2, . . . , N .
Note, however, that the complexity order could be significantly reduced to
O(N2I) by employing the iterative CG-GP algorithm presented in previous
subsection, where I is the mean value of the algorithm’s iterations required
for convergence.

By inspecting the CG-GP algorithm of Table 5.6, it can be shown that
the main computational effort comes from the lines 10 and 15-19, where
a matrix-vector multiplication and the Galerkin projections loop is exe-
cuted, respectively. The cost of the first one, can be reduced to the order of
O(NL2), given that the computations are carried out in the time-domain,
where the channel matrix is sparse with L ≪ N non-zero values in each
row. The cost for the second one is of the order of O(N2), since at each GP
iteration one vector inner product must be computed.

Let us elaborate further in the overall complexity requirements of the
FOSIC equalizer. In Table 5.7, the computational complexity of the CG
and GP algorithms for each stage and subcarrier is provided. At each
stage zk (vertical axe) and for each system (horizontal axe) m, one of
the two procedures, CGzk,zk(·) or GPzk,m(·, ·) is employed in order to solve
the corresponding system. For example, the procedure for the 2nd row
and 2nd column, that is CGz2,2(·), corresponds to the solution of the sys-
tem Rz2gz2 = hH

z2 , while the procedure for the 2nd row and 3rd column,
that is GPz2,3(·, ·), corresponds to the temporary solution of the system
Rz2gz3 = hH

z3
.
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Subcarrier index −→
1st 2nd 3rd 4th . . . Nth

z1
Algorithm CG(0) GP (Kz1 ,0) GP (Kz1 ,0) GP (Kz1 ,0) . . .

GP (Kz1 ,0)

Cost O(NL2) O(N − 1) O(N − 2) O(N − 3) O(1)
z2

CG(Kz1) GP (Kz2 ,Kz1) GP (Kz2 ,Kz1) . . .
GP (Kz2 ,Kz1)

O((N − 1)L2) O(N − 2) O(N − 3) O(1)
...

...
...

...
...

zN
CG(KzN−1

)

O(1)

Table 5.7: Methodology and complexity analysis of the proposed scheme

Recall that the CG initialization vectors of the gradient and the approx-
imated solutions, belong to the Krylov subspace which has been generated
in the previous stage. Hence, according to the adopted notation, the input
of CGzk,zk(Kzk−1

) procedure is the Krylov subspace Kzk−1
which was gen-

erated from CGzk−1,zk−1
(·). Note that, the CG procedure is conducted only

in the diagonal cells of Table 5.7. Considering the GP (·, ·) procedure, the
first input argument represents the generated Krylov space through the CG,
which is used for the projections, while the second one is used to denote
the Krylov space used for initialization. The cells which are below the main
diagonal of Table 5.7 have no operation, since in these cases the respective
symbols have been already detected. Also note that, the first line (stage z1)
has zero initialization for CG and GP procedures.

The computational complexity of each system is varying with the stage
indices. This is attributed to the reduction of the dimensions of the systems,
due to the SIC architecture. The referred complexity corresponds to that
of the matrix-vector or inner vector product, ignoring for the moment the
number of iterations needed for the convergence of each algorithm. The
complexity of the CG is dominated by the matrix-vector product, which we
assume that it is conducted in the time-domain where the channel matrix
is sparse with L non-zero elements per row. Hence, the complexity for all
CG executions will be of the order O(N2L2). Furthermore, the complexity
of GP executions per stage is O(N2). However, as it will become obvious
from the simulation results, very few GP executions per stage are needed
in order to converge to the solution. Therefore we conclude, that the total
computational complexity required for the solution of systems (5.37), for
all stages and subcarriers, is of the order of O(N2L2).

However, the number of iterations I that are required for the conver-
gence of the algorithms, has not been considered so far. Note that this
number is much smaller than the number of subcarriers, due to the initial-
ization of the subsequent stages and systems. Indeed, as it is shown in the
next section, I ≪ N for the proposed iterative algorithms. Furthermore,
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Table 5.8: Basic parameters for 802.11p standard

Parameter Value

Bit rate (Mb/s) 3, 4.5, 6, 9, 12, 18, 24, 27
Modulation mode BPSK, QPSK, 16QAM, 64QAM

Code rate 1/2, 2/3, 3/4
Number of subcarriers 52

Symbol duration 8 µs
Guard time 1.6 µs
FFT period 6.4 µs

it is known that, the number of iterations required by the CG algorithm to
compute an exact solution is at most equal to the number of distinct eigen-
values [105]. Since the size of the system of equations (5.37) decreases by
one at each stage, the iterations I will also decrease.

Concerning the complexity of the other operations in the proposed OSIC
architecture, we have to note that the computation of the detection order
per stage, given that it is performed in the time-domain, also has O(NL2)
complexity, thus the overall cost is not increased.

5.4.5 Performance Evaluation

In this section, we present some indicative results of simulations that were
conducted in order to evaluate the performance of the proposed equalizer.
The simulations were performed in MATLAB with machine precision 10−16

and the number of realizations was O(103). Furthermore, we have made
the assumptions of full channel state information and perfect carrier and
phase synchronization.

Setup

The general setup includes the simulation of an OFDM communication sys-
tem operating over a doubly selective channel, with parameters drawn from
the IEEE 802.11p standard [77]. According to this standard, the number
of the subcarriers is 64 but only the inner 48 subcarriers contain data; Table
5.8 summarizes some of the basic parameters of 802.11p standard. Ta-
ble 5.9 lists the normalized maximum Doppler shift fd with respect to the
channel spacing and the vehicle-to-vehicle relative speed.

We adopt a Rayleigh wide-sense stationary (WSSUS) channel model
with exponential decaying power-delay profile (PDP). The channel spacing
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Table 5.9: Normalized maximum Doppler shift for 802.11p standard

Channel spacing

vmax (km/h) 20 MHz 10 MHz 5 MHz

100 0.0021 0.0042 0.0083
200 0.0042 0.0083 0.0166
300 0.0062 0.0125 0.0249
400 0.0083 0.0166 0.0333

is assumed to be at 5 MHz, while the carrier frequency is fC = 5.8 GHz.
Furthermore, we assume a maximum relative velocity between the trans-
mitter and the receiver of vmax = 400 km/h, and that the OFDM symbol
duration is set to TS = 16µs (i.e. 64 subcarriers), hence the maximum
normalized Doppler frequency is given by fd =

vmax

c0
fCTS = 0.0333.

To evaluate the performance of the proposed equalizer, we have em-
ployed the following techniques: i) Matched-filter Bound (MFB), ii) linear
MMSE equalizer, iii) OSIC MMSE Equalizer [85], iv) banded OSIC MMSE
Equalizer with band size equal to K, and v) DFE with K taps [82]. The
linear MMSE equalizer, described in 5.3.1, is considered as a non-banded
low-complexity technique. The OSIC structure given in, is a block and non-
banded equalizer, characterized by quadratic complexity order. Moreover,
the banded OSIC equalizer is essentially the same structure as the OSIC
in [85], however the involved frequency-domain channel matrix has been
approximated by a banded one.

The DFE given in [82] is a serial and non-banded equalizer. Therefore,
all the diagonals of the frequency-domain channel matrix are considered,
thus increasing the accuracy of the equalizer estimation. However, only
a number of K subcarriers are processed at each iteration of the serial
equalizer. Hence, the value of K is actually the complexity-performance
tradeoff parameter. In the following simulation results, we consider two
cases for K parameter, namely K = 12 and K = N , where N is the number
of the subcarriers. The first one represents the case where there is a low-
complexity requirement with K ≪ N , while the second one is the extreme
case where the performance is of top priority.

Also we examine the performance of the proposed iterative algorithm
in terms of computational complexity, which turns out to be related to the
convergence rate of the seed and the non-seed systems. More precisely,
we verify the fast convergence rate of the systems due to the initialization
based on Galerkin projections, and thus the reduction of the system’s size
through the OSIC architecture.
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Simulation results

Let us first evaluate the performance of the proposed technique in terms
of bit error rate (BER) with respect to the signal-to-noise ratio (SNR). We
consider two schemes of the proposed CG-GP based equalizer. Specifically,
the first scheme (CG-GP OSIC) is based on the OSIC architecture, where
only the previously detected symbols are canceled. The second scheme
(CG-GP FOSIC) is based on the proposed FOSIC architecture, where along
with the previously symbols, the influence of the subsequently symbols is
removed as well.

In Fig. 5.4, we depict the BER performance curves for the aforemen-
tioned equalizers. Concerning the parameters of this experiment, note that
each one of the 48 data subcarriers is modulated with Binary Phase-Shift
Keying (BPSK), the relative vehicle speed is 400km/h, while the error tol-
erance for the CG-GP algorithm is set to machine precision, i.e. ǫ = 10−16.

Let us first focus on the performance of approximation-based equalizers.
We can observe that the banded OSIC equalizer exhibits an error floor for
SNR larger than 20dB. Note that, its performance is even lower than that of
the linear non-banded MMSE equalizer, due to the error propagation effects
of the feedback path, i.e. at each stage there is a high probability to cancel
a false detected symbol. The serial block DFE equalizer [82], with K = 12,
exhibit better performance than the banded OSIC equalizer. However, once
again there is an error floor for SNR above the 20dB. Hence, compared
with the matched-filter bound (MFB), the banded and serial equalization
schemes exhibits poor performance under high mobility conditions.

The non-banded linear MMSE equalizer offers a better BER performance
for low to medium SNR regimes. Also, the extreme case of the serial DFE
equalizer for K = N , exhibits low error floor for high SNR regimes. The
non-banded equalizers, i.e. OSIC [85], CG-GP OSIC, and CG-GP FOSIC
have an even better performance. Note that the two equalizers, CG-GP
OSIC and OSIC [85] have exactly the same BER performance, while the
second one has higher computational complexity compared with the pro-
posed one (cf. Table 5.11). Nevertheless, the best performance is achieved
by the proposed equalizer CG-GP FOSIC, which almost attains the MFB
curve.

The previous experiment is repeated for the case of 4-point Quadratic
Amplitude Modulation (4-QAM) and the results are shown in Fig. 5.5.
The overall behavior of the equalizers is about the same as before, where
the second proposed scheme (CG-GP FOSIC) offers the best BER perfor-
mance, while once again the CG-GP OSIC follows exactly the performance
of OSIC [85]. However, we must note that, the approximation-based meth-
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Figure 5.4: BER performance curves w.r.t. SNR. The relative velocity is set to 400

km/h, using BPSK modulation.
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Figure 5.5: BER performance curves w.r.t. SNR. The relative velocity is set to 400

km/h, using 4-QAM modulation.

ods suffer from higher error floor, even for SNR=13dB. The non-banded
linear MMSE equalizer has better performance at high SNR regimes than
the approximated-based equalizers, as it does not suffer from severe error
propagation effects which appear in the banded and the serial equalizers
for small K.

In Fig. 5.6, the BER performance of the equalizers is depicted with re-
spect to the relative speed of the vehicles. As we may observe, the higher
the relative speed the more the error of the banded techniques. On the
contrary, the value of the relative speed has no practical effect on the per-
formance of the non-banded equalizers. The closest performance to the
bound is achieved with the CG-GP FOSIC equalizer.

Let us now examine the performance of the proposed iterative algorithm
in terms of computational complexity. In Fig. 5.7, the convergence curves
of the CG-GP algorithm at the 1st OSIC stage are depicted; each curve,
indexed with the variable l, represents the squared norm of the estimation
absolute error ‖g1,l − g⋆

1,l‖2, l = 1, . . . , N , with respect to the CG iteration
number, where g1,l is the approximated equalization vector of the 1-st OSIC
stage for the l-th subcarrier, while g⋆

1,l is its optimum value. The SNR for
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Figure 5.7: Convergence rate of CG-GP algorithm of all 48 subcarriers at the z1 OSIC

stage

this experiment was set to 15dB, while the error tolerance to 10−8.

The top curve in Fig. 5.7 shows the convergence of the 1st subcarrier
at the 1st stage. It requires up to N iterations to converge to the solu-
tion g1,1, since no initialization is employed. For the next carriers, due
to the Galerkin projections, there is a significant increase in the conver-
gence rate (cf. Table 5.10). Indeed, concerning the 7th subcarrier, the
error ‖g1,7 − g⋆

1,7‖2 begins from 10−4, which verifies the fact that the GP-
based initialization vector is essentially the solution vector for the majority
of the subcarriers.

In Fig. 5.8, the convergence curves of the CG-GP algorithm at the 2nd
- 48th OSIC stages are depicted; each curve, indexed with the variable k,
represents the estimation’s absolute error ‖gk,1 − g⋆

k,1‖, k = 1, . . . , N , with
respect to the CG iteration number. As the OSIC stage increases, the 1st
subcarrier of each stage shows faster convergence rate. Recall from (5.14)
that in the OSIC architecture, the linear system dimensions are reduced at
each successive stage. This process reduces also the eigendimensions of
the system which results into increase of the convergence speed of the pro-
posed iterative algorithm, since the convergence rate of the CG algorithm
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Figure 5.8: Convergence rate of CG-GP algorithm of the 1st subcarrier at the 2 - 48

OSIC stages

is strongly related with the number of the distinct eigenvalues.

Table 5.10 shows the number of iterations required for convergence
of the systems for stages 1,2,3 and 48 using CG algorithm with Galerkin
projections. For comparison purposes, we also show the required number
of iterations for the simple case where no projections are conducted. We
observe from the results that the CG-GP converges much faster than CG.
Specifically, even if at the 1st stage the number of iterations is the same for
both algorithms, since CG-GP uses no initialization, we observe that at the
2nd stage there is a reduction in the number of iterations. Starting from the
3rd stage up to the last one, the number of the required iterations is zero
almost always, which indicates that the solution of the multiple RHS has
been reached through Galerkin projections, and no more CG iterations or
Galerkin projections are required. This justifies that the computational cost
of the GP for all the stages and subcarriers is quadratic over the number of
subcarriers.

Furthermore, in Table 5.11, we compare the overall computational com-
plexity of the proposed schemes with the other SIC equalization methods.
It is obvious that the proposed schemes offer the lowest complexity among
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Table 5.10: Number of CG iterations required for convergence

1st stage
Subcarrier (1) (2) (3) (4) (5) (6) (7) (8) . . . (48)

CG 116 117 111 105 100 98 91 89 . . . 24
CG-GP 116 117 111 105 100 98 94 91 . . . 24

2nd stage
Subcarrier (1) (2) (3) (4) (5) (6) (7) (8) . . . (48)

CG 48 45 47 45 43 42 41 40 . . . 3
CG-GP 47 43 41 39 38 37 36 36 . . . 0

3rd stage
Subcarrier (1) (2) (3) (4) (5) (6) (7) (8) . . . (48)

CG 47 43 43 45 44 42 40 39 . . . 2
CG-GP 42 1 1 4 3 3 2 2 . . . 0

...

48nd stage
Subcarrier (1) (2) (3) (4) (5) (6) (7) (8) . . . (48)

CG 46 44 42 41 40 39 38 37 . . . 10
CG-GP 1 1 0 0 0 0 0 0 . . . 0

Table 5.11: Complexity Comparisons for Different SIC Equalizers

Equalizer Complexity Order

n
on

-b
an

d
ed Proposed schemes (CG-GP {F}OSIC) O(N2IL2)

OSIC equalizer [85] O(N4)
SIC equalizer O(N3)

linear MMSE equalizer O(NL2)

ba
n

d
ed DFE with K taps (serial equalizer) [82] O(N2K)

SIC equalizer O(NK2)

the non-banded approaches, and specifically they exhibit more than an or-
der of magnitude lower complexity compared with the OSIC equalizer. We
must also note, that the CG-GP FOSIC equalizer has essentially the same
complexity with the CG-GP OSIC, offering increased BER performance, as
it is obvious from the previous results.

5.5 Regularized Banded Equalizer

5.5.1 Tikhonov Regularization

Regularized estimation methods aim to extract as much information as pos-
sible from the observations in order to avoid overfitting due to inexact
modeling. The naive solution that ignores the model mismatch can lead
to significant loss in performance [108]. Let us consider the linear model
of the OFDM communication system in the frequency-domain

y = As+w (5.43)

where y denotes the received signal vector, A denotes the channel ma-
trix, s the transmitted symbols vector, and w the noise vector. In the case



90 CHAPTER 5. ICI EQUALIZATION

where the channel impulse response is perfectly known at the receiver, the
receivers’ performance is based on the accuracy of the estimation of the
channel matrix, which in practice may include errors due to several rea-
sons, i.e. imperfect channel estimation, partial channel knowledge, round-
off errors, etc. In that case, the above linear estimator is no longer optimal
for minimizing the MSE, resulting into severe performance degradation.
Hence, a regularized estimator would be more suitable in this case.

A common regularization approach is the Tikhonov regularization [109].
Let gk ∈ CN×1 be the equalizer of the k-th stream, then the Tikhonov regu-
larization cost function is written as

J (gk) =E{‖sk − gH
k y‖22}+ ‖Γgk‖22 (5.44)

for suitable chosen regularization matrix Γ. The minimization of aforemen-
tioned problem ∀k results in the following symbol recovery

ŝR = (AHA+ ΓHΓ+ σ2
wIN)

−1AHy. (5.45)

By appropriately selecting the matrix Γ in the penalized term in (5.44) we
can significantly reduce the signal recovery error.

5.5.2 Proposed Technique: Tikhonov Banded Equalizer

In this section, we develop a regularized estimation framework for MMSE
ICI equalization in frequency domain that significantly reduces the trun-
cation effects to the MSE between the original and recovered signal [89].
Initially, we consider the original OFDM input output model, and treat the
neglected part of channel matrix due to truncation as an error term with
specific second order statistics. Then, by selecting a regularizer that takes
into account the statistics of the error term we end up to an efficient equal-
ization scheme with linear complexity with respect to the number of the
subcarriers.

As it has been described in Section III, in order to reduce the complexity
of the MMSE ICI equalization, we consider a banded part of the channel
matrix A, with only K terms at each row, neglecting the N −K remaining
ones.

Let us express the real channel matrix A as A , Â + ∆, where Â is
a banded matrix constructed from the Q upper and Q lower diagonals of
A, and ∆ the complement of Â which contains the remaining ICI terms.
Here, we will make the assumption that the terms of ∆ are random vari-
ables with E{∆} = 0 and covariance matrix R∆ = E{∆∆H}, where Â is
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deterministic within an OFDM block. The entries [R∆]k1,k2, may be com-
puted as

E{δk1δ∗k2}=
1

N2

N−1∑

n1,n2=0

L−1∑

l1=,l2=K

E{δl1(n1)δ
∗
l2
(n2)} (5.46)

×e−j2πk1l1/Ne−j2πk2l2/N

=
1

N2

N−1∑

n1=0

N−1∑

n2=0

rt
(
(n1 − n2)Ts

)
(5.47)

×
L−1∑

l=K

σ2
l e
−j2π(k1−k2)l2/N . (5.48)

Since the zeroth-order Bessel function of the first kind is an even function,
it can be approximated by the second order Taylor expansion according to
J0(2πfd∆t) ≈ 1− (πx)2. Hence, for Jakes’ model, the channel autocorrela-
tion function can be approximated by the following expression

rt((n1 − n2)Ts) = J0(2πfdT (n1 − n2))

≃ 1− (πfdT (n1 − n2)/N)2. (5.49)

When fdT < 0.03 the second term can be neglected, i.e. rt((n1−n2)T ) ≃ 1,
therefore

E{δk1δ∗k2} ≃
L−1∑

l=K

σ2
l e
−j2π(k1−k2)l/N . (5.50)

The received symbols in the frequency-domain can be expressed as

y = Âs
︸︷︷︸

signal

+∆s+w
︸ ︷︷ ︸

noise term

(5.51)

where the AGWN and the model-error have been grouped together as the
noise term.

The block MMSE estimator is expressed as

E

{[

(Â+∆)s +w
] [

(Â+∆)s +w
]H

}

G = (5.52)

E
{[

(Â+∆)s +w
]

sH
}

(5.53)

⇒
(
ÂÂH + σ2

wI+ E{∆∆H} (5.54)

+E{∆}ÂH + ÂE{∆}H
)
G = Â+ E{∆} (5.55)
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⇒ (ÂÂH + σ2
wI+ E{∆∆H})G = Â (5.56)

where G essentially expresses a regularized estimator of (5.44). In general,
the matrix R̄ , ÂÂH + σ2

wI + E{∆∆H} is a Hermitian Toeplitz and full
matrix, hence the solution of (5.56) requires at least O(N3) operations,
which is impractical for large N . On the other hand, the solution of the
system

(
ÂÂH+σ2

wI
)
G = Â, which has a banded structure, can be obtained

very efficiently with complexity O(NK2) [92]. Therefore, in order to keep
the linear complexity we should approximate the matrix E{∆∆H} with a
banded one.

Note that under proper conditions, the matrix E{∆∆H} can be approx-
imated by a banded matrix. By inspecting Eq. (5.50), it can be seen thtat
the elements of matrix E{∆∆H} follow a decaying function with respect
to k1 − k2. Hence, E{∆∆H} is a strongly diagonal matrix, which under
proper conditions can be effectivelly approximated by a banded matrix, i.e.
E{∆∆H} ≃ B(E{∆∆H}) ≡ BBH .

Next, given that the matrix E{∆∆H} is banded, we develop an efficient
equalization scheme. In that case, Eq. (5.56) can be expressed as

(
ÂÂH + σ2

wI+BBH
)
Gb = Â (5.57)

Since R , ÂÂH + σ2
wI + BBH is a Hermitian band matrix, the solution

of (5.57) can be obtained through the low-complexity banded LDLH fac-
torization [92]. The equalization algorithm is summarized in the following
steps :

1. Construct the banded matrix R.

2. Perform banded LDLH factorization of R.

3. Compute the equalization matrix

Gb = (LH)−1
[

D−1
(

L−1Â
)]

.

4. Compute the decision symbols ŝ = Π(GH
b y).

where Π(·) denotes the hard decision operation. At the first step, we con-
struct the banded matrix R, given the banded matrix B. Since all the
matrices are banded, with 2K off-diagonal elements for each row, Step 1
requires O(NK2) operations. At Step 2, taking account that matrix R is
a banded Hermitian matrix, we perform banded LDLH factorization with
O(NK2) complexity order, while at Step 3, we solve (5.57) very efficiently
with O(NK) operations. Finally, at Step 4 we compute the equalizer out-
put. Therefore, the computational complexity order of the algorithm is
O(NK2).
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5.5.3 Performance Evaluation

In this section, we provide some indicative simulation results in order to
evaluate the performance of the proposed method. We consider an OFDM
system with N = 128 and QPSK modulation. The doubly selective chan-
nel, which is given by Eq. (5.2), is generated according to Jakes’ Doppler
model [110], consisting by L = 10 uncorrelated Rayleigh channel taps,
modeled as complex Gaussian variables with zero mean and variance σ2

q =
J0(2πfdq).

Fig. 1 compares compares bit error rates (BER) versus SNR obtained
for the proposed regularized estimator, a conventional single-tap equalizer,
the conventional MMSE equalizer, the banded MMSE equalizer with lin-
ear complexity [92] and the iterative MMSE equalizer [82]. We consider
two cases for normalized Doppler spread fd = 0.008 and fd = 0.02. It can
be seen that single-tap equalizer strongly suffers from residual ICI, while
the conventional MMSE equalizer achieves the lowest BER for both cases.
The banded and the iterative MMSE equalizers diverge from exact one for
higher SNRs depending on the maximum normalized Doppler spread. We
note that the proposed regularized MMSE equalizer with banded approx-
imation achieves almost the same performance with the iterative MMSE
equalizer, while the first one has linear and the second one has quadratic
complexity order with respect to the number of the subcarriers.

Fig. 2 compares the BER versus the normalized Doppler spread fd at a
fixed SNR of 30dB. For normalized Doppler spreads below 0.01 all meth-
ods have essentially identical performance. For increasing Doppler spread,
the BER which achieved by the methods is also increases. Though, the it-
erative MMSE, banded equalizer and the proposed method have identical
performance which outperforms the block banded equalizer.

Fig. 3 compares the BER versus K, which is the length of the banded
approximation matrix K. The comparison was conducted at a fixed SNR of
30dB. For the affected with K methods, i.e. banded MMSE, iterative MMSE
and the proposed method, we observe that performance increases with K.
However, the banded MMSE has inferior performance, while the proposed
method matches the performance of the iterative MMSE equalizer.
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Figure 5.9: Comparison of BER versus SNR.
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Figure 5.10: Comparison of BER versus the normalized Doppler spread.
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5.6 Summary

In the first part of this chapter, we introduced FOSIC equalizer which is an
extension of the architecture of ordered successive interference cancella-
tion scheme for OFDM systems operating over doubly selective channels.
The key feature of this architecture is that removes the ICI caused by both
the previously detected symbols and the forward ones, which are tempo-
rally detected at each stage. To estimate efficiently the equalizer filters,
a Conjugate Gradient based method that applies Galerkin projections for
the initialization of the filters has been proposed, accelerating the conver-
gence rate of the algorithm. The proposed equalizer has been validated
via simulations, assuming a practical V2V communication scenario with
high Doppler, delay spreads and using parameters selected in line with the
IEEE 802.11p Standard specifications. The experimental results showed
that the proposed equalizer achieves lower BER values than the existing
non-banded ICI cancellation schemes, at a lower computational cost.

Afterwards, in this chapter, we have considered the channel truncation
as a modeling error in order to reduce this performance loss. Therefore
conventional MMSE equalizer is no longer optimal. We have proposed a
regularized banded estimator for MMSE ICI equalization which accounts
the mismatched modeling, retaining the banded structure of the system.
Therefore, banded LDLH factorization can be used in order to compute
the regularized estimator with linear complexity. Simulation results verify
that the regularized estimation can recover the performance of the exact
MMSE equalization to a certain extent, offering performance similar to the
iterative MMSE ICI equalizer which has quadratic complexity in the number
of subcarriers.



Chapter 6
Distributed Beamforming for
Fading Mitigation

In this chapter, we address the problem of signal fading which is caused due
to the multipath propagation effect of the wireless communication chan-
nels. The problem is introduced in Section 6.1. In order to mitigate the
signal fading, we consider two diversity techniques based on distributed
beamforming schemes, which are formulated in Section 6.2. Afterwards,
in Section 6.3, the two proposed distributed beamforming schemes for the
computation of the weight vector are presented, and their performance is
verified by simulations. The summary of the chapter and some concluding
remarks are presented in Section 6.4

6.1 Introduction

It is known that, the performance of the communication system can be im-
proved by sending the information symbols through multiple signal paths,
each of which fades independently. Space, or mutiple-antenna, diversity
techniques are particularly attractive as they can be readily combined with
other forms of diversity, e.g., time and frequency diversity, and still offer
dramatic performance gains when other forms of diversity are unavailable.
In contrast to the more conventional forms of space diversity with physical
arrays, an alternative approach to obtain diversity is through cooperative

transmission.
It has been widely confirmed that cooperative techniques increase spa-

tial diversity and the reliability of the wireless communication systems.
Multi-user cooperation schemes allow users to relay each other’s messages,

97
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providing multiple paths from source to the destination thereby increasing
the diversity without any need of having multiple antennas at each user
[111]. The main idea behind this collaborative transmission is to consider
a group of nearby terminals (relays) as forming one virtual antenna array.
Given that these relays are synchronized, a spatial beamforming technique
can be applied so as to optimize the communication via them. Such beam-
forming techniques differ from their classical counterparts where the array
elements are located in a common processing unit, due to the distribution
of the relays in the space. However, the limited communication resources
of the relay nodes, such as battery lifetime, challenges the design of the
cooperative techniques, imposing power constraints to the relay transmis-
sions.

In order to achieve user-cooperative diversity, different relaying strate-
gies have been proposed in the literature. Due to its low-complexity, one
popular approach is the amplify-and-forward (AF) technique, where the re-
lays simply retransmit properly-scaled and phase-shifted versions of their
received signals [111]. The performance of the relaying strategies depends
on available information of the source-to-relay and relay-to-destination chan-
nels. In cases where the relays have perfect channel state information
(CSI), the AF scheme is known to maximize the signal-to-noise ratio (SNR)
of the destination subject to power constraints, resulting into optimal closed-
form expression [112]. In [113], [114], the problem of distributed beam-
forming is considered under the assumption that the second order statistics
of the channels are known. However, the majority of the works concerning
the development of distributed beamforming schemes require the employ-
ment of a fusion center, which is assumed to have perfect channel state
information (CSI) or knowledge of the second order statistics of the chan-
nels, for the entire network.

6.2 Problem Formulation

6.2.1 System Model

Let us consider a wireless network which consists of a transmitter, a re-
ceiver, and K relay nodes. The network operates over flat fading channels
in the links transmitter-relays and relays-receiver. It is assumed that syn-
chronization between all the terminals is perfect, and there is no direct link
between the transmitter and the receiver. Furthermore, we consider the AF
protocol with half mode duplexing, i.e. the transmission cycle consists of
two time slots, where during the first cycle the transmitter broadcast the
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signal to the relays, while at the second one the relays amplify and forward
the received signals to the destination.

Hence, during the first cycle of the AF protocol, the transmitted signal
s0 is broadcasted to the relays with power P0. Then, each relay rk, with
k = 1, . . . , K, receives

yk = fks0 + ηk (6.1)

where fk is the channel from the transmitter to the k-th relay. The multiple-
input single-output (MISO) from the transmitter to the relays is denoted as
f = [f1, . . . , fK ]

T ∈ CK and ηk is the complex zero-mean additive-white
Gaussian noise (AWGN) of the k-th relay with variance σ2

η, equal for all
relays.

During the second cycle, the k-th relay amplifies yk with the beamform-
ing weight coefficient wk. Therefore, the K relays forward their signal to
the destination, where the following signal is received

z =
K∑

k=1

(wkfkgk)s0

︸ ︷︷ ︸

signal component, zs

+
K∑

k=1

(wkgk)ηk + v

︸ ︷︷ ︸

total noise,zn

(6.2)

where gk is the channel form the k-th relay to the receiver and v is the
zero-mean AWGN of the destination with variance σ2

v .

6.2.2 Distributed Beamforming Schemes

In this subsection, we review two different schemes which are used in order
to compute the beamforming weight vector.

Power Minimization

Let us consider the distributed AF beamforming problem that provides
the relay beamforming weights by minimizing the total relay transmitted
power P subject to (s.t.) QoS constraint at the destination. That means
that the SNR, which is defined as the ratio of the signal power Ps to the
noise power Pn at the destination, is required to be larger than a certain
predefined threshold γ > 0. Thus, the total relay transmit power P can be
obtained as

P =

K∑

k=1

E{|ykwk|2} =
K∑

k=1

|wk|2E{|yk|2} = wHDw (6.3)
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where D ≡ diag([|f1|2 . . . |fK |2) + σ2
ηI, w = [w1, . . . , wK ]

T ∈ CK is defined
as the beamforming vector. The noise power Pn can be obtained as

Pn =E{|zn|2} = E{
K∑

k=1

|wkgkηn|2}+ E{|v|2}

=wHGw + σ2
v (6.4)

where G ≡ σ2
ηgg

H and g = [g1, . . . , gK ]
T ∈ CK is defined as the multiple-

input single-output (MISO) channel from the relays to destination receiver.
The signal power Ps can be obtained as

Ps = E{|zs|2} =
K∑

k,l=1

|wkw
∗
l fkf

∗
l gkg

∗
l |2E{|s0|2}

=wHRw (6.5)

where R is the correlation matrix of the vector h = [f1g1 . . . fKgK ]
T =

f ⊙ g, i.e. R ≡ hhH = (f ⊙ g)(f ⊙ g)H = ffH ⊙ ggH and ⊙ represents the
element-wise Schur-Hadamard product. Based on (6.3), (6.4) and (6.5),
the beamforming weight computation of this scheme is equivalent to the
following optimization problem

min
w

wHDw s.t.
wHRw

wHGw + σ2
v

≥ γ. (6.6)

Based on the methodology of [113] and [114], the solution of (6.6) is given
by the following closed form expression

w1
opt = βD−1/2P(Q) (6.7)

where
Q = D−1/2(R− γG)D−1/2 (6.8)

and

β =

(
γσ2

v

P(Q)QP(Q

)1/2

, (6.9)

where P(·) represents the principal eigenvector of a matrix. We must note
that, the feasibility of the constraint optimization problem of (6.6) depends
on the values of the parameter γ. Thus, for all the values of γ that lead to
a negative semidefinite Q, the problem becomes infeasible.



6.3. DISTRIBUTED BLIND ESTIMATION SCHEME OF THE BEAMFORMING VECTOR101

SNR Maximization

In the second scheme, we consider the distributed AF beamforming prob-
lem that provides the relay beamforming weights by maximizing the SNR
at the destination subject to a constraint on the maximum allowable total
transmit power of the relays Pmax. Equivalently to the previous scheme,
based on (6.3), (6.4) and (6.5), the optimization problem in this case can
be written as

max
w

wHRw

wHGw + σ2
v

s.t. wHDw ≤ Pmax (6.10)

Following the methodology of [113] and [114], the solution of (6.10) is
given by the closed form expression

w2
opt = D−1/2P

{

(σ2
vI+ G̃)−1R̃

}

(6.11)

where R̃ = D−1/2RD−1/2 and G̃ = D−1/2GD−1/2.

6.3 Distributed Blind Estimation Scheme of the

Beamforming Vector

As it is evident from the previous section, the involved matrices D, R and G

must be known in order to derive the optimal beamforming vector for each
one of the two problems under consideration. In a centralized approach,
the aforementioned information should be gathered to a fusion center in
order to compute the beamforming weights which are then fed back to the
relay nodes. According to the previous section, the optimal beamforming
vectors for each problem require eigenvalue decomposition computations
that can be of high complexity for systems that involve large number of
relays.

In this section, two new algorithms are developed that enable the re-
lays to estimate the corresponding beamforming weights in a distributed
manner [115]. At first, it is shown how the beamforming vectors can be
updated in a blind manner via employing adaptive subspace tracking tech-
niques of the second order statistics of the data received at the relays. Then,
a distributed version of the previous technique is described for each one of
the two beamforming schemes.

In order for the relays to be able to estimate the beamforming weights,
an amount of information is required to be transmitted from the source and
the destination nodes to the relays. Therefore, it is assumed that the source
and the destination nodes transmit data in two orthogonal periods of N
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symbols each one, denoted as xs and xd respectively, that are i.i.d. with
E{|xs

n|2} = E{|xd
n|2} = 1. The orthogonality of the transmissions is achieved

by employing a time division approach (TDMA). Thus the received signals
at the relays in the two transmission phases are given by

ys
n = fxs

n + zsn, for 1 ≤ n ≤ N (6.12)

yd
n = gxd

n + zdn, for N + 1 ≤ n ≤ 2N, (6.13)

where ys
n and yd

n are the received data at the relays during the source and
the destination transmissions, respectively, f and h are the source to re-
lays and the destination to relays channels in vector form and zsn and zdn
are independent complex AWGN variables with zero-mean and the same
variance equal to σ2

z .
In can be easily verified that the following equations hold

E
{
(ys

n ⊙ yd
n)(y

s
n ⊙ yd

n)
H
}
= R (6.14)

diag(E
{
ys
n(y

s
n)

H
}
) = D+ σ2

zIK (6.15)

E
{
yd
n(y

d
n)

H
}
= ggH + σ2

zIK = G+ σ2
zIK . (6.16)

Therefore, the matrices D, R and G can be obtained blindly, based on the
second order statistics of relays’ received data.

6.3.1 The Distributed Data Projection Method

The subspace tracking problem is a well-studied one in the relevant lit-
erature and numerous approaches have been proposed during the past
years. The aim of a subspace tracking method is to update the values of
the L principal or minor eigenvectors of a covariance matrix with low com-
plexity. The literature concerning distributed subspace tracking techniques.
The authors in [116] develop a diffusion based technique of the Oja’s rule
and in [117] a distributed version of the well-known projection approx-
imation subspace tracking (PAST) technique is presented. The previous
methods are more suitable for heterogeneous wireless sensor networks of
large number of nodes since they are based on diffusion based strategies.
That is, since in the scenario studied in this thesis, the number of nodes
that are involved in the network topology is relative small, we can seek for
distributed strategies that minimize the required communication overhead.
Moreover, the approaches of [116] and [117] do not consider distributed
estimation of the principal eigenvalue at all, converge slowly since they are
gradient flow based approaches and do not guarantee the orthogonality of
the estimated eigenvectors resulting in severe performance degradation.
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In this thesis the developed distributed subspace tracking techniques
are based on the Data Projection Method (DPM) [118]. The computation
of the optimal solution for each problem requires only the estimation of the
first principal eigenvector of the involved matrices. The following equa-
tions provide the algorithmic steps in order to compute the first principal
eigenvector un and the maximum eigenvalue λn of a covariance matrix
R̂ = E{yny

H
n }. Let the yn be the received data vector at time index n, with

1 ≤ n ≤ N , then

rn = uH
n−1yn (6.17)

un = un−1 + µynr
∗
n (6.18)

un =
un

‖un‖
(6.19)

λn = αλn−1 + (1− α)|rn|2, (6.20)

where α and µ are step size parameters.
We now proceed to the description of the proposed approach. Eqs.

(6.17) - (6.20) of the DPM algorithm will be used to derive its distributed
version (Distributed DPM - DDPM) for the general case in which we are
interested in the distributed tracking of the principal eigenvector of matrix
R̂ given a received samples vector as defined in Eqs. (6.12) - (6.13).

At each time instant n, each node i receives the sample yn(i). Each node
is responsible to update only the value of its corresponding i-th element of
the principal component un(i). By observing (6.18), the latter update can
be done by a local computation step at node i given by

un(i) = un−1(i) + µyn(i)r
∗
n (6.21)

where the scalar quantity rn =
∑K

i=1 rn(i) must be known at each node and
rn(i) = u∗n−1(i)yn(i). Therefore, at each time instant n and prior to the
computation of (6.21), spatial iterations are needed in order to compute
rn in an incremental manner. Note also that each node can use (6.20) to
update the local value for the maximum eigenvalue.

After the computation of the principal component, a normalization step
must be performed. Therefore, spatial iterations must be conducted in
order to compute distributively the quantity ‖un‖2 =

∑K
i=1 |u∗n(i)|2. It is

evident that now each node can perform the normalization of the corre-
sponding element such that the resulting eigenvector is of unit norm. The
latter step completes the distributed version of the algorithm.

Let us now proceed to the design of distributed subspace schemes that
compute the required beamforming vectors for the each of the examined
cases.
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6.3.2 Proposed Technique: Distributed Power Minimiza-

tion

Algorithm 1 Table I: The MINPOW-DDPM Algorithm

1: Initialization: u0 ← IK×1 & λ0(i)← 0

2: Previous Instant Data: Node i has ỹ(1)
n (i)) and λn−1(i)

3: New Data: Node i has ỹ(1)
n (i) and ỹ

(2)
n (i) from eq.(6.24).

4: Apply:

5: 1st Spatial Iteration: incremental computation of rn, sn
6: r0n ← 0, s0n ← 0, tK+1

n ← 0
7: for i = 1→ K do
8: rn(i)← rn(i− 1) + u∗n−1(i)ỹ

(1)
n (i)

9: sn(i)← sn(i− 1) + u∗n−1(i)ỹ
(2)
n (i)

10: Send (i→ i+ 1, {rn(i), sn(i)})
11: end for

12: rn ← rKn , sn ← sKn
13: 2nd Spatial Iteration: incremental computation of tn
14: for i = K → 1 do

15: λn(i) = αλn−1(i) + (1− α) (|rn|2 − γσ2
v |sn|2)

16: un(i) = un−1(i) + µỹ
(1)
n (i)r∗n − µγσ2

v ỹ
(2)
n (i)s∗n

17: tn(i)← tn(i+ 1) + |un(i)|2
18: Send (i→ i+ 1, {rn, sn, tn(i)})
19: end for
20: tn ← tKn
21: 3rd Spatial Iteration: computation of the optimal coefficient
22: for i = 1→ K do
23: un(i)← un(i)

tn
(distributed normalization of un)

24: ŵopt
n (i) =

√
γσ2

v

λn(i)
un(i)
|ys

n(i)|
25: Send (i→ i+ 1, tn)
26: end for

According to (6.7)-(6.8), the optimal beamforming vector requires the
computation of the maximum eigenvalue and its corresponding eigenvector
of matrix Q. It can be easily verified that the latter matrix is Hermitian and
so the DDPM can be applied to track the required components. Let us
assume that at each time index n the received data at the relays from the
source and the destination transmissions are given by equations (6.12) and
(6.13) respectively.
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By exploiting the linear properties of the Schur-Hadamard product and
the definition of the inverse of a diagonal matrix, it is easy to show that the
following equations can be used to track the desired principal components
at the i-th node

un(i) = un−1(i) + µỹ(1)
n (i)r∗n − µγσ2

vỹ
(2)
n (i)s∗n (6.22)

λn(i) = αλn−1(i) + (1− α)
(
|rn|2 − γσ2

v |sn|2
)

(6.23)

where

ỹ(1)
n (i) =

ys
n(i)y

d
n(i)

|ys
n(i)|

, ỹ(2)
n (i) =

yd
n(i)

|ys
n(i)|

, (6.24)

rn =
K∑

i=1

u∗n−1(i)ỹ
(1)
n (i), sn =

K∑

i=1

u∗n−1(i)ỹ
(2)
n (i). (6.25)

The complete version of the DDPM algorithm for the the total relay power
minimization (MINPOW-DDPM), is given in Table I.

6.3.3 Proposed Technique: Distributed SNR Maximization

According to (6.11), the computation of the optimal beamforming vector
that maximizes the SNR requires the estimation of the first principal eigen-
vector of matrix B = Φ−1R̃ = (σ2

vI + G̃)−1R̃, where Φ = (σ2
vI + G̃). The

matrix B in general is not symmetric and therefore the DDPM algorithm
cannot be applied directly to track the corresponding eigenvector. There-
fore, in the next, we transform the problem into a suitable expression for
DDPM application. From the characteristic equation of the matrix B we
have

Φ−1R̃u = λu⇒ R̃Φ−1 (Φu) = λ (Φu)⇒ R̃Φ−1ũ = λũ,

where λ and u are an eigenvalue and the corresponding eigenvector of
matrix B, while ũ = Φu, is an eigenvector of matrix R̃Φ−1. By using the
Lemma 1 of [119], the principal eigenvector of matrix R̃Φ−1 is given by

ũ1 ≡ P
{

R̃Φ−1
}

= Φ1/2P
{

Φ−1/2R̃Φ−1/2
}

(6.26)

where the matrix Φ−1/2R̃Φ−1/2 is symmetric, and hence, the DDPM algo-
rthm can be used in order to compute its principal components. Therefore,
once ũ1 has been estimated using the DDPM, the computation of the de-
sired eigenvector u1 can be obtained by

u1 = Φ−1ũ1 = Φ−1/2P
{

Φ−1/2R̃Φ−1/2
}

. (6.27)
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Note that the computation of the desired subspace requires matrix Φ−1/2.
Given that Φ = σ2I+ σ2

vPmaxỹ
(2)
n (ỹ

(2)
n )H and using some algebraic manipu-

lations, matrix Φ−1/2 can be computed as follows

Φ−1/2 =
1

σv

IK×K + βnỹ
(2)
n (ỹ(2)

n )H (6.28)

where βn = 1√
Pmax‖ỹ(2)

n ‖2

(

1√
1+‖ỹ(2)

n ‖2
− 1

)

. If we make the approximation of

R̃ by R̂ = ỹ
(1)
n ỹ

(1)H

n , then it can be shown that the following equations can
be used to update adaptively the principal component of matrix B,

un(i) = un−1(i) +
µ

σ2
v

δn(i) (6.29)

where

δn(i) = ỹ(1)
n (i)r∗n + dnỹ

(2)(i)r∗n + d∗nỹ
(1)(i)s∗n + |dn|2ỹ(2)

n (i)s∗n

and ỹ
(1)
n (i) and ỹ

(2)
n (i) are given by (6.24).

The complete version of the DDPM algorithm for SNR maximization
(MAX-SNR) is given in Table II.

6.3.4 Performance Evaluation

This subsection evaluates the performance of the two proposed schemes.
To this end, we consider a cooperative system of K = 4 relays, which is
simulated in MATLAB environment. All the involved nodes are employ-
ing BPSK modulation and the source and destination nodes transmission
power is normalized to P = 1. The source and the destination nodes trans-
mit in orthogonal timeslots N = 1000 symbols with each one of them at
SNR = 20dB. The relay nodes employ the proposed adaptive distributed
beamforming approaches of Table I and II during the interval of the N
symbol periods in order to compute the corresponding optimal beamform-
ing vectors. The proposed schemes are compared to the one of the cen-
tralized solutions that provide the optimal beamforming vectors, assuming
perfect channel state information at the relay nodes. The simulations were
performed for a number of realizations, of the order of O(102), and the
numerical results are the average values.

At first, the case of static channels is considered. Both the source-to-
relays and relays-to-destination channel gains are modelled as CN(0, 1)
and µ = 0.1 and α = 0.98. In Figure 6.1, the minimum achieved power
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Algorithm 2 Table II

1: Initialization: u0 ← IK×1
2: Previous Instant Data: Node i has ỹ(1)

n (i))

3: New Data: Node i has ỹ(1)
n (i) and ỹ

(2)
n (i) from eq.(6.24).

4: Apply:
5: 1st Spatial Iteration: incremental computation of rn, sn, dn, ξn
6: r0n ← 0, s0n ← 0, b0n ← 0, d0n ← 0, ξ0n ← 0, tK+1

n ← 0
7: for i = 1→ K do
8: rn(i)← rn(i− 1) + u∗n−1(i)ỹ

(1)
n (i)

9: sn(i)← sn(i− 1) + u∗n−1(i)ỹ
(2)
n (i)

10: dn(i)← dn(i− 1) + ỹ
(1)∗

n (i)ỹ
(2)
n (i)

11: ξn(i)← ξn(i− 1) + |ỹ(2)
n (i)|2

12: Send (i→ i+ 1, {rn(i), sn(i), dn(i), ξn(i)})
13: end for

14: rn ← rn(K), sn ← sn(K), dn ← dn(K), ξn ← ξn(K)
15: 2nd Spatial Iteration: incremental computation of tn
16: for i = K → 1 do

17: if i = K then
18: βn = 1√

Pmaxξn

(
1√

1+ξn
− 1

)

19: end if
20: δn(i) = ỹ

(1)
n (i)r∗n + dnỹ

(2)r∗n + d∗nỹ
(1)s∗n + |dn|2ỹ(2)

n (i)s∗n
21: un(i) = un−1(i) +

µ
σ2
v
δn(i)

22: tn(i)← tn(i+ 1) + |un(i)|2
23: Send (i→ i+ 1, {rn, sn, tin, βn})
24: end for
25: 3rd Spatial Iteration: incremental computation of bn
26: for i = 1→ K do
27: un(i)← un(i)

tn
(distributed normalization of un)

28: bn(i)← bn(i− 1) + u∗n(i)ỹ
(2)
n (i)

29: Send (i→ i+ 1, {tn, bn(i)})
30: end for

31: bn ← bn(K)
32: 4th Spatial Iteration: computation of the optimal coefficient
33: for i = 1→ K do
34: un(i)← 1

σv
un(i) + βnỹ

(2)
n (i)b∗n (distributed normalization step)

35: ŵopt
n (i) =

√
Pmax

un(i)
|ys

n(i)|
36: Send (i→ i+ 1, bn)
37: end for
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Figure 6.1: Minimum required power Pmin w.r.t. QoS constraint parameter γ

(gamma)

w.r.t. the QoS constraint γ is depicted. As it shown the adaptive beam-
forming methods exhibit very close performance to the exact beamforming
solutions.

Next, let us consider time-varying channels. All the channel taps are
produced by a Jake’s fading model of normalized Doppler spread equal to
fdT = 10−4 and α = 0.8. In the beginning, the source and the destina-
tion nodes transmit in orthogonal timeslots N = 1000 symbols, so as the
distributed beamforming methods to reach their steady state. Then, the
transmission of the source data can start, though the transmission stops
periodically when the destination sends some data to the relays in order
the latter to update the beamforming coefficients.
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Figure 6.2: Maximum required power Pmax w.r.t. signal-to-noise ratio (SNR)

6.4 Summary

In this chapter, two novel decentralized adaptive methods for the compu-
tation of the optimal relay beamforming weights were proposed. In par-
ticular, these algorithms enable the relay cooperation for the computation
of the beamforming weights leveraging the computational abilities of the
relays, without the need to forward the data to a fusion center. To this end,
the computational overhead is equally distributed among the relay nodes
and function in a completely blind manner, since they require no training
data to be transmitted.

Considering an AF-based cooperative system, the first proposed scheme
minimizes the required relays’ transmission power, while the second one
maximizes the destination’s received SNR. Their performance was verified
by indicative simulations for static and time-varying channels, that they
exhibit close performance to the one of the centralized (optimal) beam-
forming solutions.
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Chapter 7
Conclusion and Future Work

7.1 Concluding Remarks

This thesis revolved around the design of efficient transmitter/receiver tech-
niques for wireless communications, in terms of complexity and perfor-
mance.

ISI equalization for channels with long and sparse impulse responses
has been investigated, under the principles of the compressive sampling
theory. Specifically, channel-based equalization has been considered which
exploits the sparsity of the CIR via ℓ1-minimization and greedy optimization
strategies. An initial result of this thesis was the derivation of a sparse
DFE scheme which is based on the steepest descent optimization and the
heuristic algorithm CoSaMP. This blending was justified by the fact that the
proxy signal and the gradient have the same expressions.

Furthermore, a general framework for the sparse adaptive equalization
problem, viewed as inverse system has been proposed. A new heuristic
scheme has been derived, which offers reduced computational complexity
compared to existing techniques and is also able to cope with unknown
sparsity order. As demonstrated via extensive simulations, the proposed
algorithms yield considerable reductions in complexity while maintaining
performance comparable to the conventional DFE. Error propagation stud-
ies showed a noticeable fast convergence which allows the use of shorter
training sequence in the applications of interest.

In the case of fast-varying and frequency-selective channels, OFDM is
usually employed to combat inter-symbol interference. However, the prob-
lem of inter-carrier interference remains and introduce severe errors at the
receiver. To this end, several equalization techniques have been derived
in this work, building on efficient linear algebra iterative algorithms (e.g.
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Galerkin projections). Specifically, we introduced FOSIC equalizer which is
an extension of the architecture of ordered successive interference cancel-
lation scheme for OFDM systems operating over doubly selective channels.
The key feature of this architecture is that removes the ICI caused by both
the previously detected symbols and the forward ones, which are tempo-
rally detected at each stage. To estimate efficiently the equalizer filters, a
Conjugate Gradient based method that applies Galerkin projections for the
initialization of the filters has been proposed, accelerating the convergence
rate of the algorithm.

Moreover, for ICI equalization with low-complexity, we have consid-
ered the channel truncation as a modeling error in order to reduce this
performance loss, and proposed a regularized banded estimator for MMSE
ICI equalization which accounts the mismatched modeling, retaining the
banded structure of the system. Therefore, banded LDLH factorization can
be used in order to compute the regularized estimator with linear complex-
ity. Simulation results verify that the regularized estimation can recover
the performance of the exact MMSE equalization to a certain extent, of-
fering performance similar to the iterative MMSE ICI equalizer which has
quadratic complexity in the number of subcarriers.

Considering the beamforming technique to combat the multipath fading
of the wireless communication channel, two novel decentralized adaptive
methods for the computation of the optimal relay beamforming weights
were proposed. In particular, these algorithms enable the relay coopera-
tion for the computation of the beamforming weights leveraging the com-
putational abilities of the relays, without the need to forward the data to
a fusion center. To this end, the computational overhead is equally dis-
tributed among the relay nodes and function in a completely blind manner,
since they require no training data to be transmitted.

7.2 Suggestions for Further Research

There are a number of extensions to the material covered in the thesis that
remain to be investigated. The following list contains a small selection:

• Beamforming schemes depend on the power constraints of systems,
since beamforming weights of relays are closely related with the trans-
mit power of relays. The power constraints can be divided into two
classes: total and individual. The first class has been considered in
this thesis, and distributed beamforming algorithms were derived.
However, it is interesting to formulate the distributed algorithms for
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the individual case, where each relay has its own power constraint,
independently to the others. The difficulty to this case, is that the ob-
tained problem has not a closed form, and hence heuristic techniques
are usually employed for the solution. Specifically, we are currently
preparing for submission an article on this subject.

• A non-uniform equalizer can be obtained by the optimization on the
tap spacings, along with the filter weights. It is known that non-
uniform equalizers achieve smaller bit-error-rate performance than
the uniform ones. However, a non-linear system of equations must be
solved using the Gauss-Newton (G-N) linearization. As an extension
to this thesis, it would be interesting to derive a non-uniform equal-
izer for the wireless communication channel case. Also, it would be
interesting to study whether the non-linear problem can be approxi-
mated by a convex one. Furthermore, a comparison between the G-N
approximation and the uniform equalizer which is obtained by the
usage of heuristic and CS techniques would be useful. In particular,
a non-uniform equalizer can be closely approximated by a uniform
one, given that the length of the filter is long enough and that the
higher complexity cost which is required is tolerable by the design
constraints.

• A main challenge of vehicular communications (V2V) is the rapidly
changing radio propagation conditions. Many measurement cam-
paigns have demonstrated high Doppler and delay spreads and even
non-stationarities of the channel statistics. Consequently, robust tech-
niques for channel equalization are particularly important, but also
particularly difficult, in such an environment. This thesis showed effi-
cient equalizers for V2V communications, but non-stationary channel
models have not been considered.
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Nomenclature

Abbreviations and Acronyms

AWGN Additive white Gaussian noise

BLAST Bell Labs layered space time

BMP Basic matching pursuit

BP Basis pursuit

dB Decibel

MMSE Minimum MSE

MP Matching pursuit

MSE Mean square error

OFDM Orthogonal frequency-division multiplexing

QAM Quadrature amplitude modulation

SNR Signal-to-noise ratio

V-BLAST Vertical BLAST

Mathematical Notation

(·)∗ The complex conjugate operation.

(·)H The complex conjugate transpose operation.

(·)T The transpose operation.
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(·)−1 The inverse operation of a matrix.

(·)† The pseudo-inverse of a matrix.

δ(·) The Kronecker delta function.

C The set of complex numbers.

CN The set of complex N vectors.

CN×M The set of complex N ×M matrices.

R The set of reals numbers.

AΩ The submatrix with columns of A based on the index set
Ω.

I The identity matrix.

x⊙ y Componentwise (Schur) product between x and y.

xΩ The subvector with elements of x based on the index set
Ω.

P{·} The principal eigenvector of a matrix.

‖x‖0 #{i : xi 6= 0}.

‖x‖p The p-norm of a vector x, i.e. ‖x‖p = (
∑

i |xi|p)1/p.

diag(x) A diagonal matrix whose diagonal entries are the entries
of the vector x.

max(x, y) Returns x if x ≥ y or y if x < y, for x, y ∈ R.

Re {·} Returns the real part of the input expression.

sign(x) Returns 1 if x ≥ 0 and 0 if x < 0, where x ∈ R.

supp (x) The support set of the vector x, i.e. {i ∈ {1, . . . , N} : xi 6= 0}
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