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Abstract Kahan’s ellipse problem is a classical problem in computer algebra and more explicitly in
quantifier elimination. This problem, which is already completely solved, concerns the determina-
tion of the conditions among the parameters involved under which an ellipse lies completely inside
a circle. Here this ellipse problem is ‘transferred’ to related problems of computational mechanics.
The usefulness of quantifier elimination in computational mechanics is discussed and related exam-
ples are given. The importance of the method of cylindrical algebraic decomposition in quantifier
elimination is clearly mentioned but a heuristic–numerical approach is also mentioned in brief.
The conclusions mainly concern the usefulness in computational mechanics of the non-classical,
specialized algorithms of computer algebra already implemented in computer algebra systems.
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Kahan’s ellipse problem

This short technical report is devoted to an ellipse problem suggested twenty years ago by
W. Kahan [1] in SIGSAM Bulletin, a rather unofficial publication of the Special Interest Group
on Symbolic and Algebraic Manipulation of the Association for Computing Machinery, let’s say
an (older) sister bulletin of the present IACM Bulletin. As is well known, symbolic and algebraic
manipulation expanded long ago from its traditional fields in computer algebra and related areas
to a very large number of applied and engineering areas including computational mechanics. The
well-known book by Beltzer [2] and the ASME Conference Proceedings by Noor, Elishakoff and
Hulbert [3] are just two (already classical) studies (among more than two hundred such studies,
mainly journal papers) in this interesting area. In fact, the wide adoption of computer algebra
systems, such as Axiom, Derive, Macsyma, Maple V, Mathematica and Reduce, really changed
methods of computing by permitting the incorporation of symbols in the computational applied
mechanics environment. Classical purely numerical areas in computational mechanics such as fi-
nite elements and boundary integral equations have significantly availed themselves of these tools
consisting of the algorithms and the corresponding computer implementations offered by the mem-
bers of SIGSAM and their collaborators.

Returning to Kahan’s ellipse problem [1], it appears a seemingly simple problem incorporating
symbols proposed for the solution in Reference [1]. This problem concerns an elliptical contour E(
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)2

+
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b

)2

= 1 (1)

as well as the unit circle (disk) D
x2 + y2 ≤ 1. (2)

The question posed by Kahan [1] was whether the ellipse E completely lies inside the circle D
or not. The whole problem concerns six variables: the Cartesian coordinates x and y and the four
parameters a, b, c and d, the first two of which denote the semi-axes of the ellipse and the last
two the centre of the ellipse. Of course, the solution to this ellipse problem will be a condition (or,
rather, a combination of conditions) among the four parameters a, b, c and d so that the ellipse lies
inside the unit circle.

Having already briefly referred to the influence of symbolic computations on computational
mechanics [2, 3], we will attempt below to establish a relationship between Kahan’s ellipse problem
and computational mechanics. Of course, the success (or failure) of this attempt is left to the
judgement of the IACM colleagues.

Quantifier elimination

Kahan’s ellipse problem is an example (a classical and rather difficult example) of what is called
quantifier elimination (QE) in logic and computer algebra. In fact, we require that for every pair
of values of the Cartesian coordinates x and y belonging to the elliptical contour E and surrounded
by this contour, the corresponding point in the plane lies inside the unit circle D. (The existence of
points of contact between the elliptical and the circular contours is a minor question.) The elim-
ination of the variables x and y, usually called quantified variables in such a problem, so that a
condition or, usually, a set of conditions can be derived is called quantifier elimination. These con-
ditions do not include the quantified variables and they are called quantifier-free formulas (QFFs).
Quantifier elimination is an active research area in logic and computer algebra and Kahan’s ellipse
problem is just a simple related example.



N. I. Ioakimidis: Kahan’s ellipse problem, quantifier elimination and computational mechanics (1994) 3

The ellipse problem posed by Kahan in 1975 was studied in detail by several researchers in com-
puter algebra. Among the related publications, we can make reference to its solution by Lauer [4],
who used manual algebraic techniques, yet was assisted by computer (the SAC-1 computer algebra
system was used); by Lazard [5], who worked in a similar (algebraic) way, but with the use of Mac-
syma as a computer algebra tool; by Mignotte [6], who did not use a computer at all, but restricted
his attention to the special case when d = 0 (that is when only three parameters, free variables in
the quantifier elimination terminology, are present); and by Arnon and Mignotte [7] and Arnon [8],
who considered the same special case too, but on the basis of a computer algebra algorithm. This
algorithm is the brainchild of Collins [9], at present at the Kurt Gödel Institute (RISC) of the Jo-
hannes Kepler University at Linz, and is called cylindrical algebraic decomposition (CAD). The
interested reader can find several related papers and a literature review on CAD and QE in a special
issue of the Journal of Symbolic Computation [10]. It is beyond our aims and scope to describe
this computer algebra algorithm here, although we will try to relate this (and similar) techniques to
computational mechanics.

Of course, CAD is not the sole tool for QE. Additional algorithms are also available, but it is
generally accepted that CAD is the best as far as speed with real-life problems is concerned. A
second (this time very recent) journal issue, of The Computer Journal, devoted to computational
QE, and by no means restricted to CAD, is also available [11]. Nevertheless, CAD, apart from its
simplicity and relative power in QE computations, has the further advantage that it is available to
the computer algebra community through the specialized and not commercially available computer
algebra system SAC-2 and its recent successor SACLIB (available from the Kurt Gödel Institute).
It would also be a serious omission if we did not make any reference to a series of very important
improvements to the original CAD algorithm by Collins himself, Arnon, McCallum, Hong and few
more researchers in computer algebra (see e.g. References [12, 13]).

Examples of QE problems in computational mechanics

Kahan’s ellipse problem [1] and its various complete and restricted solutions [4–8] are relevant
to computational mechanics. In fact, the author has recently considered the following somewhat
related problems [14, 15]:

(i) Derive the appropriate QFF so that a stress component (e.g. σyy) in a plane isotropic elasticity
problem, assumed given by a simple polynomial formula, e.g.

σyy = A(x2 + xy+ y2), (3)

where A denotes a parameter, does not exceed a maximum value Σ 0 inside the circle (2) (but
with radius R). This problem incorporates three parameters (free variables), A, R and Σ 0, and this
number can easily increase in more complicated situations (e.g. if the formula (3) includes more
than one parameter or if the circular region is replaced by an elliptical one or if the centre of the
same region is an arbitrary point in the plane, etc.).

(ii) Derive the appropriate QFF so that the mode I stress intensity factor K at the tips of a single
straight crack of length 2a inside an infinite plane isotropic elastic medium, given by the classical
formula

K = σ
√

πa , (4)

where σ denotes the intensity of the tensile loading at infinity, does not exceed a critical value K0
(as far as fracture is concerned) if σ and a satisfy the inequality(
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where σ0 and a0 denote two more parameters (free variables in the QE problem under consider-
ation) beyond K0. (We can add in passing that since (5) is the equation of an ellipse, the present
computational mechanics application can also be considered to be an ellipse problem.)

These two problems seem to be rather simple, but, in this author’s opinion, clear examples
of possible applications of QE to computational mechanics. Nevertheless, they seem not to be
the direct analogue of Kahan’s ellipse problem in computational mechanics. Such an analogue is
proposed below.

The ellipse problem in computational mechanics

It seems that Kahan’s ellipse problem [1] can be ‘transferred’ in several ways to computational
mechanics. We can consider first the ellipse (1) to be a hole (or an inclusion) inside the unit disk
(2) in plane isotropic elasticity under concrete loading conditions. Then it is natural to wonder
whether an appropriate stress concentration factor S exceeds a critical value S0 or not. This QE
problem already has five parameters, a, b, c, d and S0, to which we can add the radius R of the
circle (if it assumed different from 1), but this parameter is a trivial one. We can also accept a
loading of the circular region including parameters or we can simply leave the elastic medium to
have a varying shape depending on one or more than one parameter (e.g. being an ellipse or an even
more complicated plane region). On the other hand, we can let the ellipse shrink onto a crack AB
(or a line inclusion) and consider the stress intensity factors KA,B, both of which should not exceed
a critical value K0 causing the fracture of the specimen. We can also distinguish the cases of mode I
and II stress intensity factors, introduce plasticity criteria, generalize the present class of problems
to anisotropic media, to dynamic loading conditions, to three-dimensional media, etc., etc. There
are infinite possibilities for generalizations of the original analogue of Kahan’s ellipse problem to
computational mechanics (reported at the beginning of this paragraph).

One can easily (after some thought) enumerate a very large number of such problems, either
real ellipse problems or generalizations not restricted to the elliptical shape, and write down the
enumeration as has been done here for a few such possibilities. Therefore, it seems natural (to this
author’s opinion) to accept that (at least in principle) QE problems are really useful in practical
situations in computational mechanics and that their powerful solution would be a real help for the
mechanical or the civil engineer. The related QFFs containing symbols (the original parameters, not
the quantified variables) will permit the engineer to decide whether a condition is met or not (e.g.
whether a stress concentration/intensity factor exceeds a critical value or not) through an algebraic
equation/inequality (or, usually, a set of such equations/inequalities) without having to numerically
solve the original problem again and again. But what about the related computational cost?

On the power of CAD in QE

As has been already mentioned, cylindrical algebraic decomposition (CAD) is the most pow-
erful quantifier elimination (QE) tool and, moreover, almost the only computer implemented (in
the SAC-2, now SACLIB, computer algebra system) at least from the practical point of view. Yet,
its capabilities are limited for complicated problems involving more than three to four independent
parameters. Therefore, the engineer should always bear in mind these restrictions when employing
CAD in QE. On the other hand, as is very well known, the computer power increases exponentially
with time and, therefore, more complex computational mechanics problems can be addressed in
a ‘reasonable’ time interval. (Such an interval is usually assumed to be one CPU day.) Similarly
important is the improvement of the algebraic algorithms (here CAD) in specific tasks (here QE)
and this is also really the case (see e.g. References [12, 13]).
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In fact, there seems to be a great interest in CAD and QE reflected not only in the development
of SACLIB and its QE algorithm, but, more important, in the recent organization of a special
Symposium on Quantifier Elimination and Cylindrical Algebraic Decomposition, which took place
at the Kurt Gödel Institute (RISC-Linz) in October 1993, the proceedings of which are still not
available to this author. On the other hand, interesting computer algebra papers (including quantifier
elimination and decision techniques) appeared in the ISSAC ’94 Conference in Oxford (July 1994)
and so on. It is truly believed that all of these algorithms and techniques will have a significant
influence on computational mechanics supplementing the already available powerful numerical
algorithms and, probably, leading to a unified numerical–symbolic non-classical computational
environment.

The heuristic–numerical approach

Researchers in computational mechanics seem not to be familiar with CAD, QE, etc. in com-
puter algebra. On the other hand, CAD and related QE methods do not seem to be available at
present (even as ‘black boxes’) in the popular computer algebra systems accessible to us (with
the exception of the IF package in the share library of Maple V, which however still seems not
sufficiently documented and easy to use). Finally, CAD and related algorithms are not very rapid
and, quite frequently, unable to solve a specific problem in a reasonable time interval. Under these
circumstances (the importance of QE in computational mechanics assumed to be accepted in view
of the above-proposed elasticity problems), some alternatives or a compromise seem a good idea.

In fact, such a heuristic, non-exact, alternative seems actually possible. We have recently suc-
cessfully used Sturm’s sequences and theorem (a classical tool in algorithmic algebra and QE) with
transcendental functions after approximating to these functions by finite Chebyshev series. (Min-
imax approximations can be used as well.) Similarly, we also suggested a second alternative to
CAD, which simply consists in trying to satisfy the constraints at concrete points. To be more
specific, we can simply check whether several points, probably equidistant, of the elliptical contour
in Kahan’s problem really lie inside the unit circle or not. This is a sampling technique, a long
way from the elegant results of computer algebra (such as those derived by CAD), but, on the other
hand, sufficiently accurate and, moreover, performed in a very small fraction of the computational
time required by CAD.

Our related preliminary results were applied only to the classical problem of a beam on an
elastic foundation (where we ask that the pressure distribution between the beam and the foundation
be positive so that the well-known solution to this problem holds true), but we hope that they can
be extended to more difficult QE problems in computational mechanics although it is obviously
understood that the related QFFs will be approximate (yet sufficient from the engineering point of
view). Such approximate QFFs can be based much more on numerical computer languages (such as
FORTRAN and C) than on computer algebra systems (such as Maple V, Mathematica and SACLIB)
and this may be a further advantage of these approaches.

Of course, any approximate results should be accompanied by the related mathematical analysis
from the numerical analysis and the approximation theory points of view, as is already the case with
most computational mechanics techniques such as finite elements, boundary elements, singular
integral equations, etc. This task should be undertaken by the interested user of these approximate
QE techniques or, better, by numerical analysts.

The conclusions

The main conclusions, in the author’s opinion, of this short technical report are as follows:
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(i) Although computer algebra systems have been used for about thirty years in computational
mechanics, their use seems restricted to classical algebraic computations although, apparently, there
are several other computer algebra algorithms which have been neglected in computational me-
chanics. Such an algorithm is cylindrical algebraic decomposition (CAD), very useful in quantifier
elimination (QE).

(ii) It seems of real interest to try to transfer results from other areas of computer-aided sciences
(such as computer algebra and applied logic) to the computational mechanics environment. Here
we have attempted to suggest computational mechanics analogues and extensions of the classical
Kahan ellipse problem in QE, which, we feel, are of sufficient interest in computational mechanics.

(iii) Beyond the possibility of direct use of more or less established non-classical/non-popular
computer algebra algorithms in computational mechanics (such as CAD in QE), there is also the
possibility of devising new algorithms which are closer to those traditionally employed by the
computational mechanics community (such as the algorithms of numerical analysis) and, moreover,
simpler to understand and use. Two such algorithms have been reported in brief, but the questions
about their theoretical justification, convergence, error analysis, etc. remain open.

(iv) The class of problems generally studied in computational mechanics can be significantly
extended if we consider classes of problems studied in other areas of applied sciences such as
computer algebra. The short list of QE problems in computational mechanics given above is such
an elementary example.

(v) The continuously increasing power of modern computers and computer-based/aided algo-
rithms may permit the treatment of even more complex problems in computational mechanics in
the future. QE is truly a complex and challenging potential possibility which should not continue
to be ignored.
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