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1. Introduction

The boundary element method (BEM) constitutes an extremely powerful tool for the numerical
solution of a wide class of elasticity problems and a very large number of additional applied me-
chanics and engineering problems [1–7]. On the other hand, computer algebra software (such as Ax-
iom, Macsyma, Maple V, Mathematica and Reduce) has also become widely available and adopted
in applied mechanics/engineering computations including finite element methods and BEMs in the
case of appearance of a parameter in the related computations. What seems not to have been suf-
ficiently adopted up to now by the engineering community are the specialized computer algebra
algorithmic techniques [8, 9]. Here we will use one such technique, quantifier elimination (QE), on
the basis of the classical algebraic algorithm of Sturm’s sequences [8, 9].The elementary classical
example of quantifier elimination is the elimination of the variable x in the following problem:

∃ real x ∈ (−∞,+∞) such that a0x2 +b0x+ c0 = 0 (a0,b0,c0 ∈ R). (1)

The solution of the above QE (along not including the quantified variable x any more, but only the
free real variables (parameters) a0, b0 and c0, is well known from elementary algebra:

∆0 = b2
0−4a0c0 ≥ 0, (2)

where ∆0 denotes the discriminant of the quadratic polynomial a0x2 +b0x+ c0 in formula (1).
Such QE problems, where a quantifier-free formula (QFF) can, probably, be derived, such as

formula (2), were considered in great detail by the experts in computer algebra and related alge-
braic/applied logic techniques. The Collins’ cylindrical algebraic decomposition method (usually
called simply CAD in computer algebra) [10] constitutes such a fundamental tool. The interested
reader can consult two special journal issues [11, 12], the interesting related report by Daven-
port [13] and the recent review article by Collins [14] inside a related devoted volume. The au-
thor has also recently studied the possibility of using QE techniques in elasticity problems [15].
Here we will consider the case of BEMs with respect to simple polynomial inequalities. This
is a really elementary application of QE, but it seems to be of sufficient interest in the numeri-
cal computational environment offered by BEMs and, moreover, it somewhat enriches the already
used powerful applied mechanics/numerical analysis techniques by algebraic techniques (Sturm’s
theorem and cylindrical algebraic decomposition in QE problems). The computer algebra system
Maple V [16, 17] was found to be the appropriate tool for the present symbolic computations.

2. Two elasticity problems under constraints

Here we will consider in brief two classical elasticity problems (already reported in Refer-
ence [15], where QE and the derivation of the related QFFs (such as formula (2) above for the
problem (1)) seem to be of interest.

The first such problem is the straight crack problem in two-dimensional isotropic elasticity,
where the fundamental quantity is the crack opening displacement v(x). This function can be
determined from the solution of the following hypersingular integral equation [6]

1
π
=
∫

β

α

[
1

(t− x)2 + k(t,x)
]

v(t)dt =−cp(x), α ≤ x≤ β , (3)

where α and β denote the crack tips, k(t,x) is the related regular kernel, dependent on the geometry
of the crack (or of the array of cracks), c is a constant of the isotropic elastic material of the
specimen and p(x) is the known compressive loading along this crack [α,β ]. The integral in Eq. (3)
is defined as a finite-part (strongly singular or hypersingular) integral. From the physical point of
view, the solution v(x) of Eq. (3) should be non-negative along the whole crack [α,β ]; otherwise,
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the crack edges come into contact whence a secondary loading of unknown intensity arises and,
therefore, the solution v(x) of Eq. (3) does not hold true any more. Therefore, we must have

∀x such that α ≤ x≤ β =⇒ v(x)≥ 0. (4)

In practice, since v(x) presents positive square-root power singularities at the crack tips α and β ,
we can use the auxiliary function φ(x) instead, where

v(x) =
√
(x−α)(β − x)φ(x). (5)

Then, obviously, the constraint (4) should hold true for φ(x) too.
Quite similar is the case with the classical contact problem in plane elasticity, where the pressure

distribution p(x) between the two elastic bodies in contact should also be non-negative. In this
problem, the fundamental weakly singular integral equation is [7]

1
π

∫
β

α

[ log |t− x|+ k(t,x)] p(t)dt =−c∗v(x), α ≤ x≤ β , (6)

where [α,β ] denotes the contact interval, k(t,x) the appropriate regular kernel and the roles of
v(x) and p(x) are essentially reversed with respect to the aforementioned crack problem, i.e. the
relative displacement v(x) is now a known function, the right-hand side function in Eq. (6), whereas
the pressure distribution p(x) is now the unknown function in the same equation. (Of course,
Eq. (6) can also be transformed into a Cauchy-type singular integral equation by differentiation
with respect to x.) In the present problem, the quantified formula (4) remains true, but now with
p(x) (or, better, the related well-behaved function φ(x) free from any singularities at α and β )
instead of v(x), but, in any case, the two problems are completely similar.

In both of these problems, when solving them directly by the BEM, we finally have an ap-
proximate polynomial expression φ̃(x) for the unknown function φ(x), which should satisfy the
quantified formula (4) either along the whole integration interval [α,β ] or, simply, along each
boundary element. Therefore, the whole problem reduces to that of deriving appropriate QFFs
(quantifier-free formulae) with φ(x) having a polynomial form. These formulae can be used after
the ordinary solution by the BEM of the problem under consideration as a substitute of the more
difficult quantified formula (4) (for φ(x)) and this is really advantageous (exactly as has been the
case in the elementary example of the previous section), since the fundamental variable x is quan-
tified in formula (4) (the universal quantifier ∀ is present in it contrary to formula (1), where the
existential quantifier ∃ appears), whereas neither x nor ∀ will appear in the related QFF.

When applying the BEM, we usually use the well-known shape functions [1–3] along a bound-
ary element for the approximation φ̃(x) of the really unknown function φ(x) along this particular
element. (From now on φ(x) stands for v(x)/

√
(x−α)(β − x) for the above crack problem and for

p(x)/
√

(x−α)(β − x) for the above contact problem.) For example, for a boundary element with
two nodes we have

φ̃(x) = φ1N1(x)+φ2N2(x), (7)

where the shape functions are linear [2]

N1(x) = 1− x, N2(x) = x (8)

under the assumption that x now denotes the local coordinate along the boundary element with
0≤ x≤ 1 and, further, that φ1,2 denote the approximate values of φ(x) (equivalently, the values of
φ̃(x)) at the element tips (the nodes in the present case) x = 0 and x = 1, respectively.
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Somewhat more interesting and practically useful is the case of a boundary element [0,1], but
with three nodes (at x = 0, x = 1/2 and x = 1). In this case, we have

φ̃(x) = φ1N1(x)+φ2N2(x)+φ3N3(x), (9)

where φ1,2,3 are defined as the values of φ̃(x) at the aforementioned three element nodes (exactly
as previously) and the related shape functions are now the following quadratic polynomials [2]

N1(x) = (1− x)(1−2x), N2(x) = 4x(1− x), N3(x) = x(2x−1). (10)

Further shape functions in boundary elements can also be constructed and are well known in
the literature. For example, for a third-order (cubic) boundary element with four nodes (at x = 0,
x = 1/3, x = 2/3 and x = 1), we have cubic shape functions and a cubic variation of φ̃(x) along
this element [3] and so on.

In any case, obviously, φ̃(x) will be a univariate polynomial of the general form

φ̃(x) =
n−1

∑
k=0

ckxk, 0≤ x≤ 1, (11)

(along each boundary element), where n is the number of nodes and ck appropriate coefficients
easily determined after the numerical solution of the problem under consideration by BEM if the
related shape functions are taken into account.

For example, for the linear shape functions (8) we get the similarly linear polynomial (with
n = 2 in Eq. (11))

φ̃(x) = (−φ1 +φ2)x+φ1, 0≤ x≤ 1, (12)

whereas for the quadratic shape functions (10) we get the similarly quadratic polynomial (with
n = 3 in Eq. (11))

φ̃(x) = (2φ1−4φ2 +2φ3)x2 +(−3φ1 +4φ2−φ3)x+φ1, 0≤ x≤ 1. (13)

Assuming the validity of Eq. (11) along the boundary element under consideration, we will
construct below the related QFFs for n = 2 and n = 3 although, we must admit, the first of these
cases is trivial. In fact, for n = 2 the positivity of φ̃(x) at both ends x = 0 and x = 1 of the boundary
element ensures the positivity of the same function along the whole element [0,1]. Yet, obviously,
this ceases being always the case for quadratic, cubic and higher-order polynomials in the BEM
and the related shape functions Nk(x) (k = 1,2, . . . ,n) such as those displayed in Eqs. (10) for the
quadratic case.

The derivation of the aforementioned QFFs will be made without the use of specialized soft-
ware, just with Sturm’s theorem. In more complicated cases (like the case of cubic polynomials
in the shape functions), specialized QE algorithms such as the Collins–Hong powerful recent algo-
rithm, based on partial cylindrical algebraic decomposition, seem to be indispensable.

3. Quantifier elimination results

QFFs for polynomials up to the fourth degree are already available in the literature [18–21].
More explicitly, the case of the special (reduced) quartic polynomial

φ̃(x) = x4 +bx2 + cx+d (14)

has become a classical example in the related literature either by cylindrical algebraic decomposi-
tion [18–20] or by a classical approach[21]. Moreover, all cases of polynomials up to the fourth
degree have been tabulated [20].
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The difficulty with these available results is that the constraint in formula (4) was assumed valid
along the whole real axis. Here the situation is quite different in the sense that we have a finite
interval [α,β ], easily reduced to the ‘fundamental’ finite interval [0,1]. For the illustration of the
present approach, which will be based on classical Sturm’s sequences and the related theorem [8, 9],
here we will work with two elementary polynomials φ̃(x) (up to the second degree) on [0,1]. (The
case of the cubic polynomial can also be considered in a similar manner.)

3.1. The polynomial of the first degree

This case is more or less trivial. For the linear polynomial in Eq. (12)

φ̃(x) = (−φ1 +φ2)x+φ1, 0≤ x≤ 1, (15)

where φ1,2 denote the numerically available values of φ̃(x) at the boundary element tips x = 0 and
x = 1, respectively (assumed, of course, real), we demand that this polynomial remain positive (the
case where it remains non-negative is a simple generalization of the present case) along the whole
interval [0,1].

The related Sturm’s sequence consists of the following two polynomials:

h0(x) = φ̃(x) = (−φ1 +φ2)x+φ1, h1(x) = dφ̃(x)/dx =−φ1 +φ2. (16)

The values of these polynomials at the end-points x = 0 and x = 1 of the selected interval [0,1] are

h0(0) = φ1, h1(0) =−φ1 +φ2, (17)

h0(1) = φ2, h1(1) =−φ1 +φ2. (18)

Therefore, we have to consider the three quantities in the set

S = {φ1,φ2,−φ1 +φ2}, (19)

which define whether formula (4) is satisfied or not (of course, on [0,1] and for φ̃(x)). Moreover,
since we wish that φ̃(x) be continuously positive on [0,1], obviously, we must have

φ1 > 0 and φ2 > 0 (20)

as is clear from Eqs. (17) and (18). Then the only quantity that remains in S is −φ1 +φ2.
Therefore, just two cases are possible: (i) If φ2 > φ1, then the numbers of change of sign in both

sequences (17) and (18) are zero. Therefore, φ̃(x) has no root in (0,1). (ii) Similarly, if φ2 < φ1,
then the aforementioned numbers are equal to one and, therefore, we do not have any root of φ̃(x)
in [0,1] too. Concluding, the conditions (20), both φ1 and φ2 should be positive, constitute our QFF
in the present trivial case.

This result can also easily be interpreted without any computations, since it simply states that
the values φ1,2 of φ̃(x) at both end-points x = 0 and x = 1 of our interval (usually a boundary
element) should be positive. Then the positivity of φ̃(x) along the whole boundary element [0,1]
is obvious for an assumed linear variation of φ̃(x). Now let us proceed to the case of the quadratic
polynomial.

3.2. The polynomial of the second degree

This non-trivial case is somewhat more difficult than the previous one. At first, it is convenient
to consider the general quadratic polynomial

φ̃(x) = a0 x2 +b0 x+ c0, a0 6= 0, 0≤ x≤ 1, (21)
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which is an appropriate abbreviated rewriting of Eq. (13) with

a0 = 2φ1−4φ2 +2φ3, b0 =−3φ1 +4φ2−φ3, c0 = φ1. (22)

Therefore, all three coefficients, a0, b0 and c0, of this polynomial are directly expressible in terms
of the numerically available values φ1,2,3 of φ̃(x) at the nodes x = 0, x = 1/2 and x = 1, respectively,
of the present boundary element.

Since φ̃(x) should remain positive on the whole interval [0,1], we must have

φ̃(0) = c0 = φ1 > 0. (23)

Now, assuming that this condition holds true, we can simplify our QE problem by using the
modified polynomial

φ̃
∗(x) = φ̃(x)/a0 = x2 +bx+ c with b = b0/a0, c = c0/a0, (24)

where only two parameters, b and c, are present. The Sturm sequence for φ̃∗(x) was easily found
(by Maple V [16, 17]) to be

h0(x) = φ̃
∗(x) = x2 +bx+ c,

h1(x) = dφ̃
∗(x)/dx = 2x+b,

h2(x) = − remx[h0(x),h1(x)] = ∆/4 with ∆ = b2−4c, (25)

where remx denotes the remainder in the division of two polynomials (in our case h0(x) and h1(x))
with respect to the variable x and ∆ the discriminant of the present quadratic polynomial φ̃∗(x).

The critical quantities in our QE problem are the values of hk(x) (k = 0,1,2) at the end-points
x = 0 and x = 1 of our fundamental interval [0,1]. These quantities were easily found to be

h0(0) = c, h1(0) = b, h2(0) = ∆/4, (26)

h0(1) = b+ c+1, h1(1) = b+2, h2(1) = ∆/4. (27)

In this way, we have five quantities involved in the determination of the number of roots R of
φ̃∗(x) in (0,1). For convenience, we display the graphs of the corresponding equations

b+2 = 0, b = 0, c = 0, b+ c+1 = 0, ∆ = 0 (28)
in Fig. 1.

From this figure, we directly observe that the parametric bc-plane has been partitioned into 13
distinct two-dimensional regions I to XIII (plus the related one-dimensional regions, that is line
segments, and the zero-dimensional regions, that is single points). Restricting ourselves, just for
simplicity, to the two-dimensional regions, I to XIII, we can easily choose arbitrary sample points
in these regions, e.g. PI = (−4,−1) for region I, PXIII = (+1,+1) for region XIII, etc. By using
these sample points in φ̃∗(x) (whence no parameters appear any more) and determining the signs
of the quantities in Eqs. (26) and (27), we easily find that the number of roots R of φ̃∗(x) in (0,1)
is equal to

R = 0 for (b,c) in regions I, III, IV, V, IX, X, XII and XIII, (29)

R = 1 for (b,c) in regions II, VI, VII and XI, (30)

R = 2 for (b,c) in region VIII. (31)
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Fig. 1: The regions in the parametric bc-plane.

Therefore, our final QFF is simply (as can directly be observed from Fig. 1 on the basis of
Eqs. (21), (23), (26) and (27)

a0 6= 0 and c0 > 0 and {either ∆ = b2−4ac < 0

or (b > 0 and c > 0)

or (b+2 < 0 and b+ c+1 > 0)

or (c < 0 and b+ c+1 < 0)}. (32)

Of course, it has become necessary to distinguish among more than one case in order to become
able to describe, in an algebraic way, the thirteen regions in Eqs. (29) to (31). Moreover, it is also
clear that several equivalent rewritings of the QFF (32) are possible.

By using the QFF (32), we can easily find whether our original polynomial φ̃(x) remains con-
tinuously positive on the interval [0,1] (as is really required) or not. More explicitly, to this end, we
must distinguish two cases: (i) a0 > 0, and (ii) a0 < 0.

(i) In the first case, a0 > 0, taking into account Eq. (24), we observe that the QFF (32) for the
reduced polynomial φ̃∗(x) takes the form

a0 > 0 and c0 > 0 and {either ∆0 = b2
0−4a0c0 < 0

or b0 > 0

or (b0 +2a0 < 0 and a0 +b0 + c0 > 0)

or (c0 < 0 and a0 +b0 + c0 < 0)}, (33)

but the last case in the last part of the QFF (33) is meaningless, since c0 was already assumed
positive. Therefore, only three cases are possible for a0 > 0 (corresponding to the first three cases
in the last part of the QFF (33).



8 N. I. Ioakimidis: Elementary quantifier-free formulae in boundary elements (1994)

(ii) In quite a similar manner, in the second case, a0 < 0, the QFF (32) reduces to

a0 < 0 and c0 > 0 and {either ∆0 = b2
0−4a0c0 < 0

or b0 < 0 and c0 < 0

or (b0 +2a0 > 0 and a0 +b0 + c0 < 0)

or a0 +b0 + c0 > 0)}. (34)

Both the second and third case in the last part of the QFF (34) should be rejected, since c0 must
be positive (as was already assumed in Eq. (23)) and, further, a0 +b0 + c0 = φ3, but φ3, because of
Eqs. (22), must also be positive. Moreover, the first case in the last part of the QFF (34), ∆0 < 0,
obviously coincides with the first case in the last part of the QFF (33).

Under the above circumstances, our final QFF, for the original polynomial φ̃(x) (with all three
parameters, a0, b0 and c0, present) takes (as can easily be verified) the following form:

c0 > 0 and a0 +b0 + c0 > 0 and {either ∆0 = b2
0−4a0c0 < 0

or (a0 > 0 and b0 > 0)

or (a0 > 0 and b0 +2a0 < 0)

or a0 < 0}. (35)

Evidently, this QFF can also be written in a variety of logically equivalent forms.
From the practical point of view, the QFF (35), although here derived with the help of Sturm’s

theorem, can also be interpreted by using elementary results from differential calculus. At first, the
two fundamental conditions, c0 > 0 and a0+b0+c0 > 0, should always hold true, since they express
the positivity of φ̃(x) at the tips of the boundary element. Next, the first case, ∆0 < 0, denotes that
the discriminant is negative and, therefore, φ̃(x) does not possess roots anywhere in the real axis
including, of course, the interval [0,1] of interest here. Therefore, φ̃(x) remains positive along the
whole boundary element. In the second case, a0 > 0 and b0 > 0, it is obvious that φ̃(x) remains
increasing with respect to x as we proceed from the left tip of the element, x = 0, towards the right
tip, x = 1. But, since φ̃(x) was already assumed positive at x = 0 (since c0 = φ1 > 0), obviously,
there can be no root of φ̃(x) on [0,1]. The interpretation of the last two cases in the QFF (35) is
also sufficiently simple and, for the sake of space, will be omitted.

Furthermore, from the boundary element point of view, it is important to rewrite the QFF (35) in
terms of the numerically available values φ1,2,3 of φ̃(x) at the nodes used. To this end, it is sufficient
to take into account only Eqs. (22). Then we get

φ1 > 0 and φ3 > 0 and {either ∆0 < 0

or (3φ1 +φ3)/4 < φ2 < (φ1 +φ3)/2

or (φ1 +3φ3)/4 < φ2 < (φ1 +φ3)/2

or φ2 > (φ1 +φ3)/2}, (36)

where the discriminant ∆0 can be expressed, because of Eqs. (2) and (22), as

∆0 = φ
2
1 +φ

2
3 +16φ

2
2 −8φ1φ2−8φ2φ3−2φ1φ3 = (φ1 +φ3−4φ2)

2−4φ1φ3. (37)

This discriminant is easily seen to become negative (as is really required in the QFF (36)) only if∣∣∣√φ1−
√

φ3

∣∣∣/2 <
√

φ2 <
(√

φ1 +
√

φ3

)
/2. (38)
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By taking into consideration both the QFF (36) and the inequalities (38) as well as that

{either (3φ1 +φ3)/4 or (φ1 +3φ3)/4} ≤ (φ1 +φ3)/2 (39)
and further that

{either (3φ1 +φ3)/4 or (φ1 +3φ3)/4} ≤
(√

φ1 +
√

φ3

)2
/4 (40)

(as can easily be proved by distinguishing the cases φ1 ≤ φ3 and φ3 ≤ φ1), we can derive our final
QFF in the present application, which is

φ1 > 0 and φ3 > 0 and φ2 > min

{
3φ1 +φ3

4
,

φ1 +3φ3

4
,

(√
φ1−
√

φ3
)2

4

}
. (41)

(We also notice that in the very special case where φ1 = φ3, we just get φ1,2,3 > 0 from the
QFF (41).)

This final QFF shows that the positivity of φ2, the value of φ̃(x) at the middle point x = 1/2
of the boundary element, together with the positivity of φ1 and φ3, the values of the the same
polynomial at the tips of the boundary element, is not a sufficient condition for the positivity of
φ̃(x) on the whole boundary element [0,1] (unless φ1 = φ3) although, evidently, it is a necessary
condition; in fact, φ2 must be sufficiently greater than zero as is clearly indicated in the last part of
the QFF (41). Moreover, the QFF (41) is also very interesting from the physical point of view. For
example, the case where φ2 exceeds the average of φ1 and φ3 has always as an obvious consequence
the lack of any root of φ̃(x) in (0,1) (as can easily be observed).

Of course, there are several cases where the QFF (41) does not hold true (corresponding to the
regions with R = 1 and R = 2 in Eqs. (30) and (31) respectively). As a simple example for the really
important case where R = 2, we consider the case where φ1 = 1, φ2 = 1, φ3 = 10, where, although
these nodal values are positive (for the boundary element [0,1]), nevertheless, it can easily be ob-
served that the last part of the QFF (41) is not satisfied and, therefore, φ̃(x) possesses two roots
inside this boundary element (at x = 1/6 and x = 1/3 as can easily be verified). Hence, even if this
is the case for just one boundary element, the whole numerical solution by BEM should be, prob-
ably, revised, since the physical assumptions having led to the requirement about the continuous
positivity of φ̃(x) are not satisfied.

For the same numerical values of φ1,3, it was already observed (from the above counterexample,
where φ2 = 1) that the necessary condition φ2 > 0 is not also a sufficient condition. In fact, we see
from the QFF (41) that the three quantities in the minimum function are now equal to

13/4 = 3.25, 31/4 = 7.75 and
(√

10−1
)2

/4≈ 1.16886117, (42)

respectively. These numerical values reveal that in the present numerical example (not always),
the minimum value of φ2 sufficient for the positivity of φ̃(x) on [0,1] (approximately equal to
1.16886117) is determined from the discriminant ∆0 in Eq. (37). The value φ2 = 1 in the previous
paragraph was less than this minimum value of φ2 and, therefore, φ̃(x) ceased being positive in the
interval (1/6,1/3) (⊂ [0,1]) already found above.

4. Discussion

From the above results it is concluded that computational QE (quantifier elimination) techniques
can be successfully used in BEM, particularly in the cases (such as crack and contact problems)
where physical constraints in inequality forms are present. These cases seem not to be very popular
in BEM (and computational mechanics in general) up to now exactly as is also the case (to the
best of our knowledge) with computational QE algorithms. Of course, since the numerical results
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by BEM are approximate, the situation remains similar when the derived exact QFFs are used for
these results.

Although above we used just Sturm’s sequences for QE, the use of modern algorithms and,
especially, the Collins–Hong qepcad package [14, 22, 23], based on partial cylindrical algebraic
decomposition [22] and already implemented in the SACLIB computer algebra system [24] in the C
language (under development at the Research Institute for Symbolic Computation of the Johannes
Kepler University of Linz, RISC-Linz), seems to be a must in cases where complex QE problems
need to be solved. This package is extremely more powerful than previous QE packages (even
those based on Collins’ cylindrical algebraic decomposition approach itself) and has been already
used for the solution of practical QE problems, for example in the stability analysis of difference
schemes [25]. Very recently, Collins used the same package [26] for the mechanical derivation of
a QFF analogous to the QFF (35) for the present boundary element QE problem (for the quadratic
polynomial) as well as for the derivation of an analogous QFF for the cubic polynomial φ̃(x) =
a0x3 +b0x2 + c0x+d0 also of interest in our present application. Although the related software is
still not available to us, we hope to become able to use qepcad (together with SACLIB) either in
BEM or in other computational mechanics problems in the future.

Finally, we can add that although the recent 400 pages book on QE reported in Reference [14]
will surely be of much interest for the further use of QE in BEM and related boundary integral
approaches, nevertheless, unfortunately, it seems to be too early for us to know (or even suspect)
whether QE techniques (and, especially, cylindrical algebraic decomposition) could be successfully
combined in the future with further modern boundary integral approaches involving inequalities
such as that described by Antes and Panagiotopoulos [27] for contact problems and concerning
variational inequalities.
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