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Abstract Crack problems in the classical theory of two-dimensional static elasticity are frequently
reduced to singular integral equations with Cauchy-type kernels further approximately solved by
classical numerical techniques such as those based on the Gauss– and Lobatto–Chebyshev numer-
ical integration rules. The derivation of approximate necessary and sufficient feasibility conditions
for the existence of an approximate solution under the simultaneous validity of parametric inequal-
ity constraints of either a geometrical or a loading or even a strength/fracture nature is also of
interest. This possibility was recently studied in detail for singular/hypersingular integral equa-
tions/inequalities by using the powerful quantifier elimination algorithm implemented in the com-
puter algebra system Mathematica. Here a related alternative possibility is also suggested with
respect to singular integral equations. This possibility is based on the use of the Reduce computer
algebra system and, mainly, of the powerful Redlog (Reduce Logic) computer logic package of
Dolzmann and Sturm, which employs the Weispfenning quantifier elimination algorithm for the
related existential computational quantifier elimination and is a standard package of Reduce. The
problem of a periodic array of straight cracks (either collinear or parallel) is used again as the
vehicle for the illustration of the present alternative possibility here applied to singular integral
equations under parametric inequality constraints. The present results are directly applicable es-
sentially to any type of singular integral equations under parametric inequality constraints and they
constitute an interesting alternative possibility for the derivation of feasibility conditions by using
the method of computational quantifier elimination here applied to singular integral equations un-
der parametric inequality constraints appearing in crack problems. The present alternative approach
may also be found useful in several further computational mechanics and engineering problems.
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1. Introduction

Singular integral equations with Cauchy-type kernels traditionally constitute a classical method
for the solution of problems in either isotropic or anisotropic, two-dimensional, static, plane or
antiplane elasticity. The classical monograph by Muskhelishvili [1] is devoted to the mathemati-
cal theory of singular integral equations and some applications. For applications to elasticity one
can consult, e.g., the books by Kalandiya [2] and Parton and Perlin [3] whereas the book by Hills,
Kelly, Dai and Korsunsky [4] includes several applications to crack problems in fracture mechan-
ics. In general, no closed-form solution to a singular integral equation is available and, therefore,
numerical methods should be employed.

The first popular such method for singular integral equations of the first kind on the finite
interval [−1,1] was proposed by Kalandiya [2, 5]. Such equations constitute the classical type of
singular integral equations for crack problems and have the form

1
π
−
∫ 1

−1

w(t)g(t)
t− x

dt +
∫ 1

−1
w(t)K(t,x)g(t)dt = p(x), −1 < x < 1, (1)

where w(t) is the classical weight function

w(t) =
1√

1− t2
, (2)

g(t) is the unknown function (related to the slope of the crack faces), K(t,x) is a known, regular
(Fredholm) kernel and p(x) is the also known right-hand side function proportional to the loading
on the crack faces. The condition of single-valuedness of displacements (on the whole crack)
normally accompanies Eq. (1), i.e. ∫ 1

−1
w(t)g(t)dt = 0. (3)

A much more popular numerical method for the approximate solution of Eqs. (1) and (3), based
on the Gauss–Chebyshev quadrature rule, was proposed by Erdogan and Gupta [6]. Extensions of
this method can be found in the papers by Erdogan, Gupta and Cook [7] and Erdogan [8].

In 1974, during the preparation of his doctoral thesis, this author proposed the use of the closed-
type Lobatto–Chebyshev quadrature rule for the numerical solution of Eqs. (1) and (3) so that the
stress intensity factors k(±1) at the crack tips t =±1, proportional to g(±1), can be directly com-
puted and the polynomial accuracy of the approach can increase to 2n−2 for simple cracks. These,
related and additional results by the author on the numerical solution of singular integral equations
were published in a series of papers including, e.g., the papers by Theocaris and Ioakimidis [9, 10],
Ioakimidis and Theocaris [11–15] and Ioakimidis [16–19], where several quadrature methods for
the numerical solution of singular integral equations were studied, their convergence was partially
proved and comparison results (from the numerical point of view) with competitive quadrature
methods for Fredholm integral equations of the second kind were theoretically established. Several
fundamental quadrature rules for Cauchy-type principal-value integrals, also proposed by the au-
thor [20], appeared mainly in the paper by Ioakimidis and Theocaris [21]. Of course, there is also
a large number of further contributions to the field of quadrature rules for Cauchy-type principal-
value integrals both by the author and by other authors; see, e.g., the paper by Monegato [22].
Moreover, several applications to crack problems in elasticity were also made by the author [20]
and published in a series of papers; see, e.g., the paper by Ioakimidis and Theocaris [23] for periodic
arrays of cracks, where the aforementioned Lobatto–Chebyshev method [9, 20] was used.

In a recent paper by the author [24], after more than forty years from the original suggestion
of the Lobatto–Chebyshev method [20] for the numerical solution of singular integral equations in
classical crack problems, this method was revisited, but from a completely different point of view.
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More explicitly, in Ref. [24], the numerical solution of the related approximate system of linear
algebraic equations, to which Eqs. (1) and (3) reduce, was replaced by an equally approximate
system of both linear equations and linear inequalities. These equations and inequalities resulted
by our having supplementing Eqs. (1) and (3) by parametric inequality constraints [24]. Such
constraints may concern the geometry of the whole elastic medium and, particularly, the crack (or
cracks), the loading intensity (at infinity and/or on the crack faces) and the possibility of fracture of
the specimen, expressed through the stress intensity factors k(±1) at the crack tips t = ±1. These
factors are given (in dimensionless/reduced form) by

k(1) = g(1), k(−1) =−g(−1) (4)

with the approximate values of g(±1) directly derived from the numerical solution of Eqs. (1)
and (3) by using the Lobatto–Chebyshev method [9, 20]. More explicitly, in the latter case, we may
require that k(±1) do not reach (or do not exceed) a known upper bound k0, i.e.

k(±1)< k0 or k(±1)≤ k0 (5)

so that fracture can be avoided. This is a simple inequality constraint and k0 is the related parameter
with its value mainly depending on the material used.

In Ref. [24], the main concern was to derive approximate necessary and sufficient feasibility
conditions for the possibility of satisfaction of the parametric inequality constraints, such as the
inequality constraints (5), that we wish to hold true under the simultaneous validity of the singular
integral equation (1) and the related single-valuedness condition (3). To this end, in Ref. [24], we
used a so-called CQE (computational quantifier elimination) algorithm; see, e.g., the interesting
book edited by Caviness and Johnson [25]. Such algorithms were extensively used by the author
in engineering mechanics; see, e.g., the paper by Ioakimidis [26] on applications of the CAD
(cylindrical algebraic decomposition) CQE method devised by Collins in 1973 [25].

In Ref. [24], all the CQE results were obtained by using the implementation of quantifier elimi-
nation included in the well-known computer algebra system Mathematica [27]. The sole aim of the
present technical report is to illustrate the alternative possibility of using the classical and equally
well-known Hearn’s Reduce computer algebra system [28–30] instead of Mathematica [27] for
quantifier elimination in singular integral equations related to crack problems and supplemented by
inequality constraints such as the inequality constraints (5).

The implementation of quantifier elimination in Reduce [28–30] is based on the powerful
Weispfenning quantifier elimination algorithms [31–34]. These algorithms were efficiently imple-
mented in the Redlog computer logic package prepared by Dolzmann and Sturm [35, 36]. Further
research results concerning Redlog and its applications can be found in the papers by Dolzmann
and Sturm [37], Dolzmann, Sturm and Weispfenning [38], Sturm and Weispfenning [39], Sturm
[40, 41], Dolzmann [42], Brown, El Kahoui, Novotni and Weber [43], Sturm and Tiwari [44] and
in many other papers including successful applications of Redlog to various problems. A detailed
list of selected references to Redlog can be found in the web page http://www.redlog.eu/references.

Moreover, this author proceeded to the application of Redlog’s CQE algorithms (i) to simple
engineering mechanics problems concerning closed-form (analytical) formulae and related para-
metric inequality constraints [45], (ii) to problems related to the boundary elements approximate
method under positivity constraints on the boundary elements [46] and (iii) to problems related to
the finite-differences and finite elements approximate methods in beam problems [47] again under
parametric inequality constraints.

Evidently, it is understood that, in principle, the old and less powerful 1824–26 Fourier (or Fou-
rier–Motzkin) elimination algorithm [48] could also have been used here instead of the Weispfen-
ning elimination algorithms. After a related introductory paper [49], the author studied the use

http://www.redlog.eu/references
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of Fourier elimination in detail in engineering problems having to do with parametric inequal-
ity constraints [50]. Yet, surely, the use of the Weispfenning elimination algorithms is preferable
since both (i) they are theoretically much more powerful and (ii) they are computationally also
much more supported because of their already mentioned incorporation into the Redlog (Reduce
Logic) computer logic package of Dolzmann and Sturm [35, 36]. Incidentally, it can be mentioned
that this package is freely available to the interested researcher through the internet at the web site
http://www.redlog.eu of Redlog together with its user manual [35], related references and extensive
additional information. Moreover, the same package is a standard package of Reduce [28].

Finally, as was already mentioned, we selected to use the Lobatto–Chebyshev method [9, 20]
for the numerical solution of Eqs. (1) and (3) although, in principle, we could have employed a
competitive method, such as the Gauss–Chebyshev method [6, 7], or even much more sophisticated
methods applicable to more difficult to tackle singular integral equations such as those including
generalized kernels and/or complex singularities. On the other hand, we selected to use (as our
vehicle for the illustration of the approach) the extremely classical problems of periodic arrays
of straight cracks (both collinear and parallel) inside an infinite plane isotropic elastic medium
exactly as has been the case in Ref. [24]. These problems were also repeatedly studied by the
same approach long ago; see, e.g., [12, 20, 23]. Yet, contrary to these and additional papers and
exactly as has been the case in Ref. [24], here we will pay no attention at all to the improvement
of the accuracy of the numerical method (the Lobatto–Chebyshev method [9, 20]), but rather we
will try to supplement it with the simultaneous validity and use of weakly parametric inequality
constraints, such as the inequality constraints (5), so that feasibility conditions for the solution of
Eqs. (1) and (3) and the assumed/valid inequality constraints can be derived with the help of the
Redlog CQE commands such as the fundamental rlqe and rlqea directly available commands.

2. Formulation of the problem

By using the Lobatto–Chebyshev method [9, 20] (with n nodes tin) for the numerical solution
of the singular integral equation (1) and the accompanying condition of single-valuedness of dis-
placements (3), we get the following approximate system of linear algebraic equations [9, 20]:

n

∑
i=1

Ain

[
1

π(tin− xkn)
+K(tin,xkn)

]
gn(tin) = p(xkn), k = 1,2, . . . ,n−1, (6)

n

∑
i=1

Aingn(tin) = 0, (7)

respectively, where the function gn(t) denotes an approximation to the unknown function g(t) and,
furthermore, the nodes tin, the weights Ain and the collocation points xkn are given by

tin = cos
(i−1)π

n−1
, i = 1,2, . . . ,n, (8)

A1n = Ann =
π

2(n−1)
, Ain =

π

n−1
, i = 2,3, . . . ,n−1, (9)

xkn = cos
(2k−1)π
2(n−1)

, k = 1,2, . . . ,n−1. (10)

Therefore, we have n linear algebraic equations in n unknowns at our disposition, which in-
clude, because of Eqs. (4), the values k(±1) = ±g(±1) of the reduced stress intensity factors at
the crack tips t = ±1. The convergence of the approach (for increasing values of n) has been
also investigated [13]. Next, the complete equivalence of the approach to the corresponding ap-
proach based on the reduction of Eqs. (1) and (3) to an equivalent Fredholm integral equation of

http://www.redlog.eu


N. I. Ioakimidis: Redlog-based derivation of feasibility conditions in crack problems (2018) 5

the second kind [1] was proved as well [15]. Finally, the natural (Nyström-equivalent) interpolation
formula [16] permits the computation of the unknown function g(t)≈ gn(t) (originally having been
computed at the nodes tin only, gn(tin)) at every additional point of the interval [−1,1] as well.

Here we will ignore all these and already completely resolved points and we will focus our
attention to the parametric inequality constraints supplementing Eqs. (1) and (3), better their ap-
proximations (6) and (7), respectively. We intend to become even more concrete by studying the
problem of a periodic array of collinear straight cracks (along the Ox-axis) leading to the singular
integral equation [20, 23]

a
b
−
∫ 1

−1
w(t)cot

πa(t− x)
b

g(t)dt = p(x), −1 < x < 1, (11)

where a denotes the half of the length of each crack, b the period of the array and p(x) the (com-
pressive) loading on the crack faces, almost equivalently the (constant tensile) loading at infinity
(with p(x) equal to a constant). Furthermore, for a periodic array of parallel straight cracks (parallel
to the Ox-axis and under the same notation), we have [20, 23]

a
b
−
∫ 1

−1
w(t)

[
2coth

πa(t− x)
b

− πa(t− x)
b

csch2 πa(t− x)
b

]
g(t)dt = p(x), −1 < x < 1. (12)

By comparing Eq. (1) with Eqs. (11) and (12), it is clear that the Fredholm kernel K(t,x) in
Eq. (1) has the form

K(t,x) =
a
b

cot
πa(t− x)

b
− 1

π(t− x)
, (13)

K(t,x) =
a
b

[
2coth

πa(t− x)
b

− πa(t− x)
b

csch2 πa(t− x)
b

]
− 1

π(t− x)
(14)

for periodic arrays of collinear and parallel straight cracks, respectively.
Now we can add the (weakly) parametric inequality constraints which are assumed valid in a

concrete application. These constraints may vary from one crack problem to another. In the present
technical report, we consider only the following types of parametric inequality constraints:

1. The reduced stress intensity factor k(1) = g(1)≈ gn(1) at the right crack tip t = 1 should not
reach (or, analogously, not exceed) a critical upper bound k1, i.e.

gn(1)< k1. (15)

2. Analogously, for the reduced stress intensity factor k(−1) =−g(−1)≈−gn(−1) at the left
crack tip t =−1 with a critical upper bound k2, i.e.

−gn(−1)< k2. (16)

3. Beyond these fracture-related inequality constraints, we may also have inequality constraints
of a geometric nature, e.g.

gn(tln)> 0 or gn(tln)< 0 (17)

obviously related to the negativity/positivity of the actual slope of the crack faces (evidently
depending on g(t) even under the presence of the weight function w(t) defined in Eq. (2)) at
some concrete node tln or even at several such nodes on the crack [−1,1].
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4. Finally, we may have loading inequality constraints, e.g.

p(xmn)> qm or p(xmn)< qm, (18)

i.e. it is possible that the (compressive) loading p(x) on the crack faces exceeds (or is less
than) a lower (or an upper) bound qm at a concrete collocation point xmn or, more generally,
at several collocation points.

It can be added that such an inequality constraint (the first constraint (18)) is, surely, somewhat
contradictory to an inequality constraint of the form (15) or (16), which requires a sufficiently low
actual stress intensity factor k in spite of the assumed (here) sufficiently large value(s) of the loading
intensity. Therefore, such a problem may have not a solution or, much better, it may possess a solu-
tion if a logical formula (including some conditions: the feasibility conditions), which constitutes
our QFF (quantifier-free formula) is satisfied, i.e. its logical value is true. In the next section, such
QFFs will be derived in concrete cases by using the Dolzmann and Sturm Redlog (Reduce Logic)
package [35, 36]. Of course, it is understood that the present CQE results, based on an approxi-
mate method, the Lobatto–Chebyshev method [9, 20], will be also approximate, but, naturally, the
increase of the number of nodes n generally leads to more accurate feasibility conditions.

3. Applications

In all four of the applications of this section, we will work with n = 4 nodes so that the obtained
approximate feasibility conditions (our QFFs) can be sufficiently simple. Moreover, here we are
not interested in a great accuracy of the Lobatto–Chebyshev method [9, 20]. This accuracy and the
related convergence were already investigated in great detail in the past.

3.1. First application

At first, we consider the problem of a periodic array of collinear cracks with a/b = 1/4 sat-
isfying Eq. (1), with its Fredholm (regular) kernel K(t,x) given by Eq. (13), completely equiva-
lently, satisfying Eq. (11), of course, together with Eq. (3). The Lobatto–Chebyshev method [9, 20]
(with n= 4 nodes tin, i.e. n−1= 3 collocation points xkn) leads to the system of linear equations (6)
and (7) as far as the original elasticity problem is concerned. Now let us assume that the loading
distribution p(x) in Eq. (1) should exceed (or be equal to) a constant value q0, i.e. the first inequality
constraint (18) should hold true at all the collocation points xk (k = 1,2,3). (For convenience, here
and in the sequel, the dependence of the nodes tin, the weights Ain, the collocation points xkn and
the approximate solution gn(t) on the number of nodes, here n = 4, will be omitted in the related
symbols.) Therefore, on the basis of Eqs. (6) and (7), we easily get the following expressions, the
first three of which are the inequalities (19) below and the last one is Eq. (20) below:

ek :=
c
π

n

∑
i=1

Ai cot[c(ti− xk)]g(ti), ek ≥ q0, k = 1,2,3, c :=
πa
b

, (19)

e4 :=
n

∑
i=1

Aig(ti), e4 = 0. (20)

Let us also assume that the stress intensity factors k(±1) at the crack tips t =±1 should not ex-
ceed a material fracture-related constant k0. Then, because of the related inequality constraints (15)
and (16), we must also have

g(1)≤ k0, −g(−1)≤ k0 (21)

with n = 4 as was already assumed.
The above formulation of the present crack problem has been easily written in the form of a

very small Reduce/Redlog program, which has been given as an input to Reduce after our having
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appropriately loaded Redlog. The related details (as far as Redlog is concerned) can be found in the
Redlog manual [35]. The fundamental command having been used in Redlog has been the rlqe

command for the Redlog-based CQE (computational quantifier elimination), more explicitly,

rlqe ex({g(1),g(2),g(3),g(4)},

eq(1)>=q0 and eq(2)>=q0 and eq(3)>=q0 and eq(4)=0

and g(1)<=k0 and -g(n)<=k0);

with {g(1):=g1; g(2):=g2; g(3):=g3; g(4):=g4;}. In this command, ex refers to the exis-
tential quantifier (∃, exists), {g(1),g(2),g(3),g(4)} is the list of values of the unknown func-
tion g(t) at the nodes ti (the quantified variables during the CQE) and, next, we have a conjunction
(logical and) of the inequalities (19) and (21) and the sole equation, Eq. (20), and as is clear from
the same command.

Redlog directly solved this simple CQE problem and derived the sought approximate feasi-
bility condition, equivalently the related QFF (quantifier-free formula), eliminating the existential
quantifier ∃ in the above input rlqe command. The output was, simply, the expected one, i.e.

1.128439545q0 ≤ k0. (22)

This result is expected under our assumed inequality constraints since 1.128439545 is (approxi-
mately) the value of the stress intensity factor k(±1) at the tips of our periodic array of cracks
(without any inequality constraints) for a unit loading p(x) ≡ 1, but here we have assumed, in the
inequalities (19), that p(x) should not be less that q0 and, moreover, in the inequalities (21), that
k(±1) should not exceed k0 . Therefore, Redlog found the correct QFF in the present very simple
application. We can add that, having not paid care to rounding errors in floating-point arithmetic
that we used in the present application, at first, the QFF (22) is an approximate QFF, but this is not
of much importance since the whole approach, based on the Lobatto–Chebyshev method [9, 20], is
also an approximate one. Moreover, Redlog did not give us directly the QFF (22), but it preferred
the conjunctive equivalent form

k0 - 1.128439545*q0 >= 0 and k0 - 1.128439545*q0 >= 0

since the use of floating-point arithmetic did not permit Redlog to find exactly the same numerical
values for the coefficient, 1.128439545, at both crack tips t =±1. This minor problem can be taken
care of (if we wish to do so) by taking into account the existing symmetry (about the point t = 0)
in our crack problem and in the Lobatto–Chebyshev method for its solution and, further, by using
exact (rational) arithmetic during the CQE computations, i.e. just before calling the rlqe Redlog
command, and coming back to floating-point arithmetic just after the derivation of the feasibility
condition(s). This can easily be done in Reduce by turning the switch rounded to off and to on,
respectively, which is a very easy task.

3.2. Second application

As a slightly more difficult application, we consider the same problem as in the previous subsec-
tion, Subsection 3.1, but now with three different values qk (k = 1,2,3) for the lower bounds of the
compressive loading p(x) at the collocation points xk and, moreover, two different upper bounds, k1
and k2, for the stress intensity factors at the crack tips t = 1 and t =−1, respectively, i.e.

ek > qk, k = 1,2,3, g(1)< k1, −g(−1)< k2 (23)

in the inequalities (19) and (21) evidently with Eq. (20) holding true again. (Here we have also
assumed the equality sign omitted in the inequalities, but this is not of major importance.) The
related Redlog input CQE command now takes the slightly modified form
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rlqe ex({g(1),g(2),g(3),g(4)},

eq(1)>q1 and eq(2)>q2 and eq(3)>q3 and eq(4)=0

and g(1)<k1 and -g(n)<k2);

and the Redlog output, i.e. the feasibility conditions for the present crack problem, was found to be

k1 - 0.64276798*q1 - 0.41778660*q2 - 0.06788496*q3 > 0 and

k2 - 0.06788496*q1 - 0.41778660*q2 - 0.64276798*q3 > 0

completely equivalently,

0.64276798q1 +0.41778660q2 +0.06788496q3 < k1 and
0.06788496q1 +0.41778660q2 +0.64276798q3 < k2. (24)

Again it is easy to interpret these feasibility conditions, the QFF (in a conjunctive, logically ‘and’
form) on the basis of the inequality constraints having been posed and, next, the numerical solution
of Eqs. (1) and (3) or Eqs. (6) and (7) after our present application of the Lobatto–Chebyshev
method [9, 20].

Moreover, in case that we add the additional simple positivity inequality constraints

q1 > 0, q2 > 0, q3 > 0, k1 > 0, k2 > 0, (25)

obviously, these constraints also appear (again in a conjunctive way) in the feasibility conditions,
i.e. in the QFF (24).

Finally, we have performed the above CQE operations (through the rlqe Redlog command once
more), but by using rational arithmetic (with the Reduce switch rounded set to off) and, next, we
returned back to floating-point arithmetic and solved the resulting inequalities with respect to k1
and k2. In this way, we obtained the QFF (24) again. The Redlog commands rlstruct (for the
structure of a formula) and rlitab (for tableau simplification) were also used in this task together
with the continuous use of the rlsimpl command (for standard simplification). Incidentally, it can
be added that, obviously, the exact Redlog CQE computations naturally contain very long integers,
which, obviously, are inappropriate for display here.

3.3. Third application

As our third application, we consider the crack problem in the previous application, but now for
a periodic array of parallel (instead of collinear) straight cracks (again with a/b = 1/4 and n = 4).
The sole difference consists in the Fredholm (regular) kernel K(t,x), which has now the form (14).
Therefore, the expressions ek in Eqs. (19) take now the forms

ek :=
c
π

n

∑
i=1

Ai{2coth[c(ti− xk)]− c(ti− xk)csch2[c(ti− xk)]}g(ti), c :=
πa
b

, (26)

with no change in Eq. (20) and in the inequality constraints (23) and (25), all of which are assumed
valid again. The related feasibility conditions (equivalently, the QFF) after the elimination of the
quantities g(ti) are now given by

q1 > 0 and q2 > 0 and q3 > 0 and k1 > 0 and k2 > 0
and 0.58453201q1 +0.19146763q2 +0.01364515q3 < k1

and 0.01364515q1 +0.19146763q2 +0.58453201q3 < k2. (27)
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This QFF was obtained by using Reduce and Redlog in either floating-point or rational arithmetic,
but in the latter case, evidently, after our having returned to floating-point arithmetic after the
completion of the CQE computations.

One point that can be added is that for the derivation of the results of the present application,
we have used the Redlog rlqea command (instead of just the rlqe command), which not only
derives the feasibility conditions, but also provides one answer as far as the quantified variables (in
our case, g(ti)) are concerned. In our present problem, the provided answer has been simply

g(t1) = +0.58453201q1 +0.19146763q2 +0.01364515q3,

g(t2) =−0.24516403q1 +0.58567401q2 +0.04027940q3,

g(t3) =−0.04027940q1−0.58567401q2 +0.24516403q3,

g(t4) =−0.01364515q1−0.19146763q2−0.58453201q3, (28)

which coincides with the numerical solution of Eqs. (12) and (3), but now with qk instead of p(xk).
In the special case where

q1 = q2 = q3 = q0, k1 = k2 = k0, (29)

the feasibility conditions (27) take the much simpler form

0.78964479q0 < k0 and q0 > 0 and k0 > 0 (30)

and the provided answer takes the equally simple form

g(t1) = +0.78964479q0, g(t2) = +0.38078938q0,

g(t3) =−0.38078938q0, g(t4) =−0.78964479q0 (31)

for the present special case of a constant minimum compressive loading q0 on both crack faces or,
equivalently, just a minimum tensile loading q0 at infinity.

Of course, it is continuously understood that all of the above numerical results will be (slightly)
improved for a larger number of nodes n (and collocation points n− 1 as well) in the Lobatto–
Chebyshev method [9, 20], but this is not of particular importance here, where we tried just to show
the possibility of incorporation of various (weakly) parametric inequality constraints during the
numerical solution of the present singular integral equation and the derivation of the approximate
necessary and sufficient feasibility conditions (the QFF).

3.4. Fourth application

As a fourth, final and somewhat more difficult application of the present approach, we consider
again exactly the periodic array of collinear cracks of Subsection 3.2 (with n = 4 again in the
Lobatto–Chebyshev method [9, 20]) under the validity of the essential inequality constraints (23)
and the auxiliary, positivity-related inequality constraints (25), but now with the additional essential
inequality constraints

g1 := g(t1)> 0, g2 := g(t2)> 0, g3 := g(t3)< 0, g4 := g(t4)< 0 (32)

assumed also holding true, the latter inequality constraints assuring (because of Eqs. (8)) the pos-
itivity of the unknown function g(t) at the two nodes t1,2 in the right half of the crack and the
negativity of the same function at the nodes t3,4 in the left half of the crack. Therefore, the slope
of the upper crack face should be negative at the first two nodes and positive at the last two nodes,
the contrary happening for the slope of the lower crack face. Evidently, finally, we have now nine



10 N. I. Ioakimidis: Redlog-based derivation of feasibility conditions in crack problems (2018)

essential inequality constraints, the five inequality constraints (23) and the four inequality con-
straints (32), and five auxiliary inequality constraints, the five inequality constraints (25), totally
fourteen inequality constraints. The quantified variables are again gi := g(ti) (i = 1,2,3,4) and
the CQE (computational quantifier elimination) problem is once more an existential CQE prob-
lem, where the four equations resulting from the Lobatto–Chebyshev numerical method, i.e. those
defining the quantities ek in Eqs. (19) and (20), should also be taken into account.

The basic Redlog command for the present CQE problem has been the following one:

Q0 := rlqe ex({g1,g2,g3,g4},

k1>0 and k2>0 and q1>0 and q2>0 and q3>0

and g1>0 and g2>0 and g3<0 and g4<0

and eq(1)>q1 and eq(2)>q2 and eq(3)>q3 and eq(4)=0

and g1<k1 and -g4<k2);

with the list of existentially quantified variables being [g1,g2,g3,g4], i.e., [g(t1),g(t2),g(t3),g(t4)].
By further using the Redlog rlstruct and rlitab commands, the final output, i.e. our ap-

proximate necessary and sufficient feasibility conditions (the QFF Q), was found to have exactly
the following form:

Q := v17 > 0 and v22 > 0 and v23 > 0 and v24 > 0 and v9 > 0
and ((v18 < 0 and v19 < 0 and v20 < 0 and v21 ≥ 0 and v6 > 0)

or (v18 < 0 and v19 < 0 and v20 < 0 and v21 > 0 and v6 > 0)
or (v4 > 0 and v6 ≤ 0 and v7 > 0 and v8 > 0)
or (v13 > 0 and v14 ≤ 0 and v15 > 0 and v16 > 0)
or (v10 > 0 and v11 > 0 and v12 > 0 and v14 > 0 and v5 > 0)
or (v1 > 0 and v2 > 0 and v3 > 0 and v5 ≤ 0 and v6 > 0)). (33)

After the necessary floating-point additional computations, the expressions for the quantities vi
(i = 1,2, . . . ,24) in the above QFF Q were found to be

v1 := k1− (0.6427679834q1 +0.417786603q2 +0.06788495886q3),

v2 := k1− (0.6011826825q1 +0.1967445722q3),

v3 := k1− (0.7716275967q1 +0.02629965791q3),

v4 := k1− (0.6355984172q1 +0.373662709q2),

v5 := k1− k2− (0.5748830246q1−0.5748830246q3),

v6 := k1− (0.5748830246q1−0.5748830246q3),

v7 := k1−0.7630207039q1, v8 := k1−0.5944769672q1, v9 := k1,

v10 := k2− (0.06788495886q1 +0.417786603q2 +0.6427679834q3,

v11 := k2− (0.02629965791q1 +0.7716275967q3),

v12 := k2− (0.1967445722q1 +0.6011826825q3),

v13 := k2− (0.373662709q2 +0.6355984172q3),

v14 := k2− (−0.5748830246q1 +0.5748830246q3),

v15 := k2−0.7630207039q3, v16 := k2−0.5944769672q3, v17 := k2,

v18 := q1 +6.154332418q2 +9.468488958q3,

v19 := q1 +3.055650664q3, v20 := q1 +29.33983397q3,

v21 := q1−q3, v22 := q1, v23 := q2, v24 := q3. (34)
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From the feasibility conditions (the QFF) Q in Eq. (33) (together with Eqs. (34)), at first, we
observe that the auxiliary inequality constraints (25) appear in its first line in a completely con-
junctive way. Next, it can also be observed that there are six separate possibilities in the above
algebraic–logical formula Q (obviously connected in a disjunctive way with an ‘or’), the second
of which can be omitted if the first of them is taken into account. (This requires a little more sim-
plification effort during the use of Redlog.) In any case, each of these essential terms consists of
four or five inequalities connected in a conjunctive way (with an ‘and’). Unfortunately, it has not
been possible to completely interpret each line of Q in Eq. (33) beyond the first line there although
several inequality terms seem to be reasonable. This inability should be expected quite frequently
in practice for the engineer even in rather simple (but non-trivial) problems such as the present one
and, therefore, the computer’s/computer software help (here of Reduce and Redlog) seems to be
indispensable in all non-trivial problems of computational mechanics and engineering such as the
present one. Incidentally, it can be added that the expressions in v1 and v10 in Eqs. (34) completely
correspond to the two inequality expressions in the QFF (24) in Subsection 3.2, but here, contrary
to the QFF (24), without an ‘and’ as is clear from the QFF (33).

Finally, it can also be observed that the above QFF, Q, is sufficiently more complicated than
the QFFs having been derived in the previous subsections and this is simply due to the addition
of four more (essential) inequality constraints, the four inequality constraints (32). This should be
expected to be further the case whenever an increased number of parametric inequality constraints
has to hold true provided that, on the other hand, we do not take any serious care to reduce the
number of parameters in the QFF, where, of course, the existentially quantified variables (here the
variables gi := g(ti), i = 1,2,3,4) are not present any more after the CQE (computational quantifier
elimination) performed by Redlog. It is understood that in complicated cases the derived QFFs (the
feasibility conditions) can safely be stored in the computer hard disk (instead of being explicitly
written down on paper as has been here the case) and employed (with the help of a separate com-
puter program even outside Reduce) whenever required generally for concrete numerical values of
all (or, at least, most) of the various: geometric, loading, strength/fracture, etc. parameters involved.

4. Conclusions

From the above results it can easily be concluded that

1. The powerful Redlog Reduce computer logic package of Dolzmann and Sturm [35, 36] (based
on the Weispfenning related elimination algorithm [31–34]) can be used either in floating-
point or, preferably, in rational arithmetic for the derivation of feasibility conditions related
to singular integral equations of crack problems under parametric inequality constraints as
an alternative to the use of the implementation of quantifier elimination algorithms in Math-
ematica [27] for this purpose as was made in Ref. [24]. Moreover, the Redlog switches can
be appropriately used for the simplification and the efficient appearance of the output. One
particular solution for the unknown function can also be provided. Finally, the use of Redlog
constitutes an improved possibility compared to the use of the classical Fourier elimination.

2. The present approach is also directly applicable (or can easily be extended) to a variety of
more complicated cases including, e.g., (i) the use of further points (not only the nodes) in the
interval of validity of the singular integral equation by employing an appropriate interpolation
method such as the author’s natural (Nyström-equivalent) interpolation method, (ii) systems
of singular integral equations, (iii) the application of alternative methods for the solution of
singular integral equations such as the Gauss–Chebyshev method, (iv) singular integral equa-
tions of the second kind, (v) various elasticity and additional engineering problems beyond
crack problems (e.g. rigid line inclusions, finite elastic media, elastic media with holes and/or
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inclusions, V-notch problems, etc.), (vi) ordinary (Fredholm) integral equations, (vii) weakly
singular integral equations (i.e. with a logarithmic kernel), (viii) hypersingular (finite-part,
Hadamard/Mangler-type strongly singular) integral equations as in the recent Ref. [24], etc.

3. In all cases, the resulting feasibility conditions become more complicated whenever the num-
ber of the inequality constraints and the number of the parameters involved in them increase
and this is obvious. Therefore, both of these numbers should be kept as small as possible.

4. Furthermore, the present results illustrate one more possibility of non-trivially using and com-
bining computer algebra systems and computer logic packages in computational mechanics.

Finally, it is hoped that in the future the use of Reduce and Redlog in computational quantifier
elimination could be combined with the use of available automated reasoning/deduction software
so that a better link between computer algebra and computational logic can be established. Unfor-
tunately, there seems to be no related progress in computational mechanics and engineering so far.

References

[1] Muskhelishvili, N. I., Singular Integral Equations: Boundary Problems of Function Theory and Their
Application to Mathematical Physics (2nd English edition). Noordhoff, Groningen, The Netherlands,
1953. https://www. springer.com/us/book/9789400999961. Web page of the Dover edition: Dover, New
York, 1992. http://store.doverpublications.com/0486145069.html

[2] Kalandiya, A. I., Mathematical Methods of Two-dimensional Elasticity (English edition). Mir Publish-
ers, Moscow, 1975.

[3] Parton, V. Z. and Perlin, P. I., Integral Equations in Elasticity (English edition). Mir Publishers,
Moscow, 1982.

[4] Hills, D. A., Kelly, P. A., Dai, D. N. and Korsunsky, A. M., Solution of Crack Problems: The Distributed
Dislocation Technique. Kluwer, Dordrecht, 1996. https://www.springer.com/la/book/9780792338482

[5] Kalandiya, A. I., Approximate solution of a class of singular integral equations. Doklady Akademii
Nauk SSSR, 125, 715–718 (1959). (English translation: The British Library, Lending Division, 1974:
RTS 8730.)

[6] Erdogan, F. and Gupta, G. D., On the numerical solution of singular integral equations. Quarterly of
Applied Mathematics, 29, 525–534 (1972). https://doi.org/10.1090/qam/408277

[7] Erdogan, F., Gupta, G. D. and Cook, T. S., Numerical solution of singular integral equations. In:
Sih, G. C. (editor), Mechanics of Fracture, Vol. 1: Methods of Analysis and Solutions of Crack Prob-
lems. Noordhoff, Leyden, The Netherlands, 1973, Chap. 7, pp. 368–425. https://doi.org/10.1007/978-
94-017-2260-5 7

[8] Erdogan, F., Complex function technique. In: Eringen, A. C. (editor), Continuum Physics, Vol. 2: Con-
tinuum Mechanics of Single-substance Materials. Academic Press, New York, 1975, Part III, Chap. 3,
pp. 523–603.

[9] Theocaris, P. S. and Ioakimidis, N. I., Numerical integration methods for the solution of singular in-
tegral equations. Quarterly of Applied Mathematics, 35 (1), 173–183 (1977). https://doi.org/10.1090/
qam/445873

[10] Theocaris, P. S. and Ioakimidis, N. I., A remark on the numerical solution of singular integral equations
and the determination of stress-intensity factors. Journal of Engineering Mathematics, 13 (3), 213–222
(1979). https://doi.org/10.1007/BF00036670

[11] Ioakimidis, N. I. and Theocaris, P. S., On the numerical solution of a class of singular integral equations.
Journal of Mathematical and Physical Sciences, 11 (3), 219–235 (1977).

[12] Ioakimidis, N. I. and Theocaris, P. S., A remark on the numerical evaluation of stress intensity factors by
the method of singular integral equations. International Journal for Numerical Methods in Engineering,
14 (11), 1710–1714 (1979). https://doi.org/10.1002/nme.1620141112

[13] Ioakimidis, N. I. and Theocaris, P. S., On convergence of two direct methods for solution of Cauchy
type singular integral equations of the first kind. BIT, Nordisk Tidskrift for Informationsbehandling,
20 (1), 83–87 (1980). https://doi.org/10.1007/BF01933588

https://www.springer.com/us/book/9789400999961
http://store.doverpublications.com/0486145069.html
https://www.springer.com/la/book/9780792338482
https://doi.org/10.1090/qam/408277
https://doi.org/10.1007/978-94-017-2260-5_7
https://doi.org/10.1007/978-94-017-2260-5_7
https://doi.org/10.1090/qam/445873
https://doi.org/10.1090/qam/445873
https://doi.org/10.1007/BF00036670
https://doi.org/10.1002/nme.1620141112
https://doi.org/10.1007/BF01933588 


N. I. Ioakimidis: Redlog-based derivation of feasibility conditions in crack problems (2018) 13

[14] Ioakimidis, N. I. and Theocaris, P. S., A comparison between the direct and the classical numerical
methods for the solution of Cauchy type singular integral equations. SIAM Journal on Numerical Anal-
ysis, 17 (1), 115–118 (1980). https://doi.org/10.1137/0717012

[15] Ioakimidis, N. I. and Theocaris, P. S., A remark on the Lobatto–Chebyshev method for the solution of
singular integral equations and the evaluation of stress intensity factors. Serdica, Bulgariacae Mathe-
maticae Publicationes, 6 (4), 384–390 (1980). http://www.math.bas.bg/serdica/1980/1980-384-390.pdf

[16] Ioakimidis, N. I., On the natural interpolation formula for Cauchy type singular integral equations of
the first kind. Computing, 26 (1), 73–77 (1981). https://doi.org/10.1007/BF02243425

[17] Ioakimidis, N. I., A remark on the application of closed and semi-closed quadrature rules to the direct
numerical solution of singular integral equations. Journal of Computational Physics, 42 (2), 396–402
(1981). https://doi.org/10.1016/0021-9991(81)90252-7

[18] Ioakimidis, N. I., A strange convergence property of the Lobatto–Chebyshev method for the numerical
determination of stress intensity factors. Computers & Structures, 17 (2), 205–209 (1983). https://doi.
org/10.1016/0045-7949(83)90007-X

[19] Ioakimidis, N. I., On Kalandiya’s method for the numerical solution of singular integral equations.
International Journal of Computer Mathematics, 13 (3–4), 287–299 (1983). https://doi.org/10.1080/
00207168308803370

[20] Ioakimidis, N. I., General Methods for the Solution of Crack Problems in the Theory of Plane Elasticity
(in Greek). Doctoral Thesis; National Technical University of Athens, Athens, 1976.

[21] Ioakimidis, N. I. and Theocaris, P. S., On the numerical evaluation of Cauchy principal value integrals.
Revue Roumaine des Sciences Techniques, Série de Mécanique Appliquée, 22 (6), 803–818 (1977).
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