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Abstract

It is well known that reduced logic depth allows for operation at low voltages, therefore
reducing power dissipation. However, such circuits are particularly susceptible to variations,
which may compromise expected benefits.

This Master Thesis is focused on the evaluation of the performance and power character-
istics of certain adder structures under inter- and intra-die process variations in deep-submicron
technology nodes. Specifically, it presents a solution for low-power addition under variability,
which successfully handles the challenge of increased threshold voltage variation. We quanti-
tatively compare the impact of variation on the performance of Ripple-Carry Adder (RCA) and
Borrow-Save Adder (BSA), and quantify the average power reduction achieved by BSA attained
at low voltage values, at the cost of increased delay variation. In addition, we propose a tech-
nique that enhances BSA tolerance to variations. Using Statistical SPICE Timing Evaluation
at 45-nm, 32-nm, and 16-nm nodes, we estimate the maximum critical path delay variation and
average power dissipation of BSA at different supply voltages. Our analysis reveals that BSA
achieves three times smaller standard deviation of maximum delay than RCA at the same supply
voltage for a 45-nm technology node. In addition, we show that it is possible to substantially
reduce the supply voltage, decreasing by almost 60% the overall power dissipation of BSA in
comparison to a counterpart operating at nominal voltage, while keeping maximum delay less
than that of RCA. Furthermore, simple design optimizations in the design of BSA are intro-
duced that trade latency for variability, significantly reducing normalized standard deviation of
the maximum delay. BSIM 4 MOSFET libraries have been employed for a precise evaluation
of performance-power characteristics in todays technology nodes.

Furthermore, thisMaster Thesis introduces two statistical delay-variabilitymodels for RCA
and BSA. The models consider both intra- and inter-die delay variations. The first proposed
model, named as Type-I model, is derived in the form of expressions for the computation of the
exact Probability Density Functions (PDFs) of maximum output delays of the two adder archi-
tectures. Furthermore, closed formulas for the correlation coefficients between output delays of
the aforementioned adder architectures are presented. The introduced derived correlation coef-
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ficients are subsequently combined with Clark’s method to derive the second proposed model,
Type-II model, which comprises approximations of the maximum delay PDFs of RCA and BSA.
The proposed Clark-based Type-II model uses Gaussian distributions to approximate maximum
delay distributions, taking into account the correlation between logic paths. Simulation results
and the derived exact Type-I PDFs are found to perfectly agree, while the proposed Clark-based
Type-II models present an error for standard deviation of maximum delay that increases as BSA
word length increases. Both the introduced models and the simulations prove that BSAs achieve
narrower delay distributions than RCAs, i.e., they significantly reduce delay variance. Conse-
quently, BSAs are proven to be suitable for variation-tolerant applications by providing a timing
safety margin, when compared to RCA architectures. The underlying analysis indicates that,
for the case of BSA and (inter- and) intra-die delay variations, the Type-II models introduce
no-negligible errors, which are as much as 16% of the standard deviation of maximum delay
for a 256-bit BSA, as the Type-II Gaussian PDF approximations deviate significantly from the
exact Type-I PDFs. However, for all RCA and BSA inter-die only variation cases, both Types
present satisfactory accuracy due to Gaussian shape of exact PDFs.
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Περίληψη

Είναι γενικότερα γνωστό ότι ολοκληρωμένα κυκλώματα με μικρά κρίσιμα μο-
νοπάτια καθυστέρησης μπορούν να λειτουργήσουν σε χαμηλή τάση τροφοδοσίας,
περιορίζοντας την κατανάλωση ενέργειας. Ωστόσο, τέτοια κυκλώματα είναι ιδιαι-
τέρως ευάλωτα σε διακυμάνσεις παραμέτρων, οι οποίες μπορούν να περιορίσουν
τα αναμενόμενα πλεονεκτήματα.

Η συγκεκριμένη Μεταπτυχιακή Διπλωματική Εργασία εστιάζει στην εκτίμηση
των χαρακτηριστικών καθυστέρησης και κατανάλωσης ενέργειας συγκεκριμένων
κυκλωματικών δομών πρόσθεσης. Η μελέτη αφορά την μελέτη δομών πρόσθεσης
που υπόκεινται σε intra- και inter-die διακυμάνσεις παραμέτρων σε σύγχρονες τε-
χνολογίες ολοκλήρωσης. Ειδικότερα, διερευνώνται κυκλώματα πρόσθεσης χαμηλής
κατανάλωσης ενέργειας, τα οποία παρουσιάζουν διακυμάνσεις τάσεως κατωφλίου.
Γίνεται ποσοτική εκτίμηση των επιπτώσεων της διακύμανσης στα χαρακτηριστικά
καθυστέρησης ενός Αθροιστή Κυμάτωσης Κρατουμένου (Ripple-Carry Adder, RCA)
και ενός Αθροιστή για πρόσθεση αριθμών σε borrow-save κωδικοποίηση (Borrow-
Save Adder, BSA). Επίσης, εκτιμάται η μείωση της μέσης κατανάλωσης ενέργειας
ενός BSA σε λειτουργία χαμηλής κατανάλωσης, με κόστος την αυξημένη χρονική δια-
κύμανση. Επίσης, προτείνονται δύο κυκλωματικές υλοποιήσεις του BSA οι οποίες
ενισχύουν την ανοχή σε χρονικές διακυμάνσεις. Χρησιμοποιώντας Στατιστική Χρο-
νική Ανάλυση με την χρήση SPICE στους τεχνολογικούς κόμβους των 45 nm, 32 nm
και 16 nm, εκτιμάται η διακύμανση της μέγιστης καθυστέρησης των κρίσιμων μονο-
πατιών και η μέση κατανάλωση ενέργειας του BSΑ σε ένα εύρος τάσεων τροφοδο-
σίας. Η συγκεκριμένη ανάλυση δείχνει ότι ο BSA επιτυγχάνει τρεις φορές μικρότερη
τυπική απόκλιση μέγιστης καθυστέρησης σε σύγκριση με τον RCA στην ίδια τάση
τροφοδοσίας και τεχνολογία κατασκευής 45 nm. Επίσης, είναι δυνατόν να μειωθεί
σημαντικά η τάση τροφοδοσίας, μειώνοντας έως σχεδόν 60% την κατανάλωση του
BSA σε σύγκριση με την ονομαστική τάση τροφοδοσίας του, ενώ η μέγιστη καθυστέ-
ρηση του BSA δεν ξεπερνά αυτή του RCA κάτω από διακυμάνσεις τάσης κατωφλίου.
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Επιπλέον, προτείνονται απλές κυκλωματικές αλλαγές στην σχεδίαση του BSA που
μειώνουν την κανονικοποιημένη διακύμανση αυξάνοντας όμως την καθυστέρηση, με
στόχο την μείωση της κανονικοποιημένης τυπικής απόκλισης μέγιστης καθυστέρη-
σης. Η εκτίμηση των χαρακτηριστικών καθυστέρησης και κατανάλωσης βασίστηκε
σε BSIM 4 MOSFET βιβλιοθήκες.

Επιπλέον, προτείνονται δύο στατιστικά μοντέλα για τους RCA και BSA. Τα μο-
ντέλα λαμβάνουν υπόψη τους inter- και intra-die διακυμάνσεις καθυστέρησης. Το
πρώτο προτεινόμενο μοντέλο (Type-I) περιγράφεται υπό την μορφή σχέσεων για
τον υπολογισμό της Συνάρτησης Πυκνότητας Πιθανότητας (ΣΠΠ) της μέγιστης κα-
θυστέρησης για τους δύο αθροιστές. Περιγράφονται, παράλληλα, με την μορφή κλει-
στών σχέσεων οι συντελεστές συσχέτισης ανάμεσα στις εξόδους των δύο αθροιστών.
Το δεύτερο προτεινόμενο μοντέλο (Type-II) προκύπτει με την χρήση των συντελε-
στών συσχέτισης και των σχέσεων του Clark, και αποτελεί προσέγγιση της ΣΠΠ της
μέγιστης καθυστέρησης των δύο αθροιστών. Το προτεινόμενο Type-II μοντέλο χρη-
σιμοποιεί Γκαουσιανές κατανομές για την προσέγγιση της μέγιστης καθυστέρησης,
λαμβάνοντας υπόψη την συσχέτιση μεταξύ την λογικών μονοπατιών. Η ΣΠΠ που
προκύπτει από τις εξομοιώσεις και αυτή του Type-I μοντέλου ταυτίζονται απόλυτα,
ενώ εκείνη του Type-II μοντέλου παρουσιάζει ένα σφάλμα για την διακύμανση μέ-
γιστης καθυστέρησης που αυξάνεται καθώς αυξάνεται το μήκος λέξης του BSA. Και
τα δύο προτεινόμενα μοντέλα, καθώς και οι αντίστοιχες εξομοιώσεις, αποδεικνύουν
ότι ο BSA πετυχαίνει πιο στενές κατανομές μέγιστης καθυστέρησης, με μικρότερη
τυπική απόκλιση, σε σχέση με τον RCA. Επομένως, προτείνεται η χρήση των BSAs
για εφαρμογές που απαιτείται ανοχή σε διακυμάνσεις καθυστέρησης έναντι των
RCAs. Η συγκεκριμένη ανάλυση δείχνει, επίσης, πως τα Type-II μοντέλα για την
περίπτωση του BSA και (inter- και) intra-die διακυμάνσεις καθυστέρησης εισάγουν
λάθη προσέγγισης, που μπορεί να είναι έως και 16% σε έναν 256-bit BSA, καθώς
οι Γκαουσιανές προσεγγίσεις του Type-II μοντέλου αποκλίνουν σημαντικά από τις
ακριβής ΣΠΠ που προκύπτουν από το Type-I μοντέλο. Ωστόσο, για όλες τις πε-
ριπτώσεις του RCA και την inter-die BSA περίπτωση και οι δύο τύποι μοντέλων
παρουσιάζουν ικανοποιητική ακρίβεια λόγω της Γκαουσιανής μορφής της ΣΠΠ μέ-
γιστης καθυστέρησης.
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Chapter 1

Introduction

This chapter comprises the introductory chapter of this thesis. Initially, it summarizes the struc-
ture of this thesis and presents its contributions. Subsequently, a variation overview is demon-
strated. In addition, it summarizes recent advances in the field of variation tolerance for arith-
metic circuits and modeling for arithmetic units, and provides basic insights related to Statistical
Timing Analysis and variation mechanisms.

1.1 Thesis Outline

This thesis concentrates on the evaluation of statistical performance of Ripple-Carry Adder
(RCA) and Borrow-Save Adder (BSA) in the presence of inter- and intra-die threshold volt-
age variations. The evaluation is performed based on BSIM 4 models in sub-micron technology
nodes. It is also presents two statistical models that estimate the Probability Density Function
(PDF) of maximum delay for Ripple-Carry Adder or Borrow-Save Adder.

The remainder of this thesis is structured as follows: The following sections of Chapter 1
present an overview of variation sources, along with recent contributions on variation-tolerant
techniques and variation modeling for arithmetic circuits. In Chapter 2, the employed radix-2
encoding scheme for addition and the respective hardware architectures are described. In addi-
tion, Chapter 3 specific statistical metrics of Ripple-Carry Adder and Borrow-Save Adder are
evaluated under threshold voltage variations. In Chapter 4, the derived Type-I model for RCA
and BSA is presented. In Chapter 5, the derived Type-II model is presented, and a compari-
son of Ripple-Carry Adder and Borrow-Save Adder based on the proposed models takes place.
Finally, Chapter 6 concludes this thesis work.
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CHAPTER 1. INTRODUCTION

1.2 Thesis Contribution

This Master Thesis has led to the following paper, presented at the IEEE International Sympo-
sium on Circuits and Systems (ISCAS) inMay 2018, and included on ISCAS 2018 Special Issue
of Transactions on Circuits and Systems–Part II: Express Briefs [J1]:

K. Papachatzopoulos and V. Paliouras, “Low-Power Addition with Borrow-Save Adders
under Threshold Voltage Variability,” IEEE Transactions on Circuits and Systems—Part II: Ex-
press Briefs, vol. 65, no. 5, pp. 572–576, 2018.

Furthermore, the following paper has been submitted for review and possible publication
in the Transactions on Circuits and Systems—Part I: Regular Papers [J2]:

K. Papachatzopoulos and V. Paliouras, “Static Delay Variation Models for Ripple-Carry
and Borrow-Save Adders,” IEEE Transactions on Circuits and Systems—Part I: Regular Pa-
pers.

1.3 Variation Overview

1.3.1 General Overview

Process variability emerges as a significant issue in the design of VLSI circuits below 90-nm
technology processes [1–3]. This variability is attributed to the gap between process scaling
and manufacturing tolerances, and to the intrinsic atomic-level randomness of semiconductor
devices. The introduced variability causes to a great extend deviations of key technological
and operational characteristics of semiconductor devices from their nominal value. Focusing on
planar bulk CMOS technology, parameters affected mostly are the channel and interconnection
length and width, the threshold voltage, and the oxide thickness [1–3].

From a modeling perspective, when process variations are manifested, parameter varia-
tions are typically modeled as inter-die and intra-die variations. [1, 3]. Inter-die variability is
due to mechanisms that produce systematic variations across a die, lot, or wafer, and cause a
shift from the expected value of a parameter. They model channel length and metal thickness
variations on a chip. On the other hand, intra-die variations model spatially correlated and
uncorrelated variations, such as those caused by Random-Dopant Fluctuations. Although the
effect of inter-die variations is captured by performing corner case analysis, intra-die variations
demand Monte-Carlo simulations of a high dimensionality, which is computationally infeasi-
ble to be performed in most cases. Furthermore, lack of layout information in the early design
phases allows the modeling of both inter- and intra-die variations using random variables. Now,
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CHAPTER 1. INTRODUCTION

a device parameter, P , affected by variations, is modeled as

P = Pnominal + Pinter-die + P uncorr
intra-die + P corr

intra-die, (1.1)

where Pnominal is the nominal value of a parameter, Pinter-die is, typically, a Gaussian random
variable expressing inter-die variations, and P uncorr

intra-die (P corr
intra-die) is the uncorrelated (correlated)

component of intra-die variations.

In this framework, Statistical Timing Analysis is employed to effectively assess the timing
yield of IC designs in the presence of variations. Statistical Timing Analysis assumes that the
delay of each component is modeled by a Probability Density Function. In this context, critical
paths are defined as paths that have high probability (higher than a threshold) to become criti-
cal [3]. Statistical Timing Analysis is categorized into path-based and block-based techniques.
Path-based approaches are based on path enumeration and the construction of maximum delay
Probability Density Function of the circuit from the distribution of a percentage of longest paths
and their dependences. Path-based algorithms present the advantage that there is no need of
max approximation of two Probability Density Functions (except for the final max operation)
compared to block-based timing algorithms. In contrast, in block-based algorithms, the timing
graph is explored in breadth-first search manner. They further present the advantage of compu-
tational efficiency and incremental analysis compared to path-based algorithms. In particular,
Visweswariah et al. [4] propose a block-based timing algorithm that employs a linear delay
model considering the correlation among logic structures. Another class of timing techniques
uses Monte-Carlo simulations that are based on a number of timing iterations with slightly dif-
ferent characteristics. In this thesis, Monte-Carlo simulations are employed as timing evaluation
technique due to the simplicity of its implementation.

1.3.2 Variation Mechanisms

In the following, an overview of process variationmechanisms of planar bulk CMOS technology
along with related device- and circuit-level effects is presented.

Threshold voltage (Vth) variations are due to differences in the number of dopant atoms in
the channel of MOSFETs, and it is found that it is the parameter whose variation affect most
adder circuits [5]. The aforementioned physical mechanism is also known as Random Dopant
Fluctuations and apart from Vth, it also impacts the value of overlap capacitance and the effective
source resistance. It is noted that, while the nominal value of threshold voltage inclines from
0.35 V to 0.28 V, following technology scaling trends from 130 nm to 45 nm, the standard
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CHAPTER 1. INTRODUCTION

deviation of threshold voltage doubles [5]. From an empirical expression [6]

σVth = 3.19 · 10−8 toxN
0.4
a√

LeffWeff
, (1.2)

where tox is the oxide thickness, Na the average channel doping, and Leff,Weff are the effective
channel length and width, respectively, it is concluded that up-sizing the transistors decreases
Vth variations. In the context of this thesis, it is assumed that Vth variation is the main contributor
of timing and power variability, thus, only the delay and power consequences of Vth variations
are investigated as in [7].

The importance of channel length in circuit performance is so significant that is usually
known as the critical dimension, as it determines its speed and power consumption. This tech-
nology parameter defines the minimum feature size of the technology. Channel length varia-
tions impact exponentially the leakage power of chips and lead to power yield losses, affecting
negatively economic profits. Mask imperfections, the exposure system, etching, the spacer def-
inition, and implantation of source and drain regions are some factors that influence channel
length variations [1]. Pelgrom’s model [8] proposes that transistors that are relatively close to
each other are subjected to similar process variation mechanisms and, thus, their performance
will be affected by similar trends. A model that describes the correlation function is given by

V ar(∆CDd) = 2V ar(CD)
(
1− exp

(−d
dl

))
, (1.3)

where V ar(CD) is the standard deviation of critical dimension and dl is the characteristic dis-
tance of a particular technology.

In addition, Line-Edge Roughness is another intrinsic mechanism of variability that is in-
duces deviations of the gate length along the width of a gate, is caused by statistical variation
in the incident photon count during exposure [5], and its 3σ deviation is in the order of almost
5 nm [9]. Line-Edge Roughness has multiple repercussions, affecting drive current, off-current,
leakage current, and threshold voltage. In [1], it is mentioned that Line-Edge-Roughness in
devices with Leff = 50 nm cause a σVth that is equal to 2.5–5 mV.

Wear-out effects arise from temporal variability, induced by aging mechanisms, and its ac-
tion is non-negligible after a greater time scale of circuit operation (109–1012 s) than the afore-
mentioned mechanisms. Negative Temperature Bias Instability affects p-channel MOSFETs
causing gradual increase of ∥Vth∥, decrease of driving capability and, accordingly, their perfor-
mance. The physical mechanism behind Negative Temperature Bias Instability is the genera-
tion of interface states and positive trapped charge caused when device experiences stress with
Vg = 0, Vd = Vs = Vdd for a long period of time. Although continuous stress causes as much
as 42% ∥Vth∥ degradation, ∥Vth∥ is partially reverted after stress is removed [1]. Hot Electron
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CHAPTER 1. INTRODUCTION

Effect generates secondary electrons that are accumulated into gate oxide and increase the ab-
solute value of threshold voltage. Another important aging mechanism is Electromigration that
is caused by high current densities passing though metal wires. The collusion of electrons with
atoms of metal causes diffusion of the latter that results in increase of metal resistance, increase
of propagation delay and, in the worst case, wire opens. Finally, wear-out mechanisms also
include Time-Dependent Dielectric Breakdown, which describes the generation of a conducting
path between gate terminal and device channel, as a result of strong horizontal electric fields.
The use of high-k dielectric seems to countermeasure its effect compared to SiO2, however, it
does not reduce its significance.

1.4 Related Bibliography

Timing variability and the introduced timing violations in arithmetic circuits play a significant
role as the arithmetic logic structures are fundamental blocks that exist in every digital device.
In this thesis, we focus on simple adder architectures and we investigate their timing response in
recent integration nodes of planar bulk CMOS technology. Although simple, these architectures
constitute the core of more complex structures, such as multipliers, digital filters and address
generators.

Alioto and Palumbo [10] investigate the delay sensitivity of common Full-Adder topologies
on supply voltage and threshold voltage variations. In their analysis, they use useful simplifica-
tions for delay modeling purposes, i.e., they assume that the delay of Mirror, Dual-Rail Domino
and CPL Full Adders can be approximated by the delay of a CMOS inverter with a proper load.
In more detail, it is proposed that the sensitivity of a Full Adder with the aforementioned topolo-
gies, at a supply voltage, Vdd, and threshold voltage, Vth, can be approximated as

SτPD
Vdd

= −
Vdd
Vth
(a− 1) + 2
Vdd
Vth
− 1

, (1.4)

SτPD
Vth,n

=
a+ 1

2( Vdd
Vth,n
− 1)

, (1.5)

respectively, where a is a technology-dependent constant and τPD is the half of propagation
delay of a CMOS inverter. The proposed models have a maximum error that is lower than
20%. Additionally, their analysis leads to the conclusion that a 10% variation on supply voltage
has greater impact on delay sensitivity of Full Adders than the same percentage of variation
on threshold voltage value. In addition, the assumption that the delay sensitivity, as proposed
by (1.4) and (1.5), does not depend on the transistor sizing and fan-out seems accurate enough.
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CHAPTER 1. INTRODUCTION

The same authors in [11] present a quantitative comparison of a range of Full-Adder cells in
0.35 μm in terms of power, propagation delay and their product. The respective analysis shows
that TG and LP adders are the most power efficient, the Dual-Rail Domino has the smallest
delay, while traditional Mirror Full Adder have the almost the same performance and dissipation
as TG and LP circuits, in the class of Full Adders with driving capability. Eisele et al. [12] note
the significance of intra-die threshold voltage variations on circuit design, demonstrating that
designs with reduced logic depth and operating at low supply voltages are the most sensitive to
intra-die variations.

Additionally, Palumbo and Alioto [13] provide a circuit-level analysis proving that the de-
lay variability presented in Domino logic gates are due to positive feedback loop formed by the
keeper transistor and the output inverter. It is noted that delay variability increases as the loop
gain increases to unity. They further propose the insertion of an extra transistor between the
supply voltage and the keeper that act as a resistance and reduces the loop gain, without degrad-
ing the noise immunity. The proposed keeper scheme reduces the standard deviation increase
due to keeper insertion by 35% on average in the presence of technology-related variations.

Abu-Rahma and Anis [7] derive a model describing the variance of propagation delay of a
CMOS inverter, σTpHL

. The model concerns the input slope effect on delay variations, which is
given by

σTpHL
=


(

Tr
Vdd(a+1)

+ TpHL,step
gm
ID

)
σVth for Tr<Trb

Tr
Vdd

σVth for Tr>Trb

, (1.6)

where Tr is the rise time of a linear input ramp, TpHL,step is the high-to-low propagation delay of
a step input, gm is the transconductance of the device, ID is the value of drain current and Trb is
a bound of time rise. From the model in (1.6), it is concluded as the voltage supply reduces, the
variance of propagation delay increases linearly above a value of rise time, Trb. As regards the
concluded design insights, it is proposed that the value of rise time is kept at its minimum for
logic paths that are sensitive to variability. Also, the minimum delay variation for a gate can be
achieved for only very fast input slopes.

Bernstein et al. [5] investigate certain 16-bit Adder topologies in terms of normalized delay
and power variation, µ

σ
, when transistors are subjected to manufacturing and operating varia-

tions. It is revealed that the static implementation of Ripple-Carry Adder presents the smaller
normalized delay variation and the passgate-based radix-2 Kogge–Stone the worst, while static
Ripple-Carry Adder using the Manchester carry chain demonstrates the minimum normalized
power variation. It is noted also that the main contributor of delay and power variability are
threshold voltage and supply variations accounting for 3.7% and 4.7% variations caused by 3σ
threshold voltage and 5% supply voltage variations, respectively.

8



CHAPTER 1. INTRODUCTION

Reynders and Dehaene [14] present a 32-bit sub-threshold Han-Carlson Adder operating at
190mV. Although sub-threshold operation is counter-intuitive for variation-resilient operations,
they employ a number of circuit techniques that enhance the noise immunity of the adder archi-
tecture. Firstly, they use transmission gate logic in order to achieve symmetric noise margins
and reduced power dissipation, leakage, and area than CMOS logic. Stacked nMOS transis-
tors are used to reduce Ioff,n. They further use latch-based pipelining so as delay variations are
compensated by the timing borrowing technique. The requirement of differential input signals
is solved using latches and pipeline stages that include only one transmission gate. The same
authors [15] design a MAC unit and increase slightly logic depth between pipeline stages in
order to average timing variations and decrease the number of latches, trading frequency to save
power/energy.

Variability remains a relevant problem even for contemporary FinFET-based systems. Vari-
ability in FinFET devices differs from that in planar CMOS, due to the different fabrication steps
involved. LER andMetal Gate Granularity are the primary variability sources for FinFETs [16].
The light doping profile of FinFETs renders the threshold voltage almost insensitive to Random
Dopant Fluctuations, while LER variations affect standard deviation of Vth as much as 5% of its
nominal value [17].

In our previous work [18], we quantitatively compare binary and Residue Number System-
based MACs with Monte-Carlo simulations and dynamic delay models, i.e., considering input
vectors that sensitize the logic paths. Residue Number System enables the use of arithmetic
computations in arithmetic units that operate in parallel. The respective simulations reveal that
Residue Number System MACs reduce the normalized delay as much as 83% compared to
conventional binary MACs when inter- and/or intra-die delay variations taking place. It is also
shown that the percentage of Residue Number System MACs that have a delay greater than
µ + 2σ is smaller than tat of binary MACs by 26.84% in worst case of inter- and intra-die
delay variations. Furthermore, it is shown that certain simplified Residue Number SystemMAC
architectures outperform conventional Residue Number System MAC architectures in terms of
the µ+nσ delay variation metric, where n is an integer. In addition, we perform [19] a statistical
comparison between three Adder architectures, i.e., Ripple-Carry Adder, Carry-Skip Adder and
Borrow-Save Adder under delay variations and employing the same delay models as in [18].
Borrow-Save Adders demonstrate as much as 75.61% and 81.69% smaller standard deviation
of delay compared to 4-bit Ripple-Carry Adder for Static and Dynamic Monte-Carlo Analysis,
respectively. Related benefits are reported also for the comparison between Carry-Skip Adder
and Borrow-Save Adder. Considering [18, 19], it is summarized that when certain encoding
schemes are adopted, specific statistical metrics of the respective hardware architectures can be

9



CHAPTER 1. INTRODUCTION

improved under inter- and intra-die delay variations.

1.5 SPICE Modeling Assumptions

The mechanisms of variability for planar bulk CMOS technology, mentioned in Section 1.4,
cause a 3σVth,total threshold voltage variation that can be at most 10% of its nominal value [1]. In
our SPICE analysis, we assume that, when variations are manifested, the final threshold voltage
value can be approximated as a sum of three terms

Vth = Vth,nominal + Vth,inter + Vth,intra, (1.7)

where Vth,nominal is the nominal value of threshold voltage, Vth,inter and Vth,intra are Gaussian ran-
dom variables with zero mean and standard deviations σVth,inter and σVth,intra , respectively, which
satisfy 3(σVth,inter + σVth,intra) = 0.1Vth,nominal. Threshold voltage component Vth,inter is common for
all MOSFETs of the examined circuits, referring to inter-die variations, such as channel length
fluctuations, and Vth,intra is completely independent across MOSFETs, modeling intra-die vari-
ations, such as those caused by RDF. The variation model we employ described by (1.7) is in
agreement with the model mentioned in [7] for the standard deviation of threshold voltage

σ2
Vth,total

≈ σ2
Vth,RDF

+ σ2
Vth,L

+ σ2
Vth,other

, (1.8)

where σVth,RDF , σVth,L , σVth,other is the respective deviation caused by Random-Dopant Fluctuations,
channel length fluctuations and other effects, respectively. Another basic assumption adopted
here is that the threshold voltage is the main parameter that affects delay variability, presuming
that channel length contributes to delay variability through DIBL effect and, hence, its effect is
mapped to the threshold voltage [7].

10



Chapter 2

Adder architectures

This chapters aims at describing the architectural characteristics of the adder structures under
investigation and the respective algorithms used for the addition process.

2.1 Ripple-Carry Adder

The investigation of Full-Adder timing margins is of paramount importance, as related timing
violations impair severely operations at the core of every processing system. We focus on two
architecturally simple adder structures, i.e., the Ripple-Carry Adder and the Borrow-SaveAdder.
We focus on Full Adder implementations of practical interest in terms of area and Power-Delay
Product [11], and we make related abstractions in order our models to reflect the respective
adder structures. In more detail, in this thesis we focus on two types of FA cells: the first type
produces the carry output prior to sum output, such as Mirror Full-Adder cells [20]. This type
of cell is employed in the Spice Analysis, presented in Chapter 3. In more detail, a 24-transistor
Static Mirror Full-Adder cells is used. A transistor-level schematic of this cell can be found in

FA FA FA FA cin
c1c2c3

s′1s′2s′3s′4

x1x2x3x4 y1y2y3y4

c′4
(a)

FA FA FA FA

FA FA FA FA

xn
1xn

2xn
3xn

4 yn1yn2yn3yn4
yp1yp2yp3yp4

sn1sn2sn3sn4

cnin

sp2sp3sp4cpout

cnout

xp
1xp

2xp
3xp

4

cpin

sp1

(b) (c)

Figure 2.1: The architecture of a) a 4-bit Ripple-Carry Adder, b) a Radix-16Adder with borrow-
save encoding, and c) a 4-to-2 compressor implemented by two Full Adders.
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CHAPTER 2. ADDER ARCHITECTURES

Fig. 3.1. The second type produces the sum output in parallel with the carry output, as in case of
CLP, Transmission Gate, and Dual-Rail Domino Full Adders [10,11,21]. These type of cells are
employed in the derivation of the two proposed statistical delay-variability models, presented in
Chapter 4.

The Ripple-Carry Adder consists of a number of cascaded Full-Adder (FA) cells, equal to
its bit-length. Under nominal process and environmental conditions, its maximum critical path
delay is defined by the path along its carry chain until the sum output of the most significant bit
position. However, when process fluctuations occur, the maximum critical path delay can be
manifested through other sensitizable paths. Despite the fact that Ripple-Carry Adders of long
bit lengths have a critical path delay that is unacceptable in terms of delay performance, it is
selected for investigation due to its simple structure and its involvement in more elaborate adder
architectures such as Carry-Skip Adder.

2.2 Borrow-Save Adder

Departing from the conventional binary arithmetic, we study the delay characteristics of Borrow-
Save Adder that employs the radix-2 encoding over the digit set S = {−1, 0, 1}, also known
as borrow-save (BS) encoding. In borrow-save encoding, each digit, xi, at the ith bit position
is represented by a pair of bits, (xn

i , x
p
i ), with positive negative and positive weights, and xi =

xp
i −xn

i ∈ S. The addition of digits observing the radix-2 borrow-save encoding is based on the
carry-free addition algorithm, which consists of three steps: i) the computation of position sums
pi = xi+yi, ii) the decomposition of each pi into a transfer ti+1 and an interim sumwi = pi−r ·
ti+1, where r is and integer, expressing the radix of the representation, and iii) the addition of the
incoming transfers to obtain the sum digits si = wi+ ti [22]. Borrow-Save Adder consists of 4-
to-2 compressors, composed of two FAs, implementing the carry-free addition algorithm [23].
The addition of operands, already expressed in borrow-save encoding, resembles the addition
of operands expressed in carry-save encoding, with the exception of certain inversions in the
beginning and at the end of the processing. Borrow-Save Adder architecture demonstrates the
advantage of reduced ripple-effect over Ripple-Carry Adder architecture. The architecture of
the two adders is depicted in Fig. 2.1. In this implementation, the slow sum-output of Full
Adders in the upper row drives the input-pin in a lower row Full Adder, optimized to receive
the slow-input.

As an instance, the addition of seven and one with zero carry-in, expressed in conventional
binary representation as x = 0111, y = 0001, respectively, mandates a carry to be propagated
sequentially from the first to the fourth bit position through the carry chain in the Ripple-Carry

12



CHAPTER 2. ADDER ARCHITECTURES

Adder. The counterpart operation in borrow-save domain, using the x = {(0, 0), (0, 1), (0, 1),
(0, 1)}BS, y = {(0, 0), (0, 0), (0, 0), (0, 1)}BS representation for seven and one, respectively,
results to the sum s = {(0, 1), (1, 1), (1, 1), (0, 0)}BS, computed with a ripple-effect of ti’s only
in a neighbor bit position.

Regarding the area occupied by the two architectures, the area of an N -bit Ripple-Carry
Adder is ARCA ≈ N ·AFA, and that of a Borrow-Save Adder is ABSA ≈ 2N ·AFA, where AFA is
the area of a Full Adder. The techniques evaluated here do not use resizing/gate splitting [24]
in order to control variation and optimize certain computational paths based on the respective
architecture.

The cost associated with the conversion from binary to borrow-save encoding and vice
versa can be compensated when a sufficient amount of computations are performed in the en-
coded data domain. This is common in applications such as digital filtering, where conversions
are required only in the beginning and at the end of processing [25]. Here, we do not take into
account the effect of converters since their effect on delay variation can be significantly reduced
using resizing, as they do not constitute a delay-critical component of the design.

This BSA architecture has the attractive characteristic that it presents a constant critical
path delay, which is independent of the bit length of the adder. This feature is exploited in this
thesis. More specifically, we either trade speed of BSA for reducing supply voltage in order to
gain power or for increasing critical path in order to reduce variability under nominal supply
voltage.
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Chapter 3

SPICE Transient Timing and Power
Analysis

This chapter comprises two sections; the first one presents the performance and power analysis
of Ripple-Carry Adder and Borrow-Save Adder on specific sub-nominal and near-threshold
supply voltage values of 45-nm, 32-nm and 16-nm technology processes. In the second one,
two proposed interconnection modifications of baseline Borrow-Save Adder architecture are
demonstrated that significantly reduce the normalized standard deviation of maximum delay.

3.1 Performance and Power Analysis

3.1.1 Experimental Set-Up

This section investigates the impact of threshold voltage variability on the maximum delay of
Ripple-Carry Adder and an equivalent length Borrow-Save Adder using Monte-Carlo SPICE
simulations. In more detail, we assume a Mirror Full Adder cell for both architectures, which
consists of 24 transistors [20]. The architecture of the employed cell is depicted in Fig. 3.1.
This cell is optimized for ripple-carry architectures, i.e., the path from carry-in to carry-out is
shorter than the path from carry-in to sum-out. Furthermore, in order to capture accurately
the delay characteristics of nanometer MOSFETs, parameter values from a 45-nm, 32-nm and
16-nm low-power NMOS and PMOS Predictive Technology Model library [26] are used and
introduced to a BSIM 4model [27]. Table 3.1 displays the nominal values of threshold voltage,
Vth0, of NMOS and PMOS devices at zero substrate bias condition. It is clear that the values
used are relatively high so as to significantly reduce the leakage power dissipation and achieve
low-power operation. The high values of threshold voltage have also a non-negligible impact
on propagation delay. For instance, the threshold voltage value for a high-performance NMOS
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Figure 3.1: 24-Transistor Static Mirror Full Adder.

Table 3.1: Threshold voltage values, Vth0, of NMOS and PMOS devices for 45-nm, 32-nm and
16-nm technologies at zero substrate bias condition.

Technology (nm)
Vth0 (V)

NMOS PMOS
45 0.62261 -0.587
32 0.63 -0.5808
16 0.6819 -0.6862

device at 16 nm is as much as 202 mV lower compared with the respective parameter at 16-nm
process [26]. We also follow the threshold voltage variation modeling assumptions detailed in
Chapter 1, and limit the number of iterations to 1000 to control the simulation time.

3.1.2 Low-Power Performance

3.1.2.1 Timing Evaluation

Initially, the standard deviation of maximum delay for Ripple-Carry Adder and Borrow-Save
Adder are estimated for each technology process. As a first step, the input vector that sensitizes
the maximum-delay path of the adder structures under nominal delay values is found and, for
this vector, Transient Analysis simulations are performed. In case of Ripple-Carry Adder, all
paths that end up to sum outputs are sensitized along with the path that ends up to carry output.

In Table 3.2, the standard deviation of maximum delay is reported when only intra- or only
inter-die threshold variations take place, as well as the worst-case delay,Dmax = µ+3 ·σ, where
µ is the meanmaximum delay and σ the corresponding standard deviation. The worst-case delay
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Figure 3.2: Maximum propagation delay, Tmax pd, histograms for an 8-bit RCA and an equal
length BSA at certain supply voltages under inter-die Vth variations.

represents the timing bound of 99.97% of timing yield. The data refer to 8-bit architectures for
the 45-nm technology. The comparison is meaningful under the following scenario; the supply
voltage of Ripple-Carry Adder is kept constant at its nominal value, 1.1 V, while we examine
Borrow-Save Adder timing behavior in sub-nominal supply voltage values. Table 3.2 reveals
that, for the nominal voltage value, a Borrow-Save Adder exhibits smaller standard deviation of
maximum delay than Ripple-Carry Adder, i.e., 4.96 ps against 15.84 ps for inter-die variations
and 2.78 ps against 6.39 ps for intra-die variations.

Additionally, in Figs. 3.2 and 3.3, histograms of the maximum propagation delay, Tmax pd,
are depicted for inter- and intra-die variations of threshold voltage, respectively, at certain supply
voltages. We also see that, in the presence of inter-die variations, the value of standard deviation
of maximum delay for Borrow-Save Adder is almost twice as great as that of intra-die variations
at 1.1 V and the difference between the two grows as the supply voltage decreases. In addition,
with the reduction of supply voltage, standard deviation is found to generally increase for both
inter- and intra-die threshold variations (with an exception at 0.9 V for intra-die variations). As
indicated by Table 3.2, it is also possible to reduce the supply voltage at a value Vsub-nom and,
still, achieve DBSA

max (Vsub-nom) < DRCA
max (Vnom), although σBSAmax (Vsub-nom) > σRCAmax (Vnom). However,

this increase of standard deviation does not affect timing yield as determined byDRCA
max (Vnom) =

258.97 ps, i.e., the Ripple-Carry Adder worst-case performance. Fig. 3.4 depicts the value of
worst-case delay of BSA at sub-nominal supply voltage values at 45, 32, and 16 nm, and the
respective timing yield bounds imposed by RCA architecture.

In addition, Tables 3.3 and 3.4 report standard deviation of maximum delay and the worst-
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Table 3.2: Standard Deviation of Maximum Delay and Maximum Delay, Dmax = µ+ 3 · σ, for
RCA and BSA at Certain Supply Voltages for the 45-nm technology.

V RCA
dd (V)

inter-die intra-die
σRCA (ps) DRCA

max (ps) σRCA (ps) DRCA
max (ps)

1.1 (8 bit) 15.84 686.92 6.19 657.85
1.0 (8 bit) 22.71 877.65 9.18 837.76
0.9 (8 bit) 38.39 1233.39 15.02 1163.73
0.85 (8 bit) 52.32 1542.02 20.61 1445.25
0.8 (8 bit) 68.40 1996.93 29.65 1885.43
0.78 (8 bit) 93.13 2314.97 34.40 2132.54

V BSA
dd (V) σBSA (ps) DBSA

max (ps) σBSA (ps) DBSA
max (ps)

1.1 (8 bit) 4.96 79.21 2.78 77.21
1.0 (8 bit) 19.50 159.54 10.46 148.29
0.9 (8 bit) 26.24 268.64 9.15 237.30
0.85 (8 bit) 35.76 361.98 12.54 315.39
0.8 (8 bit) 51.08 502.65 18.46 439.27
0.78 (8 bit) 59.64 581.28 22.16 512.20

case delay for 32-nm and 16-nm technology nodes, respectively. Data refer to an 8-bit Ripple-
Carry Adder and Borrow-Save Adder at certain sub-nominal supply voltages. The nominal
supply voltage at 32 nm and 16 nm is 1.0V and 0.9V, respectively. In these cases also, Borrow-
Save Adder presents smaller standard deviation that Ripple-Carry Adder in both technology
nodes. It is also possible to operate Borrow-Save Adder at a lower supply voltage than the
nominal one and achieve a worst-case delay delay, as determined by µ + 3 · σ, that is lower
than the worst-case delay of Ripple-Carry Adder at nominal delay value. Namely, for the 32-nm
node it is possible to decrease the supply voltage of Borrow-Save Adder from 1 V to 0.75 V and
not surpass the maximum delay of Ripple-Carry Adder. Respectively, the supply voltage can be
decreased from 0.9 V to 0.805 V for the 16-nm technology node.

3.1.2.2 Power Evaluation

Lowering supply voltage reduces power. In Table 3.5, the mean sum of Dynamic and Static
power dissipation of Ripple-Carry Adder and Borrow-Save Adder and the difference of total
power dissipation with respect to the one of nominal supply voltage case of Borrow-Save Adder
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Table 3.3: Standard Deviation of Maximum Delay and Maximum Delay, Dmax = µ+ 3 · σ, for
RCA and BSA at Certain Supply Voltages for the 32-nm Technology.

V RCA
dd (V)

inter-die intra-die
σRCA (ps) DRCA

max (ps) σRCA (ps) DRCA
max (ps)

1.0 (8 bit) 18.52 623.96 7.17 590.15
0.9 (8 bit) 31.52 885.84 11.89 827.32
0.8 (8 bit) 61.18 1465.14 23.22 1357.46
0.85 (8 bit) 44.76 1118.43 16.41 1031.98
0.75 (8 bit) 104.71 2133.18 38.15 1931.96

V BSA
dd (V) σBSA (ps) DBSA

max (ps) σBSA (ps) DBSA
max (ps)

1.0 (8 bit) 17.21 140.29 5.18 117.04
0.9 (8 bit) 17.81 205.38 6.12 182.23
0.8 (8 bit) 38.87 391.89 13.64 341.16
0.85 (8 bit) 23.75 272.07 8.64 242.29
0.78 (8 bit) 48.15 462.65 17.06 401.36
0.75 (8 bit) 62.19 593.50 25.10 527.11

are demonstrated. Power data refer to the energy per one 8-bit sum operation. The evaluation
employs an extensive set of input vectors to assess the average power dissipation in the presence
of inter-die voltage threshold fluctuations. In eachMonte-Carlo iteration, a different input vector
is applied on the adder structures and a different value of threshold voltage exists. For example,
the supply voltage of Borrow-Save Adder can be reduced from 1.1 V to 0.78 V achieving as
much as 59% less than the total power dissipation of the nominal case, at the cost of increased
delay variations. Table 3.5 also presents the Power Delay Product (PDP) of Ripple-Carry Adder
at the nominal supply voltage, the PDP of Borrow-Save Adder at a range of sub-nominal supply
voltages and its difference from the PDP of Ripple-Carry Adder. The difference between the
two metrics ranges from almost 70% to 90%. Hence, significant savings related to PDP are
revealed for the Borrow-Save Adder architecture. Under no variability conditions, V BSA

dd can be
reduced further to 0.723 V so as Borrow-Save Adder has DBSA

max = DRCA
max , achieving a 68.11%

(32.74 fW) Power and a 64.99% (21.07 yJ) PDP reduction. Thus, threshold voltage variations
restrict the expected power benefits, but not considerably. However, their impact on delay is
important enough and needs to be taken into account.

The same figures of merit are estimated also for the other two employed technology pro-
cesses. Specifically, Tables 3.6 and 3.7 refer to 32 nm and 16 nm, respectively, and reveal
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Table 3.4: Standard Deviation of Maximum Delay and Maximum Delay, Dmax = µ+ 3 · σ, for
RCA and BSA at Certain Supply Voltages for the 16-nm Technology.

V RCA
dd (V)

inter-die intra-die
σRCA (ps) DRCA

max (ps) σRCA (ps) DRCA
max (ps)

0.9 (8 bit) 31.51 747.45 14.98 704.58
0.85 (8 bit) 62.43 1102.92 24.70 987.84
0.82 (8 bit) 89.09 1432.85 35.91 1275.82
0.81 (8 bit) 104.85 1598.26 40.21 1399.49
0.805 (8 bit) 111.22 1680.41 41.65 1468.20

V BSA
dd (V) σBSA (ps) DBSA

max (ps) σBSA (ps) DBSA
max (ps)

0.9 (8 bit) 24.71 245.62 9.87 217.43
0.85 (8 bit) 44.89 384.34 19.42 339.38
0.82 (8 bit) 70.52 540.05 34.50 488.28
0.81 (8 bit) 88.41 635.06 42.32 560.04
0.805 (8 bit) 97.86 684.18 46.73 601.82

that the expected power benefits obtained by the supply voltage reduction, compared to that
of nominal supply voltage, are as much as 51.01% for 32-nm and 21.89% for 16-nm process
technology. Additionally, the reduction of PDP, compared to that of Ripple-Carry Adder at
nominal supply voltage, is almost 83.90% for 32-nm and 72.30% for 16-nm node. For the case
where no variations take place, the supply voltage of Borrow-Save Adder can be reduced at
0.71 V for 32-nm and at 0.74 V for 16-nm technology node, and operate at the same frequency
as Ripple-Carry Adder. In this case, the power gain benefits would be approximately 60.90%
(Power = 34.66 fW) for 32-nm and 28.64% (Power = 35.28 fW) for 16-nm technology pro-
cess. Additionally, Tables 3.5, 3.6 and 3.7 indicate that Power Delay Product of both Ripple-
Carry Adder and Borrow-Save Adder decline as the supply voltage reduces, which means that
the increment rate of mean maximum delay is more rapid that the (absolute value of) reduction
rate of Power.
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Table 3.5: Average RCA and BSA Power for a Range of Supply Voltages for the 45-nm tech-
nology.

V RCA
dd (V) PRCA (fW) Mean Max Delay (ps) PDP (yJ)

1.1 94.14 639.40 60.19
1.0 75.43 809.52 61.06
0.9 61.40 1118.22 68.65
0.8 46.24 1791.73 82.84
0.78 44.32 2035.58 90.21

V BSA
dd PBSA Mean Max Delay PDP Pow Diff PDP Diff
(V) (fW) (ps) (yJ) % %

1.1 102.68 64.33 6.60 - 89.03
1.0 82.62 101.04 8.34 19.56 86.14
0.9 65.23 180.92 11.80 36.47 80.39
0.8 50.10 349.41 17.50 51.20 70.92
0.78 46.37 402.36 18.65 54.84 69.01

Table 3.6: Average RCA and BSA Power for a Range of Supply Voltages for the 32-nm tech-
nology.

V RCA
dd (V) PRCA (fW) Mean Max Delay (ps) PDP (yJ)

1.0 71.71 568.40 40.75
0.90 54.05 791.27 42.76
0.85 49.30 984.13 48.51
0.80 43.95 1281.58 56.32
0.75 35.07 1819.05 63.79

V BSA
dd PBSA Mean Max Delay PDP Pow Diff PDP Diff
(V) (fW) (ps) (yJ) % %

1.0 74.04 88.66 6.56 - 83.90
0.90 57.64 152.75 8.80 22.15 78.40
0.85 51.67 200.79 10.37 30.21 74.55
0.80 45.55 273.37 12.45 38.47 69.44
0.75 36.27 406.90 14.75 51.01 63.80
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Table 3.7: Average RCA and BSA Power for a Range of Supply Voltages for the 16-nm tech-
nology.

V RCA
dd (V) PRCA (fW) Mean Max Delay (ps) PDP (yJ)

0.90 49.44 652.92 32.28
0.85 44.39 915.63 40.64
0.82 39.60 1165.58 46.15
0.805 39.49 1346.73 53.18

V BSA
dd PBSA Mean Max Delay PDP Pow Diff PDP Diff
(V) (fW) (ps) (yJ) % %

0.90 52.15 171.48 8.94 - 72.30
0.85 45.71 249.67 11.41 12.34 64.65
0.82 41.52 328.49 13.63 20.38 57.77
0.805 40.73 390.58 15.90 21.89 50.74

3.2 Proposed Reduction of Borrow-Save Adder Normalized
Delay Variation

Two simple interconnection modifications of a Borrow-Save Adder are proposed in this section
to improve tolerance to variations. Specifically, in the first one, BSA′, we drive an input pin, not
optimized to receive slow inputs, with the slow sum-output and assess the standard deviation
of maximum delay and maximum delay. In the second one, BSA′′, we create a critical path of
three Full-Adder stages. The connectivity between the Full-Adder cells of the new Borrow-Save
Adder architectures is depicted in Figs. 3.5(a) and 3.5(b). As shown in Table 3.8, the value of
maximum delay , Dmax, increases compared to the 45-nm reference design, as expected; how-
ever, the standard deviation of BSA′ declines substantially for both intra- and inter-die varia-
tions compared to the baseline, while that of BSA′′ presents smaller standard deviation only for
specific supply voltage values. Finally, Table 3.9 presents the values of normalized standard
deviation of maximum delay for the 45-nm reference and the two introduced BSA architectures.
At the nominal supply voltage, the normalized standard deviation of the modified Borrow-Save
Adders is almost one fourth of the reference for intra-die variations. In all cases, normalized
standard deviation is smaller for the introduced Borrow-Save Adders. Hence, it follows that
BSA′ achieves smaller standard deviation in both normalized and non-normalized terms and
is therefore proposed as a delay-variation tolerant alternative. BSA′′ is proposed for the cases
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Figure 3.5: a) First proposed modification of the baseline BSA architecture (BSA′) in which
the slow sum-output drives a pin, not optimized to receive slow inputs and b) second proposed
modification (BSA′′) with a critical path of three Full Adders.

where the normalized standard deviation is important.
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Table 3.8: Standard Deviation of Maximum Delay and Maximum Delay, for the Three BSA
Architectures at Certain Supply Voltages. Data refer to the 45-nm technology.

Vdd (V)
inter-die

σBSA σBSA′ σBSA′′ DBSA
max DBSA′

max DBSA′′

max

(ps) (ps) (ps) (ps) (ps) (ps)

1.1 (8 bit) 4.96 6.68 7.39 79.21 182.20 266.59
0.9 (8 bit) 26.24 18.14 20.62 268.64 334.63 483.57
0.8 (8 bit) 51.08 42.23 45.34 502.65 578.41 812.05

Vdd (V)
intra-die

σBSA σBSA′ σBSA′′ DBSA
max DBSA′

max DBSA′′

max

(ps) (ps) (ps) (ps) (ps) (ps)

1.1 (8 bit) 2.78 2.31 3.22 77.21 173.79 258.77
0.9 (8 bit) 9.15 6.83 8.62 237.30 313.47 458.49
0.8 (8 bit) 18.46 16.92 19.25 439.27 532.96 759.31

Table 3.9: Normalized Standard Deviation of Maximum Delay for Reference (BSA) and Pro-
posed (BSA′, BSA′′) Architectures. Data refer to the 45-nm technology.

Vdd (V)
inter-die intra-die

σBSA
µBSA

σBSA′
µBSA′

σBSA′′
µBSA′′

σBSA
µBSA

σBSA′
µBSA′

σBSA′′
µBSA′′

1.1 0.0729 0.0412 0.0302 0.0403 0.0138 0.0129
0.9 0.1450 0.0647 0.0489 0.0436 0.0233 0.0199
0.8 0.1461 0.0934 0.0670 0.0480 0.0350 0.0274
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Chapter 4

Proposed Type-I RCA and BSA Models

This chapter introduces a statistical delay-variability model for Ripple-Carry Adder and Borrow-
Save Adder in the presence of delay variations. Formulas for the exact Probability Density
Function of the maximum output delay of the aforementioned adders are derived. In the follow-
ing, this introduced model is referred as Type-I model. A comparison between the Ripple-Carry
Adder and Borrow-Save Adder based on the proposed model is presented in Section 5.2.

4.1 Type-IMaximumDelay ProbabilityDensity Functions for
RCA and BSA

This section presents expressions for the Probability Density Functions of maximum delays for
the Ripple-Carry Adder and the Borrow-Save Adder in the presence of intra- and inter-die delay
variations. A set of dependent RandomVariables (RVs) models adder output delays. The deriva-
tion of the proposed Type-I model relies on two transformations in order to construct the joint
PDF of dependent RVs exploiting known PDFs of independent RVs and the circuit architecture.
For all derivations, a static delay model is employed. In our analysis, it is assumed that the
mean delay values of primary outputs correspond to the mean values of maximum delay paths
that end to the particular output. The corresponding mean values of each output are obtained by
traversing the circuit graphs in a depth-first manner.

Before the derivation of RCA and BSA PDFs, we describe the corresponding delay models
and define the related notation. We assume that the delay of anN -bit RCA at the jth sum output,
s′j , for j = 1, 2, . . . , N is linearly dependent on the delays of the cells comprising the path from
inputs to the jth sum output, and is given by

s′j = sj +

j−1∑
k=1

ck, (4.1)
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where ck models carry generation/propagation delay at FA k, and sj represents the sum delay
at FA j. Additionally, the delay at the jth carry output, determined by the carry-chain delay, is
defined as

c′j =

j∑
k=1

ck. (4.2)

Sum delay si, as well as any other delay, is decomposed as

si = si,nom + si,intra + si,inter, (4.3)

where si,nom constitutes the nominal value of si, which is a deterministic value, and si,intra and si,inter
are the intra- and inter-die random components of the delay, respectively. Given that si,intra
and si,inter are independently distributed zero-mean Gaussian RVs, sum delay si is also a RV
with mean value µsi = si,nom and variance σ2

si
= σ2

si,intra
+ σ2

si,inter
.

As far as the notation for BSA architecture is considered, Gaussian RV wi describes the
sum delay of the ith upper row FA, and ti−1 the carry delay of the (i− 1)st upper row FA, while
si and ci describe the sum and carry delay of the ith lower FA, respectively. The respective cell
delays are clarified in Fig. 5.1. It is further assumed that RVs si and wi have the same mean,
µsi = µwi

= snom, and standard deviation, σsi = σwi
= σs, as well as ci and ti−1 have the

same mean, µci = µti−1
= cnom, and standard deviation, σci = σti−1

= σc. It is noted that
delay components of wi are independently distributed, thus, σ2

wi
= σ2

wi,intra
+ σ2

wi,inter
. The same

assumption holds also for the Gaussian RVs ti−1, si, and ci.

4.1.1 CDF of Maximum of Ripple-Carry Adder Path Delays

4.1.1.1 Intra-die variations case for RCA

The following derivation refers to intra-die delay variations that affect the delay of an N -bit
RCA. The approach proposed in this section does not explicitly use the correlation coefficients
between RCAoutputs in order to derive the respectivemaximum delay PDF. Correlations among
paths are captured through a linear transformation. In Section 5.1.2, an equivalent exact deriva-
tion of the RCAmaximum delay PDF is demonstrated using the correlation coefficients between
RCA output delays.

Assume that we seek the PDF of the maximum of output path delays S ′
1, S

′
2, . . . , S

′
N , C

′
N

of an N -bit RCA, i.e.,
Z = max{S ′

1, S
′
2, . . . , S

′
N , C

′
N}. (4.4)

RVs S ′
1, S

′
2, . . . , S

′
N , C

′
N represent the RCA path delays as defined by (4.1) and (4.2). Further-

more, they can be decomposed as in (4.3), however, comprising only intra-die delay compo-
nents.
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The Cumulative Density Function (CDF) of RV Z of (4.4) is readily obtained from the
joint CDF of S ′

1, S
′
2, . . . , S

′
N , C

′
N . Since Z is the maximum of S ′

1, S
′
2, . . . , S

′
N , C

′
N ,

CDF(Z) = P(z ≤ Z) (4.5)

= P(s′1 ≤ Z ∧ s′2 ≤ Z ∧ · · · ∧ s′N ≤ Z ∧ c′N ≤ Z) (4.6)

= CDFS′
1,S

′
2,...,S

′
N ,C′

N
(Z,Z, . . . , Z). (4.7)

Due to the circuit structure, S ′
i, for i = 1, 2, . . . , N , and C ′

N are dependent RVs. To derive their
joint PDF, we express dependent RVs as linear combinations of independent RVs exploiting the
circuit structure as

S ′
i = C1 + C2 + . . .+ Ci−1 + Si, (4.8)

C ′
i = C1 + C2 + . . .+ Ci−1 + Ci, (4.9)

according to (4.1) and (4.2). We introduce N − 1 dummy variables Uj , for j = 1, 2, . . . , N −
1, to achieve a square transformation matrix, and generalizing (4.8) and (4.9), the following
transformation is obtained



S ′
1

S ′
2
...

S ′
N

C ′
N

U1

U2

...
UN−1



=

[
IN AN

0N BN

]
·



S1

S2

...
SN

C1

C2

...
CN


, (4.10)

where Ik is the k × k identity matrix, 0k is a k × k zero matrix, and

AN =



0 0 0 . . . 0 0

1 0 0 . . . 0 0

1 1 0 . . . 0 0
... . . . . . . . . . . . . ...
1 1 1 . . . 1 0


, (4.11)
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and

BN =



1 1 1 . . . 1 1

0 1 0 . . . 0 0

0 0 1 . . . 0 0
... . . . . . . . . . . . . ...
0 0 0 . . . 0 1


. (4.12)

The transformation matrix is invertible as it is upper triangular by construction, and the inverse
form of (4.10) is 

S1

S2

...
SN

C1

C2

...
CN


=

[
IN CN

0N DN

]
·



S ′
1

S ′
2
...

S ′
N

C ′
N

U1

U2

...
UN−1



, (4.13)

where

CN =



0 0 0 0 . . . 0

−1 1 1 1 . . . 1

−1 0 1 1 . . . 1

−1 0 0 1 . . . 1
... . . . . . . . . . . . . ...
−1 0 0 . . . 0 1


, (4.14)

and

DN =



1 −1 −1 −1 . . . −1
0 1 0 0 . . . 0

0 0 1 0 . . . 0

0 0 0 1 . . . 0
... . . . . . . . . . . . . ...
0 0 0 . . . 0 1


. (4.15)

For a proof of the structure of the inverse transformation matrix, see Appendix A.

Since the obtained transformation matrix is upper triangular, the Jacobian, J , of the trans-
formation is the product of its diagonal elements [28], which is 1 in our case. As an example,
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for the 3-bit case, the joint PDF of S ′
1, S

′
2, S

′
3, C

′
3, U1, U2, is given as

fS′
1,S

′
2,S

′
3,C

′
3,U1,U2

(s′1, s
′
2, s

′
3, s

′
3, u1, u2) =

|J |fS1,S2,S3,C1,C2,C3(s
′
1, s

′
2 − c′3 + u1 + u2,

s′3 − c′3 + u2, c
′
3 − u1 − u2, u1, u2). (4.16)

Exploiting the independence between Si and Ci as subjected only to intra-die delay variations,
as well as the structure of the transformation matrix, (4.16) is generalized to

fS′
1,S

′
2,...,S

′
N ,C′

N ,U1,U2,...,UN−1
(s′1, s

′
2, . . . , s

′
N , c

′
N , u1, u2, . . . , uN−1) =

fS1(s
′
1)

N∏
i=2

fSi
(s′i − c′N +

N−i∑
k=1

uN−k)fC1(c
′
N −

N−1∑
k=1

uk)
N−2∏
i=2

fCi
(ui−1). (4.17)

We derive the joint PDF of S ′
1, S

′
2, . . . , S

′
N , C

′
N by computing a marginal joint PDF that elimi-

nates the dummy variables by integrating over their domain, as

fS′
1,S

′
2,...,S

′
N ,C′

N
(s′1, s

′
2, . . . , s

′
N , c

′
N) =∫

u1

∫
u2

· · ·
∫
uN−1

fS′
1,S

′
2,...,S

′
N ,C′

N ,U1,U2,...,UN−1
(s′1, s

′
2, . . . , s

′
N ,

c′N , u1, u2, . . . , uN−1)duN−1 . . . du2du1. (4.18)

Using (4.18), we derive the CDF of Z = max{maxi=1,2,...,N{S ′
i}, C ′

N}, as

CDF(Z) =
∫ Z

−∞

∫ Z

−∞
· · ·
∫ Z

−∞
fS′

1,S
′
2,...,S

′
N ,C′

N
(s′1, s

′
2, . . . , s

′
N , c

′
N)ds

′
1ds

′
2 · · · ds′Ndc′N . (4.19)

4.1.1.2 Inter-die variations case for RCA

As inter-die random delay variables influence both sum and carry Full-Adder delays by the same
amount of variations, and in order to simplify notation, in the following, RV xinter refers to the
inter-die RV component of an FA delay, i.e., xinter = sk,inter = ck,inter. Thus, for the case of
inter-die delay variations, the CDF of maximum of RCA output delays is written as

CDF(Z) = P (S ′
1 < Z, S ′

2 < Z, . . . , S ′
N < Z,C ′

N < Z) (4.20)

= P (µs + xinter < Z, µs + µc + 2xinter < Z,

. . . , (n− 1)µc + µs + nxinter < Z, nµc + nxinter < Z)
(4.21)

= P (max{(n− 1)µc + µs, nµc}+ nxinter < Z), (4.22)

since practical values of µc, µs, xinter, guarantee nonnegative delays.
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In contrast with the PDF (4.17) for the case of intra-die variations, the PDF for the max-
imum of path delays for the case of inter-die variations observes the same distribution as that
of delay variations. Assuming that the manifested variations follow a Gaussian distribution, the
maximum delay PDF under inter-die variations follows the same distribution as that of RV xinter,
with a shift of its mean value.

4.1.1.3 Inter- and intra-die variations case for RCA

Assuming that themanifested intra- and inter-die delay variations are independent, then themax-
imum delay PDF under both types of delay variations is derived as the convolution of individual
PDFs as

PDFinter, intra(Z) = PDFinter(Z) ∗ PDFintra(Z) =
∫ +∞

−∞
PDFinter(t)PDFintra(Z − t)dt, (4.23)

where ∗ stands for the convolution operator [3].

4.1.2 CDF of Maximum of Borrow-Save Adder Path Delays

4.1.2.1 Intra-die variation case for BSA

As the structure of a BSA is highly regular, we commence the derivation of the CDF of Maxi-
mum path delays in a Borrow-Save Adder by finding the maximum delay of the paths of a single
4-to-2 compressor. The delay paths of a 4-to-2 compressor are shown in Fig. 5.1. In the follow-
ing expressions, subscripts of variables wi, si, ci, ti−1 are omitted. The CDF of the maximum of
the four sums for intra-die variations can be written as

CDF(Z) = P (w + s < Z,w + c < Z, t+ s < Z, t+ c < Z), (4.24)

where

r1 = w + s < Z ⇒ s < Z − w, (4.25)

r2 = w + c < Z ⇒ c < Z − w, (4.26)

r3 = t+ s < Z ⇒ s < Z − t, (4.27)

r4 = t+ c < Z ⇒ c < Z − t. (4.28)

It can be observed that r1 = r2 + r3 − r4, therefore, a 4× 4 matrix describing a transformation
from (w, s, t, c) to (r1, r2, r3, r4) would not be full rank, and the corresponding transformation
matrix would not be invertible. Hence, the approach followed in Subsection 4.1.1.1 to derive a
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PDF for a RCA is not applicable for the BSA case. However, (4.25)–(4.28) allow (4.24) to be
computed as

CDF(Z) = P (s < Z − w, c < Z − w, s < Z − t, c < Z − t) (4.29)

= P (s < min(Z − w,Z − t), c < min(Z − w,Z − t)) (4.30)

= P (s < Z +min(−w,−t), c < Z +min(−w,−t)) (4.31)

= P (s−min(−w,−t) < Z, c−min(−w,−t) < Z) (4.32)

= P (s+max(w, t) < Z, c+max(w, t) < Z). (4.33)

Eq. (4.33) can be broken into two constituent terms as

CDF(Z) = P (s+ w < Z, c+ w < Z,w ≥ t) + P (s+ t < Z, c+ t < Z,w ≤ t). (4.34)

To evaluate the first term of (4.34), we define RVs p1, p2, p3 corresponding to the three
inequalities and p4 = t through the following transformation

p1

p2

p3

p4

 =


1 0 1 0

0 1 1 0

0 0 1 −1
0 0 0 1

 ·


s

c

w

t

 , (4.35)

where s, c, w, t are independent RVs. Eq (4.35) gives
s

c

w

t

 =


1 0 −1 −1
0 1 −1 −1
0 0 1 1

0 0 0 1

 ·


p1

p2

p3

p4

 . (4.36)

Therefore the joint PDF fp for p1, p2, p3, p4 is given by

fp(p1, p2, p3, p4) = fs(p1 − p3 − p4)fc(p2 − p3 − p4)fw(p3 + p4)ft(p4). (4.37)

Similarly, to evaluate the second term of (4.34), we define RVs q1, q2, q3 through a second trans-
formation 

q1

q2

q3

q4

 =


1 0 0 1

0 1 0 1

0 0 1 −1
0 0 0 1

 ·


s

c

w

t

 , (4.38)

which gives 
s

c

w

t

 =


1 0 0 −1
0 1 0 −1
0 0 1 1

0 0 0 1

 ·


q1

q2

q3

q4

 . (4.39)
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Therefore, the joint PDF fq for q1, q2, q3, q4 is given by

fq(q1, q2, q3, q4) = fs(q1 − q4)fc(q2 − q4)fw(q3 + q4)ft(q4). (4.40)

Exploiting (4.37) and (4.40), since p3 ≥ 0, q3 ≤ 0, and by eliminating p4 and q4, (4.34)
leads to

CDF (Z) =
∫ Z

−∞

∫ Z

−∞

∫ +∞

0

∫ +∞

−∞
fp(p1, p2, p3, p4)dp4dp3dp2dp1

+

∫ Z

−∞

∫ Z

−∞

∫ 0

−∞

∫ +∞

−∞
fq(q1, q2, q3, q4)dq4dq3dq2dq1. (4.41)

The following Lemma is proved in Appendix B.

Lemma 4.1. Let a CDF be defined in a double integral form

CDF(Z) =
∫ Z

−∞

∫ Z

−∞
f(p1, p2)dp1dp2. (4.42)

Then, the corresponding PDF can be expressed in the form

PDF(Z) =
∫ Z

−∞
(f(x, Z) + f(Z, x)) dx. (4.43)

Lemma 4.1 is employed to compute (4.41), by using as function f(x, y) of (4.43), the
following sum of definite integrals

f(x, y) =

∫ +∞

0

∫ +∞

−∞
fp(x, y, p3, p4)dp4dp3 +

∫ 0

−∞

∫ +∞

−∞
fq(x, y, q3, q4)dq4dq3. (4.44)

As an example and to facilitate reproducibility of the results, function f(x, y) of (4.44) can be
analytically evaluated for µc = µt = 2 ps, µs = µw = 2.5 ps, and σ = 0.1µ, as shown by the
following equation

f(x, y) =
20√
57π

(
erf
(
5(16x+ 25y − 164)

2
√
2337

)
+ 1

)
·

exp
(
− 4

57

(
82x2 − 10x(10y + 37) + 25(4(y − 4)y + 73)

))
+

25√
66π

(
erf

(√
2

1353
(16x+ 25y − 205)

)
+ 1

)
·

exp
(
− 25

132

(
−8(4x+ 23)y + 32(x− 5)x+ 41y2 + 728

))
. (4.45)

Resembling (4.19), we write for the CDF of the maximum delay of an N -bit BSA with
maximum delay Yi observed at the ith digit,

CDFN(Z) =
∫ Z

−∞

∫ Z

−∞
· · ·
∫ Z

−∞
fY1Y2···YN

(y1, y2, . . . , yN)dy1dy2 · · · dyN . (4.46)
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For the case of a BSA, built from independent 4-to-2 compressors, the joint PDF is obtained as
the product of the PDFs of the maximum delay per digit, i.e.,

fY1Y2···YN
(y1, y2, . . . , yN) = fY1(y1)fY2(y2) . . . fYN

(yN). (4.47)

Therefore (4.46) is written as

CDFN(Z) =
∫ Z

−∞
fY1(y1)dy1

∫ Z

−∞
fY2(y2)dy2 · · ·

∫ Z

−∞
fYN

(yN)dyN . (4.48)

Furthermore, the maxima are i.i.d., hence (4.48) is written as

CDFN(Z) =
(∫ Z

−∞
fY (y)dy

)N

, (4.49)

where fY (y) is the PDF of the maximum delay for a 4-to-2 compressor. The N -bit maximum
delay PDF follows as

PDFN(Z) =
d

dZ
CDFN(Z) = N

(∫ Z

−∞
fY (y)dy

)N−1

· d

dZ

(∫ Z

−∞
fY (y)dy

)
(4.50)

= N

(∫ Z

−∞
fY (y)dy

)N−1

fY (Z). (4.51)

Since fY (Z) = PDF(Z) of (4.43), the PDF of the maximum output delay for an N -bit BSA is
simplified to

PDFN(Z) == N

(∫ Z

−∞

∫ y

−∞
(f(x, y) + f(y, x)) dxdy

)N−1 ∫ Z

−∞
(f(x, Z) + f(Z, x)) dx,

(4.52)
with f(x, y) given by (4.44). The involved integrals can be evaluated numerically.

4.1.2.2 Inter-die variations case for BSA

The delay of a single 4-to-2 compressor is only necessary to describe the delay of a BSA, as
all compressors are subjected to the same delay variations. Assuming that RV xinter represents
zero-mean inter-die delay variations, the CDF of BSA is given by

CDF(Z) = P (µw + xinter + µs + xinter < Z, µw + xinter + µc + xinter < Z,

µt + xinter + µs + xinter < Z, µt + xinter + µc + xinter < Z)
(4.53)

= P (µw + µs + kinter < Z, µw + µc + kinter < Z,

µt + µs + kinter < Z, µt + µc + kinter < Z)
(4.54)

= P (max{µw + µs, µw + µc, µt + µs, µt + µc}+ kinter < Z), (4.55)
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with kinter = 2xinter. Using the transformation y = kinter + µBSAinter = 2xinter + µBSAinter , where

µBSAinter = max{µw + µs, µw + µc, µt + µs, µt + µc}, (4.56)

it holds that

fY (y) =
1

2
fX(x), (4.57)

and (4.55) is written as

CDF(Z) =
∫ Z

−∞
fY (y)dy =

1

2

∫ Z

−∞
fX

(
y − µBSAinter

2

)
dy, (4.58)

which means that the maximum is a RV with mean µBSAinter and standard deviation 2σxinter .
In this case also, the independence of intra- and inter-die delay fluctuations allows the use

of (4.23) in order to compute the maximum delay PDF in the presence of both inter- and intra-die
variations.
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Chapter 5

Proposed Type-II RCA and BSA Models

This chapter introduces the second proposed statistical delay model for RCA and BSA. Initially,
closed formulas are derived that compute the correlation coefficients between output delays
of an adder using linear delay models. Subsequently, the correlation coefficients are utilized
to approximate the maximum delay distribution for each of the two adders. We refer to this
model as Type-II model. At the end of the chapter, the agreement of the proposed models with
simulation data is investigated. Furthermore, a comparison between RCA and BSA is performed
based on the introduced Type-I and Type-II models.

5.1 CorrelationCoefficients andType-IIMaximumDelay PDFs
for RCA and BSA

This section derives the proposed Type-II models; specifically, they are approximations of max-
imum delay PDFs of RCA and BSA based on Clark’s expressions [29]. Our motivation for using
Clark’s expression is the simplicity of the technique and the fact that certain Statistical Timing
Algorithms require a unified representation of delay in all nodes of a circuit graph [3]. In more
detail, the correlation coefficient ρi,j of output delay i and j of a RCA or a BSA are computed for
the case of intra- and inter-die delay variations. The derivation for the general case of both types
of delay variations is detailed. Expressions referring to the case of only one type of variation,
i.e., only inter- or only intra-die, can be produced by the correlation coefficients presented in
Lemmas 5.1, 5.2 and 5.3. The derived results are subsequently used to obtain an approximation
of RCA and BSA maximum delay PDFs as Gaussian distributions based on Clark’s method.
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5.1.1 CorrelationCoefficients forRipple-CarryAdder outputs in the pres-
ence of inter- and intra-die variations

This subsection refers to the case of an N -bit RCA under both inter- and intra-die delay varia-
tions. The delay models used follow the definitions given by (4.1)–(4.3).

The definition of the correlation coefficient between RVs k and l is given in [28] as

ρk,l =
Cov(k, l)
σk · σl

=
E[k · l]− E[k] · E[l]

σk · σl

, (5.1)

where Cov(k, l) is the covariance between RVs k and l. In this subsection, we focus on the
computation of correlation coefficient between primary output si′ and sj′ , for i < j.

Lemma5.1. The correlation coefficient between ith, s′i, and jth sum output, s′j , for j = 1, 2, . . . , N

and i < j, of an N -bit RCA for both intra- and inter-die delay variations is given by

ρs′i,s′j =
ijσ2

xinter
+ (i− 1)σ2

cintra

σs′i
· σs′j

, (5.2)

and

σs′j
=
√

σ2
s′j,inter

+ σ2
s′j,intra

=
√

j2σ2
xinter

+ (j − 1)σ2
cintra

+ σ2
sintra

. (5.3)

For a proof, see Appendix C.
Following a similar analysis, the following Lemma is obtained.

Lemma 5.2. The correlation coefficient between ith, s′i, and jth carry output, c′j , for j =

1, 2, . . . , N and i < j, of an N -bit RCA for both intra- and inter-die delay variations is given
by

ρs′i,c′j =
ijσ2

xinter
+ (i− 1)σ2

cintra

σs′i
· σc′j

, (5.4)

where σs′i
is given by (5.3), and

σc′j
=
√

σ2
c′j,inter

+ σ2
c′j,intra

=
√
j2σ2

xinter
+ jσ2

cintra
. (5.5)

The proof of Lemma 5.2 is similar to the proof of Lemma 5.1, provided in Appendix C.
RV dRCA that describes the maximum delay of an RCA, results as

dRCA = max{ max
i=1,2,...,N

{s′i}, c′N}. (5.6)

Subsequently, we exploit Clark’s expressions in order to approximate (5.6). A discussion con-
cerning the respective introduced errors and numerical data is reported in Section 5.2.
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5.1.2 An equivalent derivation for the RCA Maximum Delay PDF

Here we demonstrate a joint PDF for the derivation of RCA maximum delay PDF that relies
on multivariate Gaussian PDF and the correlation coefficients presented in Subsection 5.1.1.
Assuming Gaussian delay variations, the joint PDF of S ′

1, S
′
2, . . . , S

′
N , C

′
N is

fS′
1,S

′
2,...,S

′
N ,C′

N
(s′1, s

′
2, . . . , s

′
N , c

′
N) =

exp(−1
2
(x− µ)TΣ−1(x− µ))√
(2π)N+1 det(Σ)

, (5.7)

where

Σ =


σ2
S′
1

ρS′
1,S

′
2
σS′

1
σS′

2
· · · ρS′

1,C
′
N
σS′

1
σC′

N

ρS′
1,S

′
2
σS′

1
σS′

2
σ2
S′
2

· · · ρS′
2,C

′
N
σS′

2
σC′

N

... . . . . . . ...
ρS′

1,C
′
N
σS′

1
σC′

N
ρS′

2,C
′
N
σS′

2
σC′

N
. . . σ2

C′
N

 , (5.8)

is the covariance matrix, x = [S ′
1, S

′
2, . . . , S

′
N , C

′
N ], µ = [µS′

1
, µS′

2
, . . . , µS′

N
, µC′

N
], (x− µ)T is

the transpose matrix of (x−µ) and det(Σ) is the determinant of Σ. The standard deviations and
correlation coefficients in (5.8) are computed by Lemmas 5.1 and 5.2.

The CDF of the maximum delay can be obtained from (5.7) as the CDF of a multivariate
Gaussian distribution, i.e.,

CDF(Z) = CDFS′
1,S

′
2,...,SN ′,C′

N
(Z,Z, . . . , Z, Z), (5.9)

which can be efficiently computed [30] and is provided, for example, in MATLAB [31] as func-
tion mvncdf.

5.1.3 CorrelationCoefficients for Borrow-Save Adder outputs in the pres-
ence of inter- and intra-die variations

To compute the maximum delay at the output of an N -bit BSA, the maximum delay of ith
compressor, dcomp i, is computed first as

dcomp i = max{dpath i1, dpath i2, dpath i3, dpath i4}, (5.10)

where dpath ij is the RV expressing the delay of jth path through ith compressor for j = 1, 2, 3, 4

and i = 1, 2, . . . , N . The respective paths are shown in Fig. 5.1, and their delays are

dpath i1 = wi + si, (5.11)

dpath i2 = wi + ci, (5.12)

dpath i3 = ti−1 + si, (5.13)

dpath i4 = ti−1 + ci. (5.14)
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Figure 5.1: Paths of a Borrow-Save Adder with separate generation of carry and sum outputs
for each Full Adder. Purple and orange edges constitute path i1, purple and red edges constitute
path i2, blue and orange edges constitute path i3, and blue and red edges constitute path i4 of
ith compressor. Inverters are omitted.

Lemma 5.3. The correlation coefficients between paths for both intra- and inter-die delay vari-
ations of an N -bit Borrow-Save Adder are given by

ρdpath i1,dpath i2 =
σ2
wintra

+ 4σ2
xinter

σdpath i1 · σdpath i2

, (5.15)

ρdpath i1,dpath i3 =
σ2
sintra

+ 4σ2
xinter

σdpath i1 · σdpath i3

, (5.16)

ρdpath i1,dpath i4 =
4σ2

xinter

σdpath i1 · σdpath i4

, (5.17)

ρdpath i2,dpath i3 =
4σ2

xinter

σdpath i2 · σdpath i3

, (5.18)

ρdpath i2,dpath i4 =
σ2
cintra

+ 4σ2
xinter

σdpath i2 · σdpath i4

, (5.19)

ρdpath i3,dpath i4 =
σ2
tintra

+ 4σ2
xinter

σdpath i3 · σdpath i4

, (5.20)

ρdpath ij ,dpath km =
4σ2

xinter

σdpath ij · σdpath km

, (5.21)
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Algorithm 1 Estimation of Maximum Delay PDF using Clark’s Expressions
1: function EstimatePDF(path_mus, path_stds, path_ccs)
2: max_mu← path_mus[1]

3: max_std← path_stds[1]
4: max_path_ccs← path_ccs
5: for id in [2,Npaths] do
6: max_mu,max_std = Clark (max_mu,

path_mus[id],max_std, path_stds[id],max_path_ccs[id− 1, id])
7: for id2 in [id+ 2, Npaths] do
8: max_path_ccs[id + 1, id2] = EstCC (max_path_ccs[id, id2], path_ccs[id +

1, id2])

9: returnmax_mu,max_std

10: function Clark(max_mu, path_mus[id],

max_std, path_stds[id],max_path_ccs[id− 1, id])
11: returnmax_mu,max_std ▷ Computed by (5.27)–(5.32)

12: function EstCC(max_path_ccs[id, id2], path_ccs[id+ 1, id2])
13: returnmax_path_ccs ▷ Computed by (5.33)

where i, k = 1, 2, . . . , N with i ̸= k, and j,m = 1, 2, 3, 4. Furthermore,

σdpath i1 =
√

σ2
wintra

+ σ2
sintra

+ (2σxinter)
2, (5.22)

σdpath i2 =
√

σ2
wintra

+ σ2
cintra

+ (2σxinter)
2, (5.23)

σdpath i3 =
√

σ2
tintra + σ2

sintra
+ (2σxinter)

2, (5.24)

σdpath i4 =
√

σ2
tintra + σ2

cintra
+ (2σxinter)

2. (5.25)

For a proof, see Appendix D.
RV dBSA that describes the maximum delay of a BSA is

dBSA = max
i=1,2,...,N

{dcomp i}, (5.26)

which is estimated using Algorithm 1, presented in Subsection 5.1.4.

5.1.4 Estimation of RCA and BSA Maximum Delay Type-II PDF

After computing the correlation coefficients between the output delays of each adder, the maxi-
mum delay, i.e., dRCA or dBSA, is approximated as a Gaussian RV using Clark’s expressions [29].
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The estimation of the maximum PDF is performed by Algorithm 1, which evaluates the mean
and standard deviation of the maximum of a set of Gaussian RVs. The mean value and standard
deviation of maximum delay of output paths p1 and p2, with a correlation coefficient ρp1,p2 , is
approximated as

µmax{p1,p2} = v1, (5.27)

σmax{p1,p2} =
√

v2 − v21, (5.28)

v1 = µp1 · Φ(β) + µp2 · Φ(−β) + α · ϕ(β), (5.29)

v2 = (µ2
p1
+ σ2

p1
) · Φ(β) + (µ2

p2
+ σ2

p2
) · Φ(−β)

+ (µp1 + µp2) · α · ϕ(β),
(5.30)

α =
√

σ2
p1
+ σ2

p2
− 2 · ρp1,p2 · σp1 · σp2 , (5.31)

β =
µp1 − µp2

α
, (5.32)

and ϕ(x) is the PDF of standard normal distribution, ϕ(x) = 1√
2·π exp(

−x2

2
), and Φ(x) is the

CDF of the same distribution, Φ(x) =
∫ x

−∞ ϕ(x)dx [29]. Eqs. (5.27)–(5.32) are conveniently
named as function Clark, called in line 6 of Algorithm 1. Given the correlation coefficients
ρp1,p3 and ρp2,p3 , the correlation coefficient ρp1,p2,p3 is computed as follows

ρp1,p2,p3 =
σ1 · ρp1,p3 · Φ(β) + σ2 · ρp2,p3 · Φ(−β)√

v2 − v21
. (5.33)

Eq. (5.33), evaluated by function EstCC, is called in line 8 of Algorithm 1. After function
EstimatePDF finishes its execution, the algorithm returns the estimated mean value and standard
deviation of maximum delay.

5.2 Experimental Results and Discussion

This section quantitatively compares Type-I and Type-II PDFs for RCA and BSAmaximum de-
lays with a PDF extracted fromMonte-Carlo (M.C.) simulations. Kullback–Leibler Divergence
(KLD) is used as a cost metric for the proposed models. The comparison includes the cases
where inter-, intra-die or both variations are manifested on the delays of an FA. The experimen-
tal data reported here are obtained with substantially more extensive simulations than the data
presented in [19]. The number of M.C. simulation iterations have been increased from 1500 to
2 · 106.

The hardware structures of the two adder topologies are displayed in Fig. 2.1. As its struc-
ture makes clear, the main advantage of a High-Radix Adder that employs the borrow-save

42



CHAPTER 5. PROPOSED TYPE-II RCA AND BSA MODELS

Table 5.1: Mean Value of Maximum Delay for RCA and BSA

Variation
M.C.

Type-II
Diff. (%)

Type-I
Diff. (%)

(Clark) (Exact)
Ripple-Carry Adder

inter-die (4-bit) 85.000 85.000 0.0000 85.000 0.0000
intra-die (4-bit) 85.081 85.081 0.0000 85.081 0.0000
both (4-bit) 85.082 85.081 0.0011 85.081 0.0000

inter-die (8-bit) 165.000 165.000 0.0000 165.000 0.0000
intra-die (8-bit) 165.087 165.081 0.0036 165.081 0.0036
both (8-bit) 165.087 165.081 0.0036 165.081 0.0036

Borrow-Save Adder
inter-die (4-bit) 49.998 50.000 −0.0040 50.000 0.0000
intra-die (4-bit) 53.675 53.693 −0.0335 53.676 −0.0018
both (4-bit) 53.675 53.693 −0.0335 53.672 0.0055

inter-die (8-bit) 50.000 50.000 0.0000 50.000 0.0000
intra-die (8-bit) 55.053 55.050 0.0054 55.051 0.0036
both (8-bit) 55.051 55.050 0.0018 55.051 0.0000

encoding over a Ripple-Carry Adder is that it performs its operation in constant time and inde-
pendently of the operand bit length.

Tables 5.1 and 5.2 present the mean maximum delay and the standard deviation of maxi-
mum delay for the two 4- and 8-bit architectures. Data in all Tables are measured in picosec-
onds (ps). The value of σ is 10% of the nominal cell delay, while for the case of inter-die
variation is 10% of the minimum cell delay. The second columns of Tables 5.1 and 5.2 demon-
strate the values as estimated by M.C. simulations, while the third and fifth columns show the
corresponding values as computed by the Type-II and Type-I models, respectively. The columns
labeled “Diff.” show the difference between the models with respect to the experimental data.
Table 5.2 demonstrates that BSA achieves smaller standard deviation of maximum delay than
RCA. Concerning the Type-II model, we see that the percentage of difference between the mean
maximum delay is lower than almost 0.0335%, and its maximum value appears for BSA and
both type of variations. In the evaluation of standard deviation of maximum delay, the maximum
error is 7.3227% and occurs for BSA and intra-die variations. As indicated by Fig. 5.5, the mis-
match is caused because the exact BSA PDF significantly deviates from a Gaussian distribution.
This is also observed for the case that both inter- and intra-die delay variations are manifested.
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Table 5.2: Standard Deviation of Maximum Delay for RCA and BSA

Variation
M.C.

Type-II
Diff. (%)

Type-I
Diff. (%)

(Clark) (Exact)
Ripple-Carry Adder

inter-die (4-bit) 2.000 2.000 0.0000 2.000 0.0000
intra-die (4-bit) 4.207 4.208 −0.2376 4.208 −0.2376
both (4-bit) 4.658 4.659 −0.2146 4.658 0.0000

inter-die (8-bit) 4.000 4.000 0.0000 4.000 0.0000
intra-die (8-bit) 5.812 5.805 0.1204 5.805 0.1204
both (8-bit) 7.057 7.050 0.0991 7.050 0.0991

Borrow-Save Adder
inter-die (4-bit) 0.998 1.000 −0.2004 1.000 0.0000
intra-die (4-bit) 2.449 2.333 4.7366 2.448 0.0408
both (4-bit) 2.644 2.539 3.9712 2.641 0.1134

inter-die (8-bit) 1.000 1.000 0.0000 1.000 0.0000
intra-die (8-bit) 2.144 1.987 7.3227 2.144 0.0000
both (8-bit) 2.367 2.224 6.0414 2.364 0.1267
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Table 5.3: Kullback-Leibler Divergence

Variation
KLD(Type-I∥Type-II)
RCA BSA

inter-die 1.3124E−15 1.7500E−16
intra-die 2.0211E−04 0.0125
both 1.3469E−04 0.0072

Variation
KLD(M.C.∥Type-II)

RCA BSA
intra-die 3.2767E−04 0.0130
both 2.7824E−04 0.0079

On the other hand, the maximum delay distribution of RCA does not significantly differ from a
Gaussian distribution, thus, the estimations provided by Clark-based model are very close to that
of M.C. simulations. Additionally, Tables 5.1 and 5.2 reveal that the mean value and standard
deviation of the proposed exact Type-I PDFs closely match that of M.C. simulations.

Figs. 5.4–5.6 depict PDFs of the maximum propagation delay of 4-bit RCA and BSA as
estimated byM.C. simulations. In the same figures, the Type-I and Type-II PDFs are also plotted
with dashed lines. It is observed that the Clark-based Type-II model underestimates the standard
deviation of maximum delay for BSA (inter- and) intra-die cases.

In the following, the fitting of the proposed delay models on the experimental data is as-
sessed using the Kullback-Leibler Divergence. KLD of two continuous RVs, X and Y , with
PDFs pX(x) and pY(y), respectively, is defined as [32]

KLD(X∥Y ) =

∫ ∞

−∞
pX(x) · log

(
pX(x)

pY(y)

)
dx. (5.34)

KLD is assessed between the Type-I and Type-II PDFs, and the obtained values are presented
in Table 5.3. A value close to zero for the employed metric indicates a close matching between
the examined distributions. Examining the fitting between Type-I and Type-II models, it is
found that the proposed models for both adders agree to a great extend for the case of inter-die
variations, as KLD is in the order of 10−15. Furthermore, for RCA intra-die or both inter- and
intra-die cases, the fitting between Type-I and Type-II models is satisfactory as KLD is in the
order of 10−4. The same also happens for the Type-II model and experimental PDF. This means
that the exact PDFs for RCA closely resemble a Gaussian distribution for all types of variations.
In addition, as expected, the worst fitting occurs for the case of BSA Type-II model under only
intra-die or both inter- and intra-die delay variations, with a KLD value of 0.0125 and 0.0072,
respectively. The reason of this mismatch is investigated by the following test: we construct
Gaussian PDFs with the mean value and standard deviation obtained using the Type-I model,
and subsequently compute the KLD between the constructed PDF and the Type-I model, which
is not Gaussian. It is found that the KLD is 0.0102 and 0.0058 for intra-die, and both inter-
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Figure 5.2: Mean Value of Maximum Delay for N -bit BSA.

and intra-die BSA cases, respectively. The previous test confirms that, although the KLD is
incrementally improved w.r.t KLD(Type-I∥Type-II) case, the shape of distribution, and neither
the mean value nor the standard deviation, is responsible for the mismatch between the Type-I
and Type-II BSA models. The same conclusions follow from the KLD between Type-II model
and experimental PDF, as values closely match.

Additionally, Figs. 5.2 and 5.3 present the mean delay value and standard deviation of max-
imum delay for a range of BSA word lengths and 10% and 20% delay variations, respectively.
Data refer to only intra-die variation, which is the case with the larger error between the Type-I
and Type-II models. The error is greater for the standard deviation of maximum delay, while
the mean value as estimated by the two models shows an (absolute) error which is smaller than
0.23%. In more detail, Clark expressions either underestimate or overestimate the mean value of
maximum delay, but they always underestimate the respective standard deviation. For example,
Clark-based Type-II model underestimates the standard deviation of maximum delay of 256-bit
BSA as much as 16%. Concerning the extension of the discussed delay models to longer adder
word lengths, we see that the Clark-based Type-II models can be easily extended to longer word-
length structures, however, introducing errors due to their simplifying Gaussian assumption for
the maximum delay PDF. On the other hand, the exact Type-I models can be cumbersome due to
the large number of required integrations. Nevertheless, the complexity of the proposed models
can be reduced if we choose to investigate the delay characteristics only for a subset of paths
most likely to be critical, chosen under nominal conditions. This technique is widely adopted in
M.C. simulations [1].

Summarizing, it is inferred from Table 5.4 that BSA achieves smaller worst-case maximum
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Figure 5.3: Standard Deviation of Maximum Delay for N -bit BSA.

Table 5.4: Type-I µ+ 3σ Worst-Case Delay for 8-bit RCA and BSA

Variation Ripple-Carry Adder Borrow-Save Adder
inter-die 170.000 53.000
intra-die 182.496 61.483
both 186.231 62.143

delay, i.e., µ + 3σ, than RCA. From a variation-tolerance perspective, this timing margin is
favorable, as BSA can tolerate increased delay variability w.r.t. that of RCA. Furthermore,
Fig. 5.2 shows that, as the word length of BSA increases, the worst-case delay under variability
conditions increases only slightly, as its mean maximum delay, in contrast with RCA, whose
worst-case delay increases at least linearly to its word length.
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Figure 5.4: PDFs of maximum propagation delay for a 4-bit RCA and BSA, estimated by M.C.
simulations, Type-I and Type-II models, when only inter-die variations are manifested.
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simulations, Type-I and Type-II models, when only intra-die variations are manifested.
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Chapter 6

Conclusions

Variations in Deep Sub-Micron technology nodes cause tremendous impact on the performance
and power characteristics of both digital and analog circuits. This situation necessitates the
adoption of statistical analysis andmodeling techniques in order to evaluate efficiently the timing
and power yield of the contemporary integrated circuits.

In this Master Thesis, a quantitative comparison between Ripple-Carry Adder and Borrow-
Save Adder takes place in the presence of variations. The variations consider both inter- and
intra-die variation components. The first half of this thesis is focused a statistical comparison of
Ripple-Carry Adder and Borrow-Save Adder using SPICE analysis. In more detail, the effect
of threshold voltage variability on timing and power behavior is examined, adopting BSIM 4
SPICE models at 45-nm, 32-nm and 16-nm technology nodes. The evaluation reveals that
Borrow-Save Adder achieves three times smaller standard deviation of maximum delay than
Ripple-Carry Adder, i.e. 4.96 ps vs. 15.84 ps, at 1.1 V nominal supply voltage and 45 nm. Fur-
thermore, it is possible to reduce the supply voltage of Borrow-Save Adder from 1.1V to 0.78V,
attaining the delay constraints imposed by the delay characteristics of Ripple-Carry Adder. This
voltage reduction leads to significant power dissipation and Power-Delay Product benefits, i.e.
almost 60% power dissipation benefits w.r.t. BSA at its nominal supple voltage, and above
70% PDP benefits w.r.t RCA at its nominal supply voltage. The validation of power reduction
benefits is performed for a range of CMOS technology nodes. Furthermore, simple introduced
interconnection modifications are proposed for the circuit structure of Borrow-Save Adder. The
introduced modifications lead to reduced normalized and non-normalized standard deviation for
Borrow-Save Adder compared to the baseline architecture. Specifically, normalized standard
deviation for the proposed BSA architecture is one fourth of the reference BSA for intra-die
variations.

In the second half of this thesis, two delay variability-aware models are presented for the
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Maximum Delay Probability Density Functions of the aforementioned adders. The models con-
sider delay variations, and describe the delay of adders from a static perspective. The Type-I
model describes the Maximum Delay of Ripple-Carry Adder and Borrow-Save Adder with ex-
act PDFs, while the Type-II relies on Clark’s expressions and approximates the exact PDFs with
Gaussian PDFs. It is found that both models are in agreement with experimental data obtained
by Monte-Carlo simulations as the Kullback-Leibler Divergence metric indicates. While the
Clark-based model introduces unavoidable errors in the estimation of mean value and standard
deviation of maximum delay, which can be as much as 16% of standard deviation for a 256-bit
BSA, which can be attributed to the Gaussian assumption of the model, it is found to be sim-
pler yet than the Type-I exact PDFs. However, the latter provide an extract derivation of mean
maximum delay and standard deviation for RCA and BSA.

Summarizing, it can be concluded that Borrow-SaveAdder architectures outperformRipple-
CarryAdder architectures in the presence of variations. Short logic depth is generally prohibitive
for variation-tolerant applications, as small logic structures are subjected to lesser variation av-
eraging compared to bigger structures. However, it is found that BSA achieves better statistical
performance metrics than RCA in the presence of variations, even in low supply voltages that
enhance delay variability. The Borrow-Save Adder architecture, whose maximum delay is inde-
pendent of its word length under nominal circumstances, can tolerate increased delay variability
w.r.t that of Ripple-Carry Adder without surpassing the worst-case delay of the latter. This
is investigated by both a technology-dependent analysis using SPICE models and an analysis
that hides effectively technology-dependent characteristics. This delay variability can be also
introduced consciously by reducing the supply voltage, permitting power reduction benefits.
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Appendix A

Derivation of Inverse Transformation
Matrix

We seek the inverse of the transformation matrix

T2N =

[
IN AN

0N BN

]
, (A.1)

where

AN =



0 0 0 . . . 0 0

1 0 0 . . . 0 0

1 1 0 . . . 0 0
... . . . . . . . . . . . . ...
1 1 1 . . . 1 0


, (A.2)

and

BN =



1 1 1 . . . 1 1

0 1 0 . . . 0 0

0 0 1 . . . 0 0
... . . . . . . . . . . . . ...
0 0 0 . . . 0 1


. (A.3)

Proof. It is sufficient to show that if

T2N ·H2N = I2N, (A.4)

H2N · T2N = I2N, (A.5)

where

H2N =

[
IN CN

0N DN

]
, (A.6)
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CN =



0 0 0 0 . . . 0

−1 1 1 1 . . . 1

−1 0 1 1 . . . 1

−1 0 0 1 . . . 1
... . . . . . . . . . . . . ...
−1 0 0 . . . 0 1


, (A.7)

and

DN =



1 −1 −1 −1 . . . −1
0 1 0 0 . . . 0

0 0 1 0 . . . 0

0 0 0 1 . . . 0
... . . . . . . . . . . . . ...
0 0 0 . . . 0 1


, (A.8)

then it holds that H2N = T−1
2N .

T2N ·H2N =

[
IN AN

0N BN

]
·

[
IN CN

0N DN

]
=

[
IN IN · CN + AN · DN

0N BN · DN

]
(A.9)

Let

LN = BN · DN, (A.10)

and lij be the element of matrix LN in ith row and jth column, then for the first row (i = 1) it
holds that

l11 =
N∑
k=1

b1kdk1 = b11d11 +
N∑
k=2

b1k0 = 1, (A.11)

l1j =
N∑
k=1

b1kdk1 = b11d1j +
N∑
k=2

b1kdk1 = b11d1j + bijdii = −1 · 1 + 1 · 1 = 0. (A.12)

Furthermore, for i ̸= 1

lij =
N∑
k=1

b1kdk1 = biidij =

biidii = 1 if i = j, i ̸= 1

biidij = 0 if i ̸= j, i ̸= 1
. (A.13)

Thus, LN is an identity matrix.
We also define

MN = AN · DN. (A.14)
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For the first row (i = 1)

m1j =
N∑
k=1

a1kdkj =
N∑
k=1

0dkj = 0, (A.15)

while for the first column (j = 1, i ̸= 1)

mi1 =
N∑
k=1

aikdk1 = ai1d11 = 1. (A.16)

Additionally, for i ̸= 1 and j ̸= 1

mij =
N∑
k=1

aikdkj =
i−1∑
k=1

aikdkj +
N∑
k=i

aikdkj =
i−1∑
k=1

1 · dkj +
N∑
k=i

0 · dkj =
i−1∑
k=1

dkj (A.17)

= d1j +
i−1∑
k=2

dkj = −1 +
i−1∑
k=2

dkj =

−1 + djj = −1 + 1 = 0 if j < i, i, j ̸= 1

−1 +
∑i−1

k=2 0 = −1 + 0 = −1 if j ≥ i, i, j ̸= 1
.

(A.18)

From (A.15)–(A.18), it is observed thatMN = AN · DN = −CN. Thus, it is concluded that

T2N ·H2N =

[
IN IN · CN + AN · DN

0N BN · DN

]
=

[
IN CN − CN

0N IN

]
= I2N. (A.19)

It can be also proven that H2N · T2N = I2N.
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Appendix B

Derivation of PDF from a Double Integral
Form

Using the Leibniz integral rule for differentiation under an integral, it follows that

PDF(Z) =
d

dZ
CDF(Z) =

d

dZ

∫ Z

−∞
f(x, Z)dx = f(Z,Z) · ∂Z

∂Z
− 0 +

∫ Z

−∞

∂

∂Z
f(x, Z)dx

(B.1)

= f(Z,Z) +

∫ Z

−∞

∂

∂Z
f(x, Z)dx. (B.2)

We derive the PDF for a double integral form CDF. Assume that a CDF is given in the form

CDF(Z) =
∫ Z

−∞

∫ Z

−∞
f(p1, p2)dp1dp2 =

∫ Z

−∞
F (p2, Z)dp2, (B.3)

where
F (p2, Z) =

∫ Z

−∞
f(p1, p2)dp1. (B.4)

Due to (B.2) and (B.3), the corresponding PDF is given by

PDF(Z) =
d

dZ

∫ Z

−∞
F (p2, Z)dp2 = F (Z,Z) +

∫ Z

−∞

d

dZ
F (p2, Z)dp2. (B.5)

It holds that
d

dZ
F (p2, Z) =

d

dZ

∫ Z

−∞
f(p1, p2)dp1 = f(Z, p2) +

∫ Z

−∞

d

dZ
f(p1, p2)dp1 (B.6)

= f(Z, p2). (B.7)

Combining (B.5) and (B.7), it is obtained that

PDF(Z) = F (Z,Z) +

∫ Z

−∞
f(Z, p2)dp2 =

∫ Z

−∞
f(p1, Z)dp1 +

∫ Z

−∞
f(Z, p2)dp2 (B.8)

=

∫ Z

−∞
(f(x, Z) + f(Z, x)) dx. (B.9)
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Appendix C

Proof of Lemma 5.1

Proof. For the case of RCA and using (4.1) and (4.3), we derive

E[s′i · s′j] = E[(s′i,nom + s′i,inter + s′i,intra)(s
′
j,nom + s′j,inter + s′j,intra)] (C.1)

= E[s′i,noms
′
j,nom + s′i,noms

′
j,inter + s′i,noms

′
j,intra + s′i,inters

′
j,nom + s′i,inters

′
j,inter

+ s′i,inters
′
j,intra + s′i,intras

′
j,nom + s′i,intras

′
j,inter + s′i,intras

′
j,intra]

(C.2)

Correlation exists among only inter- and intra-die delay components of s′i and s′j , namely the
products s′i,intra · s′j,intra and s′i,inter · s′j,inter. Since each other delay component of si is independent
of that of sj , it holds that E[sj · si] = E[sj] · E[si]. Therefore, from (C.2)

E[s′i · s′j] = E[s′i,nom]E[s′j,nom] + E[s′i,nom]E[s′j,inter] + E[s′i,nom]E[s′j,intra] + E[s′i,inter]E[s′j,nom]

+ E[s′i,inters
′
j,inter] + E[s′i,inter]E[s′j,intra] + E[s′i,intra]E[s′j,nom] + E[s′i,intra]E[s′j,inter]

+ E[s′i,intras
′
j,intra]

(C.3)

= µs′j
µs′i

+ E[s′i,intras
′
j,intra] + E[s′i,inters

′
j,inter] (C.4)

= µs′j
µs′i

+ E[(

j−1∑
k=1

ck,inter + sj,inter)(
i−1∑
k=1

ck,inter + si,inter)]

+ E[(

j−1∑
k=1

ck,intra + sj,intra)(
i−1∑
k=1

ck,intra + si,intra)].

(C.5)
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Eq. (C.5) is simplified to

E[s′i · s′j] = µs′j
µs′i

+ E[((j − 1)xinter + xinter) · ((i− 1)xinter + xinter)] +
i−1∑
k=1

E[c2k,intra] (C.6)

= µs′j
µs′i

+ E[jxinterixinter] +
i−1∑
k=1

E[c2k,intra] = µs′j
µs′i

+ ijE[x2
inter] +

i−1∑
k=1

E[c2k,intra].

(C.7)

E[s′i] · E[s′j] = E[s′i,nom + s′i,inter + s′i,intra]E[s′j,nom + s′j,inter + s′j,intra] (C.8)

= (E[s′i,nom] + E[s′i,inter] + E[s′i,intra])(E[s′j,nom] + E[s′j,inter] + E[s′j,intra]) (C.9)

= µs′i
µs′j

. (C.10)

From (C.7) and (C.10), it follows that

Cov(s′i, s
′
j) = µs′j

µs′i
+ ijE[x2

inter] +
i−1∑
k=1

E[c2k,intra]− µs′j
µs′i

= ijσ2
xinter

+
i−1∑
k=1

σ2
ck,intra

(C.11)

= ijσ2
xinter

+ (i− 1)σ2
cintra

, (C.12)

as RVs xinter and ck have zero mean value and ck’s have the same variance, σ2
cintra

.
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Proof of Lemma 5.3

Proof. We compute the covariance for the delay of path i1, dpath i1, and path i2, dpath i2, as

E[dpath i1 · dpath i2] = E[(wi + si)(wi + ci)] = E[w2
i + wici + siwi + sici] (D.1)

= E[w2
i + (si,nom + si,inter + si,intra)(wi,nom + wi,inter + wi,intra)

+ wi,nomci,nom + wi,interci,inter + si,nomci,nom + si,interci,inter]
(D.2)

= E[w2
i + si,nomwi,nom + s2i,inter + wi,nomci,nom

+ wi,interci,inter + si,nomci,nom + si,interci,inter]
(D.3)

= E[w2
i ] + µsµw + µwµc + µsµc + 3E[x2

inter]. (D.4)

E[dpath i1] · E[dpath i2] = E[wi + si]E[wi + ci] = (µw + µs)(µw + µc) (D.5)

= µ2
w + µwµc + µsµw + µsµc. (D.6)

From (D.4) and (D.6), it follows that

Cov(dpath i1, dpath i2) = E[w2
i ] + µsµw + µwµc + µsµc + 3E[x2

inter]

− µ2
w − µwµc − µsµw − µsµc

(D.7)

= σ2
w + 3E[x2

inter] = σ2
winter

+ σ2
wintra

+ 3σ2
xinter

= σ2
wintra

+ 4σ2
xinter

. (D.8)

The evaluation of the covariances between the remainder of the path delays are similar.
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