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Abstract Ben-Haim’s info-gap (or information-gap) decision theory (IGDT) constitutes a very in-
teresting and popular method for the study of problems in engineering and in many other scientific
disciplines under severe uncertainty conditions. On the other hand, quantifier elimination consti-
tutes an equally interesting approach implemented in some computer algebra systems and aiming
at the transformation of quantified formulae (i.e. formulae including the universal and/or the exis-
tential quantifiers) to logically equivalent formulae but free from these quantifiers and the related
quantified variables. Here we apply the method of quantifier elimination (by using its implementa-
tion in Mathematica) to the info-gap decision theory and we compute the related reliability regions
and, next, the related robustness functions. The computation of the opportuneness (or opportunity)
functions is also considered in brief. More explicitly, the four problems studied here concern: (i) the
Hertzian contact of two isotropic elastic spheres, (ii) a spring with a linear stiffness but also with
an uncertain cubic non-linearity in its stiffness, (iii) the robust reliability of a project with uncertain
activity (task) durations and (iv) a gap-closing electrostatic actuator. In all these problems here un-
der uncertainty conditions, the present results are seen to be in complete agreement with the results
already derived for the same problems by Ben-Haim and his collaborators (who used appropriate
more elementary methods) with respect to the robustness and/or opportuneness functions, but here
the reliability regions are also directly computed. Moreover, the present approach permits the study
of some difficult parametric cases (e.g. in the problem of the gap-closing electrostatic actuator with
a non-linearity in its stiffness), where the help of a computer algebra system seems to be necessary.
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1. Introduction
It is very well known that in a large number of problems appearing in applied mechanics, in

engineering and in many other scientific disciplines, we have to work under uncertainty conditions
by using either probabilistic methods or, alternatively, non-probabilistic methods, whose applica-
tion is simpler and it requires less experimental data. Here we confine our attention exclusively
to non-probabilistic methods. The two best known and most useful non-probabilistic methods are
those based on (i) interval analysis and (ii) convex models and, especially, the ellipsoidal model.

As far as modern interval analysis is concerned, two classical books are those by Moore [1]
published in 1966 and by Moore, Kearfott and Cloud [2] published in 2009. Among several hun-
dreds of publications devoted to applications of interval analysis to a large number of problems
in applied mechanics under uncertainty conditions here we make reference, e.g., to the papers by
Dimarogonas [3], Qiu, Z. and Elishakoff [4], Skalna [5], Elishakoff, Gabriele and Wang, Y. [6],
Muscolino, Sofi and Giunta [7], Popova [8], Faes and Moens [9] and Popova and Elishakoff [10].

On the other hand, convex models of uncertainty (and, especially, the famous and so popular
ellipsoidal model and its various generalizations) are also quite frequently applied to problems of
applied mechanics under uncertainty conditions. Undoubtedly, in the field of applied mechanics,
the classical and pioneering book on convex models is the book by Ben-Haim and Elishakoff [11]
published in 1990. With respect to the ellipsoidal model this was used in dynamic systems under
uncertainty conditions by Schweppe [12, 13] since 1968. Additional results on the application
of convex models and, particularly, the ellipsoidal model and its various generalizations to many
problems of applied mechanics under uncertainty conditions are included in a very large number
of publications. For example, here we make reference to the papers by Qiu, Z. and Elishakoff [14],
Wang, X., Wang, L., Elishakoff and Qiu, Z. [15], Ni, B. Y., Elishakoff, Jiang, C., Fu, C. M. and
Han, X. [16], Meng, Z. and Zhou, H. [17] and Meng, Z., Wan, H.-P., Sheng, Z. and Li, G. [18].

A very interesting generalization of the study of problems under uncertainty conditions in many
disciplines is the IGDT (info-gap or information-gap decision theory) proposed by Ben-Haim as a
generalization of his previous results on convex models of uncertainty in applied mechanics. The
present technical report is completely devoted to the application of quantifier elimination to the
IGDT. The classical book on IGDT is the book by Ben-Haim [19] published in 2001 with a second
edition in 2006 [20]. Previous results by Ben-Haim on robust reliability in the mechanical sciences
can be found in his book [21] published in 1996. The IGDT method is also described in several
publications by Ben-Haim and his collaborators including the papers [22] (by Ben-Haim), [23] (by
Ben-Haim, Cogan and Sanseigne), [24] (by Ben-Haim and Laufer) and [25–30] (by Ben-Haim).
The three elements of the IGDT are (i) the assumed info-gap model of uncertainty, (ii) the model of
the system under consideration and (iii) the set of performance requirements of the same system.

Among an extremely large number of publications concerning various interesting applications
of Ben-Haim’s IGDT (info-gap or information-gap decision theory) in many different disciplines
here we can make reference to the papers (in chronological order) by Kanno and Takewaki [31],
Duncan, Bras and Paredis [32], Ben-Haim [33, 34], Ben-Haim and Cogan [35], Ben-Haim [36],
Wang, F., Zhang, J., Wang, X., Wang, C. and Liu, Z. [37], Matrosov, Woods and Harou [38],
Maugan, Cogan, Foltête, Buffe and Kerschen [39], Wu, D., Gao, W., Li, G., Tangaramvong and
Tin-Loi [40], Roach, Kapelan and Ledbetter [41], Kanno, Fujita and Ben-Haim [42], Hot, Weisser
and Cogan [43], Ben-Haim and Cogan [44], Sun, B., Li, S., Xie, J. and Sun, X. [45], Jabo-
viste, Sadoulet-Reboul, Peyret, Arnould, Collard and Chevallier [46], Hemez and Van Buren [47],
Kuczkowiak, Cogan, Ouisse, Foltête and Corus [48], Nojavan and Jermsittiparser [49], Zhao, E.
and Wu, C. [50], Housh and Aharon [51], Li, X, Li, X., Zhou, Z., Su, Y. and Cao, W. [52] and
Ben-Haim [53]. Moreover, a very large number of additional interesting publications (appropri-
ately classified) using the IGDT can be found through the web page https://info-gap.technion.ac.il

https://info-gap.technion.ac.il
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of Technion, Israel Institute of Technology devoted to Ben-Haim’s IGDT. On the other hand, the
paper by Kanno [54] refers to the worst scenario method, which is somewhat relevant to the IGDT.

Here we intend to use a computer algebra system, more explicitly Mathematica, and the method
of quantifier elimination implemented in Mathematica in order to perform symbolic computations
related to the IGDT and its robustness and opportuneness (or opportunity) functions. Naturally, for
symbolic computations the use of a computer algebra system is particularly convenient. Symbolic
computations proved quite useful in many problems of applied mechanics since about the sixties.
The most well-known computer algebra systems are ALTRAN (1965), REDUCE (1966), Macsyma
(1968), muMath (1978), Maple (1982), Derive (1988) and Mathematica (1988). With respect to the
use of symbolic computations in applied and structural mechanics a very interesting review was pre-
pared by Pavlović [55] and it was published in 2003. In his own research, since 1989 the author has
used the computer algebra systems Derive, REDUCE, Maple and Mathematica in many problems of
applied mechanics with intensive necessity for symbolic computations. As was already mentioned,
the present IGDT-related results, which exclusively concern quantifier elimination, were obtained
by using Mathematica. This particular computer algebra system was selected since (i) it includes a
very efficient implementation of several quantifier elimination algorithms prepared by Strzeboński
in its kernel and (ii) it offers an extremely powerful and friendly environment to its user.

Quantifier elimination in elementary real algebra is an interesting and rather recent computa-
tional tool strongly related to computer algebra. By performing quantifier elimination to a quan-
tified formula, that is a formula including the universal quantifier ∀ (for all) and/or the existential
quantifier ∃ (exists), we obtain a formula free from these quantifiers and, of course, free from the
quantified variables as well. This formula is called QFF (quantifier-free formula). On the contrary,
clearly, the free variables (parameters) remain present in the derived QFF.

The two main algorithms for quantifier elimination are (i) CAD (cylindrical algebraic decom-
position) devised by Collins in 1973 and with its first official publication appeared in 1975 [56]
and (ii) virtual substitution devised by Weispfenning (see, e.g., Refs. [57, 58] and the recent invited
paper by Sturm [59] prepared on the occasion of the completion of thirty years of virtual substitu-
tion. The classical book on quantifier elimination and CAD is still the book edited by Caviness and
Johnson [60] and published in 1998. Many improvements of CAD are also available; see, e.g., the
recent paper by Strzeboński [61] (concerning the use of local projections) and the even more recent
paper by England, Bradford and Davenport [62] (concerning CAD with equational constraints).

The best implementation of CAD seems to be that made by Strzeboński in Mathematica [63]
and this is the implementation that will be used here. But on the other hand, unfortunately, from
the negative point of view it should be mentioned that quantifier elimination for real variables has a
doubly-exponential computational complexity. This important property was proved by Davenport
and Heintz [64], it is well known and, naturally, applicable to CAD as well. This negative result
constitutes a serious disadvantage of the method of quantifier elimination and, hence, a significant
obstacle to its wide application especially to quantified formulae with a large total number of vari-
ables (free and quantified) and/or high-degree polynomials. We can also mention that virtual substi-
tution is applicable mainly to quantified formulae with only linear and/or quadratic polynomials in
the quantified formulae whereas CAD is a general-purpose quantifier elimination algorithm appli-
cable to quantified formulae with polynomials of any degree. Nevertheless, for linear and quadratic
polynomials in the quantified formulae, virtual substitution seems to be preferable to CAD.

Now as far as the implementations of quantifier elimination algorithms in computer algebra sys-
tems are concerned (mainly based on CAD and/or on virtual substitution), the five implementations
known to this author are (i) the classical and famous package QEPCAD (now QEPCAD B [65]) of
the SACLIB library, which is the first computer package that performs quantifier elimination, (ii) the
package REDLOG [66] of the computer algebra system REDUCE, (iii) the package SyNRAC of the
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computer algebra system Maple [67], (iv) the recent and based on an interesting concept (poly-
algorithmic) package QuantifierElimination also of Maple [68] and (v) the implementation of
quantifier elimination in Mathematica [63] described in Refs. [69, 70], which is very powerful in-
side the user-friendly computational environment of Mathematica [63] and is exclusively used here.

Following many researchers in several research fields, since 1994 the author has been interested
in the application of the computational method of quantifier elimination [60] to several problems
appearing in applied mechanics (see, e.g., Ref. [71] published in 1995). Much more recent results
by the author, but based on the same computational method, that is on the method of quantifier
elimination [60], and generally concerning problems of applied mechanics, can be found in several
publications including Refs. [72–83]. On the other hand, Charalampakis and Chatzigiannelis di-
rectly applied the CAD algorithm to a very interesting applied-mechanics problem, more explicitly,
to the problem of computation of optimal solutions to truss problems in structural mechanics [84].

Of course, here much more interesting is the application of quantifier elimination to problems
(mainly to problems of applied mechanics) related to the computation of intervals for the uncertain
quantities. The author has been interested in this type of applications during the last three years.
These interval-related results by the author include the nine recent technical reports [73–81], where
the author combined quantifier elimination (by using (i) its implementation in Mathematica [63]
in the first seven of these technical reports [73–79] as well as in the last technical report [81] and
(ii) REDLOG [66] in REDUCE in the eighth report [80]) with interval analysis in several problems.
Almost all of these problems concern applied mechanics with the exception of the problems in the
technical report [74], which concern intervals of the real roots of the classical quadratic equation.
Moreover, very recently, the author applied quantifier elimination to the ellipsoidal model under
uncertainty conditions [82, 83] with the emphasis put again on problems of applied mechanics.

Quantifiers and quantifier elimination [60] are strongly related to interval analysis [1, 2]. This
is obvious since several problems in interval analysis are expressed in terms of formulae with uni-
versally and/or existentially quantified variables. The classical solution sets of parametric or non-
parametric interval systems of linear algebraic equations constitute such examples. In fact, there is
a large number of related results in the interval literature. For example, Elishakoff, Gabriele and
Wang, Y. [6] repeatedly used quantifiers in their study of the generalized Galilei problem [6], e.g. at
the end of Section 2 there [6, p. 1207]. On the other hand, in the IGDT, the use of quantifiers is also
completely obvious both for the robustness and for the opportuneness functions; see, e.g., Ref. [20,
Eqs. (3.12) and (3.58)], Ref. [23, Eqs. (1), (2), (13), (26) and (28)] and Ref. [24, Eq. (9)], where the
phrase ‘for all’ is explicitly used for the robustness of the model. On the contrary, the logical sym-
bol ∀ itself is rarely used. Analogously, in the case of the opportuneness of the model, the logical
symbol ∃ (exists and, informally, ‘for some’ or ‘for at least one’) is the symbol that should be used.

The present technical report is organized in six sections as follows: (i) In Section 1 (the present
section), we presented the introductory material to the adopted approach concerning Ben-Haim’s
info-gap model [19, 20] and based on the computational method of quantifier elimination [60].
(ii) In Section 2, we consider the problem of Hertzian contact of two isotropic elastic spheres.
(iii) In Section 3, we study the problem of a spring with a linear stiffness but also with an uncertain
cubic non-linearity in its stiffness. (iv) In Section 4, we study the robust reliability of a project with
uncertain activity (task) durations. (v) In Section 5, we consider the problem of a gap-closing elec-
trostatic actuator. (vi) Finally, in Section 6, we briefly state the basic conclusions drawn from the
present results and we make a brief related discussion with some remarks on the adopted quantifier-
elimination-based computational approach. Additionally, we mention two possible generalizations
of the present approach. At this point we mention that the four problems studied in Section 2, Sec-
tion 3, Section 4 and Section 5 under uncertainty conditions were originally studied by Ben-Haim
and his collaborators with the same info-gap models, but with different computational methods.
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2. Hertzian contact of two isotropic elastic spheres
As a first application of the present approach aiming to study the robust reliability of a simple

mechanical system under uncertainty conditions by using Ben-Haim’s info-gap (or information-
gap) model [19–22] together with our approach based on quantifier elimination [60] we consider
the problem of Hertzian contact of two isotropic elastic spheres in contact with radii r1 and r2 under
an axial load f . The moduli of elasticity (Young’s moduli) of the materials of the two spheres are E1
and E2 whereas the Poisson ratio of both materials is ν . This Hertzian contact problem was already
studied by Ben-Haim [36] by using an info-gap model and appropriate mechanical assumptions.
Following Ben-Haim [36], we define the auxiliary quantities [36, Section 2, Eqs. (1) and (2)]

E :=
2E1E2

E1 +E2
and

1
r

:=
1
r1

+
1
r2

. (1)

In this problem, the following formula holds true for the depth of penetration (the sum of compres-
sions of both spheres or simply the compression) g between the two spheres [36, Section 2, Eq. (4)]:

g =

[
2.25(1−ν2)2 f 2

E2r

]1/3

. (2)

For convenience, following again Ben-Haim [36, Subsection 4.1, Eq. (14)], we define the related
auxiliary symbol

c :=
[

2.25(1−ν2)2

r

]1/3

. (3)

With the help of this symbol, c, Eq. (2) for the depth of penetration g takes the much simpler form
(see also [36, Subsection 4.1, Eq. (16)])

g = c
(

f
E

)2/3

. (4)

At this point we assume that c is a known parameter whereas the symbol Ẽ denotes the nominal
value of the combined modulus of elasticity E (having already been defined in the first of Eqs. (1))
for the present simple mechanical system. Following Ben-Haim, here we adopt the following info-
gap model for the uncertainty in the combined modulus of elasticity E [36, Subsection 3.1, Eq. (6)]:

UE(h) := {E : 0 ≤ E − Ẽ ≤ sh} with h ≥ 0. (5)
In this info-gap model proposed by Ben-Haim for the present contact problem [36], s is a new and
known parameter, which denotes an estimate of the magnitude of the error of Ẽ [36, Subsection 3.1].
Moreover, obviously, the uncertainty parameter h is the horizon of uncertainty to be determined.

Here we wish that the following inequality constraint (performance requirement) holds true for
the depth of penetration of the spheres g given by Eq. (4) (see Ref. [36, Subsection 4.1, Eq. (10)]):

Cg := g ≥ gc with g = c
(

f
E

)2/3

. (6)

Here gc denotes the critical value of the depth of penetration (the compression) g. This inequality
constraint means that the total depth of penetration g should not be less than its critical value gc .

Now under (i) the above uncertainty conditions included in the adopted info-gap model UE(h)
defined in Eq. (5) and (ii) our requirement that the criterion Cg defined in Eq. (6) should hold true
our intention is simply to determine the uncertainty parameter (horizon of uncertainty) h appearing
in the info-gap model UE(h) so that the criterion Cg is satisfied. This will be made below by using
the method of quantifier elimination [60]. This approach constitutes an alternative to the elementary
approach already used by Ben-Haim [36, Subsection 4.1] for the determination of the robustness ĥ
of the model. Clearly, this quantity, ĥ, is a function of the five parameters f , Ẽ, gc , c and s, which,
obviously, are deterministic (not uncertain) parameters. Now for the determination of the horizon
of uncertainty h so that the criterion Cg is satisfied we can use the universally quantified formula

∀E such that the model UE(h) holds true the inequality constraint Cg also holds true. (7)
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We are now ready to proceed to the elimination of the universal quantifier ∀ (for all) as well as of
the related universally quantified variable E (the combined modulus of elasticity of the materials of
the two spheres) by employing the method of quantifier elimination in its powerful implementation
in Mathematica [63] by Strzeboński. To this end we can use the quantifier elimination command

Refine[Reduce[ForAll[Em, UE[h]∧ AE, g≥ gc], h, Reals], AE]//Simplify [c1]

based on the Reduce command of Mathematica. In this command, we incorporated the six positiv-
ity assumptions AE := f > 0 ∧ c > 0 ∧ Ẽ > 0 ∧ gc > 0 ∧ s > 0 ∧ h > 0 (8)

denoted by the symbol AE in Mathematica. (The last assumption, h > 0 instead of h ≥ 0 usually
used in info-gap models for the uncertainty parameter h, which is also frequently called horizon of
uncertainty, was made here just for computational convenience and, practically, it is not important.)

The resulting QFF (quantifier-free formula) QE under the assumptions AE , which is obviously
equivalent to the above universally quantified formula (7), has the conjunctive logical form (with
two logical terms)

QE := Ẽ <
( c

gc

)3/2
f ∧ h ≤ 1

s

[( c
gc

)3/2
f − Ẽ

]
. (9)

In this QFF, the first logical term simply refers to the necessary positivity condition for the expres-
sion in the brackets in the second logical term. Of course, this condition is completely necessary
because here the uncertainty parameter (horizon of uncertainty) h has been assumed to be a positive
quantity. Yet, the main part of the same QFF is its second logical (here conjunctive) term essentially
concerning the least upper bound (supremum) ĥE of h. Therefore, this bound ĥE has the form

ĥE =
1
s

[( c
gc

)3/2
f − Ẽ

]
(10)

being a function of the five parameters f , Ẽ, gc , c and s. Evidently, these parameters are the free
variables in the universally quantified formula (7) to which quantifier elimination was performed.
On the other hand, the quantified variable E there does not appear in the QFF QE in Eq. (9) and,
of course, in the related Eq. (10) for ĥE as well. As was really expected, the above equation for ĥE ,
the robustness of the present info-gap model UE(h), coincides with the relevant equation for the
same quantity, ĥE , which has been computed by Ben-Haim [36, Subsection 4.1, Eq. (15)], who used
the classical approach for this task and no quantifiers at least explicitly. Of course, it is correctly
mentioned by Ben-Haim [36, Subsection 4.1] that ĥE is zero if Eq. (10) provides a negative result
for the robustness ĥE . This is in agreement with the first conjunctive term in the QFF QE defined in
Eq. (9) although here it was assumed that the robustness ĥE is positive and not simply non-negative.

At this point we would like to mention that instead of the universally quantified formula (7)
we can also use the alternative, but logically equivalent, negated existentially quantified formula

̸ ∃E such that the model UE(h) holds true and the inequality constraint g < gc also holds true (11)

containing the negation ̸∃ (not exists) of the existential quantifier ∃ (exists) and, similarly, the nega-
tion g < gc of the inequality constraint Cg defined in Eq. (6), i.e. the criterion g ≥ gc . In this way,
performing quantifier elimination to the formula (11) by using the quantifier elimination command

Refine[Reduce[Not[Exists[Em, UE[h]∧ AE, g<gc]], h, Reals], AE]//Simplify [c2]

we obtain again exactly the same QFF (quantifier-free formula) QE already displayed in Eq. (9).
A rather interesting remark concerns the case where we use the existentially quantified formula

∃E such that the model UE(h) holds true and the inequality constraint Cg also holds true (12)

(not related at all to the robustness ĥE of the info-gap model UE(h) defined in Eq. (5)) instead of the
previously used universally quantified formula (7). In this case and under the present conditions,
we obtain the same QFF QE displayed in Eq. (9). This is a correct but somewhat unexpected result.
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3. A spring with a linear stiffness but also with an uncertain cubic non-linearity in its stiffness

Now we proceed to a second application of the present computational approach again based on
Ben-Haim’s info-gap (or information-gap) uncertainty model [19–22]. Here we will again compute
the uncertainty parameter (the horizon of uncertainty) h by again adopting the method of quantifier
elimination [60] and by using its powerful implementation in Mathematica [63]. This application
concerns the simple problem of an ordinary spring with a linear stiffness k, which, nevertheless,
also has a cubic non-linear term with stiffness k3. But contrary to the linear stiffness k, the non-
linear stiffness k3 is here assumed to be an uncertain parameter (uncertain cubic non-linearity). The
present IGDT (information-gap decision theory) problem was studied by Ben-Haim [33] as a simple
example of problems based on his interesting info-gap model [19–22]. More complicated similar
examples concerning non-linear oscillators were also studied by Ben-Haim and Cogan [35].

In the above spring with a non-linear term in its stiffness, the relation between the force f ap-
plied to the spring and the displacement x of the spring that this force causes has the form [33, p. 1]

f = kx+ k3x3. (13)

Following Ben-Haim [33], here we consider the two vectors of data [33, p. 1]

X = {x1,x2, . . . ,x6}= {1,2,3,4,5,6}, (14)

F = { f1, f2, . . . , f6}= {2.0,3.6,6.6,7.8,9.6,10.3} (15)

(sample based on n = 6 observations). The above two vectors of data X and F concern the displace-
ments xi (with i= 1,2, . . . ,6) of the spring and the corresponding forces fi (again with i= 1,2, . . . ,6)
applied to the spring, respectively. Evidently, the values in these two vectors of data X and F defined
in Eqs. (14) and (15), respectively, are assumed to be accurate, deterministic (with no uncertainties).

The mean squared error (including the uncertain cubic non-linearity in the stiffness of the spring)
has the form [33, Eq. (2)]

S(k,k3) =
1
n

n

∑
i=1

( fi − kxi − k3x3
i )

2 (16)

(here with n = 6). Here we wish that this mean squared error be bounded and, more explicitly, not
exceed a critical value Sc [33, p. 1], i.e.

Cs := S(k,k3)≤ Sc . (17)

The above criterion Cs is our main inequality constraint, the performance requirement of our model.
Now our aim is simply to compute the uncertainty parameter (the horizon of uncertainty) h so that
the inequality constraint Cs always holds true under the assumption of validity of the uniform-bound
info-gap model [33, Eq. (3)]

Us(h) := {k3 : |k3| ≤ h} with h > 0. (18)

For computational convenience for the horizon of uncertainty h here we assume that h > 0 instead
of the slightly more general case h ≥ 0, which has been assumed by Ben-Haim [33] in Eq. (3) there.

By employing the above two vectors of data (14) and (15) (sample based on n= 6 observations),
we easily find the following expression of the mean squared error S(k,k3) determined by Eq. (16):

S(k,k3) =
91k2

6
+

5k(455k3 −34)
3

+
67171k2

3
6

− 4133k3

3
+

31961
600

=
1

600
(9100k2 +455000kk3 −34000k+6717100k2

3 −826600k3 +31961). (19)

Now our task is to proceed to the computation of the reliability region Rs in the present spring
problem with two parameters: the linear stiffness k of the spring and also the critical mean squared
error Sc . More explicitly, we will determine the horizon of uncertainty h (here having been assumed
to be a positive number: h > 0) so that the inequality constraint Cs (our criterion) in Eq. (17) holds
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true under the assumed uniform-bound info-gap model Us(h) defined by the set in Eq. (18). As we
have already mentioned, to this end here we will use the adopted method of quantifier elimination.

At first, we form the related universally quantified formula concerning the success related to our
info-gap model, i.e. the validity of the criterion Cs defined in Eq. (17). This formula has the form

∀k3 such that the model Us(h) holds true the inequality constraint Cs also holds true. (20)

In this universally quantified formula (including the universal quantifier ∀, for all), the non-linear
stiffness k3 of the spring is the universally quantified variable. On the contrary, the critical mean
squared error Sc appearing in Eq. (17), the linear stiffness k of the spring and the horizon of uncer-
tainty h are the free variables. Clearly, these three variables, Sc , k and h (with the first two, Sc and k,
being parameters of the problem), will remain present in the derived QFF (quantifier-free formula).

In order to perform quantifier elimination with Mathematica [63] to the above universally quan-
tified formula (20), i.e. in order to become able to eliminate the universal quantifier ∀ (for all) and,
additionally, the non-linear stiffness k3 of the spring, we will use again the Reduce general-purpose
command of Mathematica [63], more explicitly the command (including the assumption h > 0)

Refine[Reduce[ForAll[k3,Us[h]∧ h>0,S[k,k3]≤ Sc],h,Reals],h>0]//Together [c3]

The related Resolve command of Mathematica [63], which exclusively concerns quantifier elimi-
nation, could also have been used (and it has actually been used) instead of the Reduce command
used in the above command [c3] with exactly the same output, i.e. the QFF (quantifier-free formula)
that is equivalent to the above universally quantified formula (20). This QFF has the following form:

Qs :=
[

k ≤ 4133
2275

∧ Sc >
9100k2 −34000k+319611

600

∧ h ≤
√

−93693600k2 +403299000k+40302600Sc −438683431+22750k−41330
671710

]
∨
[

k >
4133
2275

∧ Sc >
9100k2 −34000k+319611

600

∧ h ≤
√

−93693600k2 +403299000k+40302600Sc −438683431−22750k+41330
671710

]
(21)

being the disjunction of two logical terms concerning the cases k ≤ 4133/2275 and k > 4133/2275.
Moreover, each of these two logical terms consists of the conjunction of three logical terms,

the first of which concerns the free variable k, the second the free variable Sc and the third the free
variable h, which is of particular importance here. In fact, in the above command [c3] it has been
explicitly requested that the resulting QFF Qs appear ‘solved’ with respect to the free variable h, the
uncertainty parameter (or horizon of uncertainty), in which we are particularly interested here. Ad-
ditionally, our positivity assumption, h > 0, is assumed to hold true when using the above QFF Qs .
This was explicitly requested by using the Refine auxiliary command in the above command [c3].

Naturally, the same QFF (quantifier-free formula) Qs displayed in Eq. (21) can also be written
in an approximate decimal form simply by using the well-known N command of Mathematica [63].
On the other hand, this QFF can be written in the completely equivalent but somewhat simpler form

Qs := Sc > S0 ∧ [(k ≤ k0 ∧ h ≤ ah +bh) ∨ (k > k0 ∧ h ≤−ah +bh)], (22)
where

S0 :=
9100k2 −34000k+319611

600
, k0 :=

4133
2275

, ah :=
22750k−41330

671710

and bh :=

√
−93693600k2 +403299000k+40302600Sc −438683431

671710
. (23)
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Fig. 1. The reliability regions Rs1 for k = k1 := 1.8681 (left figure) and Rs2 for k = k2 := 1.75
(right figure) for the validity of the criterion (the performance requirement) Cs .

It is also obvious that the condition Sc > S0 is always a necessary condition for the existence of
a positive horizon of uncertainty h > 0 in the info-gap model Us(h) defined in Eq. (18) under the
inequality constraint Cs (performance requirement) defined in Eq. (17) together with the vectors of
data X and F in Eqs. (14) and (15), respectively. But, on the other hand, clearly, S0 depends on the
linear stiffness k of the spring whereas the critical error Sc is simply a constant (here a parameter).

We can also mention that, clearly, an acceptable alternative possibility for the derivation of the
above QFF Qs displayed in Eq. (21) is to use the equivalent negated existentially quantified formula

̸∃k3 such that the model Us(h) holds true, but the inequality constraint Cs does not hold true. (24)

Here the negation ̸ ∃ (not exists) of the existential quantifier ∃ (exists) is now present instead of the
universal quantifier ∀ (for all) appearing in the previous logically equivalent universally quantified
formula (20). The relevant quantifier elimination command has the alternative but analogous form

Refine[Reduce[Not[Exists[k3, Us[h]∧ h>0, S[k,k3]>Sc]], h, Reals], h>0]
//Together [c4]

and, naturally, the QFF Qs already displayed in Eq. (21) is derived again as was actually expected.
Of course, special cases of this QFF, Qs , for special values of the two parameters k (the linear

stiffness of the spring) and/or Sc (the critical mean square error in Eq. (17), which should not be ex-
ceeded) can directly be obtained. For example, for k = k1 := 1.8681 this QFF takes the simpler form

Qs1 := Sc >
202758251
600000000

∧ h ≤ 2
√

2
√

5037825000000Sc −1531533806537−1169275
671710000

. (25)

Next, for k = k2 := 1.75 the same QFF, Qs , takes the similarly simpler form

Qs2 := Sc >
1319
2400

∧ h ≤ 2
√

40302600Sc −19846831−3035
1343420

. (26)

Finally, for k = k3 := 1.81 the same QFF, Qs , takes the analogously simpler form

Qs3 := Sc >
23351
60000

∧ h ≤ 2
√

1007565000Sc −391546099−1525
6717100

. (27)

Numerical approximations to these QFFs, Qs1, Qs2 and Qs3 in these three special cases, are directly
computed by using the N command of Mathematica [63]. On the other hand, the above three values
of the linear stiffness k of the spring are those already considered in some detail by Ben-Haim [33].
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Fig. 2. The reliability region Rs3 for k = k3 := 1.81 (left figure) and all three reliability regions
Rs1, Rs2 and Rs3 (right figure) for the validity of the criterion (the performance requirement) Cs .

As far as the three reliability regions Rs1 for k = k1 := 1.8681, Rs2 for k = k2 := 1.75 and Rs3
for k = k3 := 1.81 (here we mean reliability for the success of the assumed info-gap model Us(h)
defined in Eq. (18), that is for the validity of the criterion Cs defined in Eq. (17)) corresponding to
the QFFs Qs1, Qs2 and Qs3, respectively, are concerned, the graphical representations of these three
regions are displayed in Fig. 1 (left figure), again in Fig. 1 (right figure) and in Fig. 2 (left figure).
Next, in Fig. 2 (right figure), these three regions, Rs1, Rs2 and Rs3 , are displayed simultaneously.

From these figures, Fig. 1 and Fig. 2, we can directly conclude that the best of these reliability
regions for the success of the model, i.e. S(k,k3)≤ Sc , is the region Rs1 for k = k1 := 1.8681. This
happens because as h → 0 this region, Rs1, contains points of the Sc-axis at the left of the other two
regions, Rs2 and Rs3. This is clear from Fig. 2 (right figure). But, on the other hand, this situation
changes for higher values of h, where the reliability region Rs3 for k = k3 := 1.81 becomes the best
reliability region and it should be preferred. This is also clear from Fig. 2 (right figure). Of course,
it is obvious from these figures, Fig. 1 and Fig. 2 (left and right figures), that the second reliability
region Rs2 for k = k2 := 1.75 should never (i.e. for no value of Sc) be preferred simply because it is
included in both regions Rs1 and Rs3 ; it constitutes a part, a subset of these regions, i.e. Rs2 ⊂Rs1
and Rs2 ⊂ Rs3 whereas Rs1 ̸⊂ Rs3 and, simultaneously, Rs3 ̸⊂ Rs1 too (see Fig. 2, right figure).

Naturally, as is expected, these remarks are in complete agreement with the corresponding re-
marks made by Ben-Haim [33, p. 2] for the present problem although Ben-Haim focused his atten-
tion on the boundaries of these reliability regions, that is on the related robustness curves ĥ = ĥ(Sc),
but this fact is of minor importance not constituting an essential difference in the conclusions drawn.

Finally, with respect to the robustness ĥ to uncertainty we can mention that as is extremely well-
known from the theory of Ben-Haim’s info-gap model [19–22], the maximum ĥ of the uncertainty
parameter (or horizon of uncertainty) h (its greatest value or, better, its least upper bound, supre-
mum) is defined as the robustness to uncertainty of the info-gap model. In the present spring prob-
lem, as is clear from the form (22) of the computed QFF Qs , the robustness ĥ = ĥ(k,Sc) of the info-
gap model Us(h) with the present assumptions for the spring (including the criterion Cs) is given by

ĥ(k,Sc) = ah+bh if k ≤ k0 and ĥ(k,Sc) =−ah+bh if k > k0 in both cases with Sc > S0 (28)

being a function of both parameters k and Sc , i.e. ĥ = ĥ(k,Sc). (It is reminded that the four auxiliary
symbols S0 , k0 , ah and bh were already defined in Eqs. (23).) Evidently, in the aforementioned three
special cases (i) k = k1 := 1.8681, (ii) k = k2 := 1.75 and (iii) k = k3 := 1.81, the related robustness
curves ĥ(k1,Sc), ĥ(k2,Sc) and ĥ(k3,Sc) are the curves bounding the corresponding regions Rs1, Rs2
and Rs3 shown in Fig. 1 (left figure), in Fig. 1 (right figure) and in Fig. 2 (left figure), respectively.
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4. Robust reliability of a project with uncertain activity (task) durations

4.1. Definition of the project problem
As a third application of the present approach, in this section, we consider a problem concerning

the robust reliability of a project under uncertainty conditions related to the durations of the separate
activities (tasks) of the project. This interesting problem was studied in detail by Ben-Haim and
Laufer [24]. (See also the related subsection in the classical monograph by Ben-Haim on info-
gap decision theory [20, Subsection 3.2.6, pp. 64–70]. Additionally, a relevant example prepared
by Ben-Haim is also available [34].) The special case of this project problem considered here is
described and studied in detail by Ben-Haim and Laufer [24, pp. 127–129]. This case concerns an
activity (task) project with N = 16 activities (tasks) with uncertain durations ti (with i = 1,2, . . . ,N ).
The nominal values t̃i of these uncertain durations ti constitute the vector [24, p. 128, Table 1]

T̃ = {t̃1, t̃2, . . . , t̃N}= {1,4,6,3,2,3,5,4,4,2,1,2,1,3,1,2}. (29)

For the above uncertain activity (equivalently, task) durations ti (with i = 1,2, . . . ,N ) Ben-Haim
and Laufer [24] assumed the following fractional-deviation info-gap model [24, p. 128, Eq. (7)]:

T (h) :=
{

T :
|ti − t̃i|

t̃i
≤ wi h with i = 1,2, . . . ,N

}
, (30)

which is written here in a slightly modified but completely equivalent form. In the above info-gap
model T (h), the symbol T denotes the vector of the N (here N = 16) activity (task) durations ti, i.e.

T = {t1, t2, . . . , tN}. (31)

Moreover, the symbols wi in T (h) denote the uncertainty weights of the same activity durations ti
(with i = 1,2, . . . ,N and N = 16) [24, p. 128]. These weights wi represent the errors of the corre-
sponding nominal values t̃i (estimates of the activity durations ti) [34] or, equivalently, the relative
variability of the activities of the present project [24, p. 128]. Ben-Haim and Laufer assumed the
vector W of the weights wi (with i = 1,2, . . . ,N and N = 16) to have the form [24, p. 128, Table 1]

W = {w1,w2, . . . ,wN}= {1,2,2,2,1,2,1,1,0.5,1,1,1,1,1,1,1}. (32)

Additionally, in the same info-gap model T (h) in Eq. (30), the symbol h, the uncertainty pa-
rameter of this model, denotes its horizon of uncertainty. This quantity is a non-negative number.
(The same symbol, h, is also used by Ben-Haim [34] whereas Ben-Haim and Laufer [24] prefer and
use the symbol α instead as is also quite frequently made in publications employing Ben-Haim’s
info-gap model.) Therefore, because of the assumed validity of the above info-gap model T (h) in
the present simple project, the duration ti of each activity varies in the interval [24, p. 128, Eq. (8)]

t̃i(1−wi h)≤ ti ≤ t̃i(1+wi h) with i = 1,2, . . . ,N. (33)

Hence, the info-gap model T (h) defined in Eq. (30) can also be written in the equivalent form

T (h) = {T : t̃i(1−wi h)≤ ti ≤ t̃i(1+wi h) with i = 1,2, . . . ,N}, (34)

which is computationally preferable during quantifier eliminations below. Here during such elimi-
nations we must use the essentially equivalent conjunctive logical form of the info-gap model T (h)
in Eq. (34), which uses the conjunction operator ∧ (the logical ‘and’). This conjunctive form Cig is

Cig :=
N∧

i=1

t̃i(1−wi h)≤ ti ≤ t̃i(1+wi h) (35)

(here with N = 16). This form essentially constitutes the set of our main inequality constraints in the
present info-gap model T (h) to be used here during quantifier eliminations in the next subsections.
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Now by using (i) the vector T̃ (in Eq. (29)) of the nominal values t̃i of the N = 16 durations ti
of the activities (tasks) of this project as well as (ii) the vector W (in Eq. (32)) of the uncertainty
weights wi for the same N = 16 durations, we can directly write the inequality constraints Cig of the
present info-gap model, which are determined by Eq. (35), in their final conjunctive logical form

Cig = 1−h ≤ t1 ≤ h+1 ∧ 4−8h ≤ t2 ≤ 8h+4 ∧ 6−12h ≤ t3 ≤ 12h+6

∧ 3−6h ≤ t4 ≤ 6h+3 ∧ 2−2h ≤ t5 ≤ 2h+2 ∧ 3−6h ≤ t6 ≤ 6h+3

∧ 5−5h ≤ t7 ≤ 5h+5 ∧ 4−4h ≤ t8 ≤ 4h+4 ∧ 4−2h ≤ t9 ≤ 2h+4

∧ 2−2h ≤ t10 ≤ 2h+2 ∧ 1−h ≤ t11 ≤ h+1 ∧ 2−2h ≤ t12 ≤ 2h+2

∧ 1−h ≤ t13 ≤ h+1 ∧ 3−3h ≤ t14 ≤ 3h+3 ∧ 1−h ≤ t15 ≤ h+1

∧ 2−2h ≤ t16 ≤ 2h+2. (36)

This N-activity project (here with N = 16) was assumed by Ben-Haim and Laufer to be orga-
nized into M = 5 activity paths [24, p. 127, also Fig. 1 on the same page]. The duration cm (with
m = 1,2, . . . ,M and M = 5) of each activity path of the project is, clearly, equal to the weighted sum
of the durations ti of all the activities (tasks) in this path and is determined by [24, p. 127, Eq. (3)]

cm =
N

∑
i=1

fmi ti with m = 1,2, . . . ,M. (37)

In these equations, the symbol N denotes the total number of activities (here N = 16), the symbols ti
were already defined as the durations of the activities (tasks) of the project (with i = 1,2, . . . ,N ) and
the symbols fmi denote the elements of the matrix F of the fractional participation of the activity i
in the activity path m [24, p. 127]. In the present project problem, this participation matrix F was
found by Ben-Haim and Laufer to have the following form [24, p. 127, Eq. (2)]:

F =


1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 1
1 0 1 1 1 1

2 0 0 0 0 0 0 0 0 0 1
1 0 0 0 1 1 1 1 0 0 0 0 0 0 0 1
1 0 0 0 1 1 0 0 1 1 1 0 0 0 0 1
1 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1

 (38)

of course in complete compatibility with the schedule (flow chart) of the project [24, p. 127, Fig. 1].
Moreover, Ben-Haim and Laufer [24, p. 127] also explain the technical meaning of the appearance
of the element f26 = 1/2 as the sixth element of the second row of the above participation matrix F.

On the other hand, the failure criterion of the project that was adopted by Ben-Haim and Laufer
in the present project problem [24] is simply that the project fails if the duration T of its longest
activity path (here with M = 5 activity paths) exceeds a critical value Tcr [24, p. 127, Eq. (6)], i.e.

T > Tcr (failure criterion of the project). (39)

Therefore, all the durations cm (with m = 1,2, . . . ,M) of the M = 5 activity paths of the present
project should not exceed the above critical value Tcr . In this way, the failure of the project will be
avoided. Based on this criterion as well as on Eqs. (37) for the durations cm of the M = 5 activity
paths of the project, Ben-Haim and Laufer considered the set [24, p. 128, Eq. (9)]

A (Tcr) :=
{

h : max
1≤m≤M

∣∣∣ N

∑
i=1

fmi ti
∣∣∣≤ Tcr ∀ T ∈ T (h)

}
. (40)

(Here this set, A (Tcr), has been written in a slightly modified form, that is, mainly, with T instead
of t, with h instead of α for the uncertainty parameter, that is the horizon of uncertainty, and with
the symbol ∀ for the universal quantifier instead of ‘for all’.) Of course, the same set, A (Tcr), is
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the set of all the values of the horizon of uncertainty h (the uncertainty parameter of the info-gap
model T (h)) that guarantee the successful completion of the project [24, p. 128], that is its com-
pletion without exceeding the critical duration Tcr in the failure criterion (39). Hence, we must have

T ≤ Tcr (criterion for the successful completion, the success of the project) (41)

contrary to the inequality (39) concerning the criterion for the failure (not the success) of the project.
In more detail, evidently, in order to avoid the failure of the project, we simply must have

cm ≤ Tcr for m = 1,2, . . . ,M. (42)

Of course, these M = 5 inequality constraints can also be written in a somewhat more logic-oriented
form Cp again with the use of the logical conjunction operator ∧ (the logical ‘and’). This form is

Cp :=
M∧

m=1

(cm ≤ Tcr) or, better, Cp =
M∧

m=1

( N

∑
i=1

fmi ti ≤ Tcr

)
(43)

by having used again Eqs. (37) for the durations cm of the M = 5 activity paths of the project. This
is the set (here in a conjunctive logical form) of the M = 5 inequality constraints (42) in the present
project problem related to the success of the project. Of course, the use of the above five inequality
constraints Cp should be accompanied by the use of the sixteen inequality constraints Cig already
defined in Eq. (35) on the basis of the assumed info-gap model T (h) determined by Eq. (34).
Next, by employing the participation matrix F in Eq. (38), we can directly compute the final form
of the inequality constraints Cp in Eq. (43) in the present project duration problem, which concern
its M = 5 activity paths and assure the success (no failure) of the project. This final form of Cp is

Cp = t1 + t2 + t3 + t4 + t16 ≤ Tcr ∧ t1 + t3 + t4 + t5 +
t6
2
+ t16 ≤ Tcr ∧ t1 + t5 + t6 + t7 + t8 + t16 ≤ Tcr

∧ t1 + t5 + t6 + t9 + t10 + t11 + t16 ≤ Tcr ∧ t1 + t12 + t13 + t14 + t15 + t16 ≤ Tcr . (44)

Finally, the two simple and obvious assumptions (positivity of the critical duration Tcr and also
non-negativity of the uncertainty parameter h of the info-gap model, i.e. its horizon of uncertainty)

Ap := Tcr > 0 ∧ h ≥ 0 (45)
are also made. These assumptions will be continuously used during quantifier eliminations below.

4.2. Quantifier elimination, the reliability region and the robustness function of the entire project
On the basis of the results of the previous subsection, which concern the present project model

under uncertainty conditions and are based on the info-gap model T (h) in Eq. (30), in this subsec-
tion, we will use the selected method of quantifier elimination in order to determine the reliability
region Rp on the Tcr h-plane. This is simply the plane of the critical duration Tcr of the project and
the horizon of uncertainty h of the assumed info-gap model which assures the success (equivalent-
ly, no failure) of the entire project. Of course, here all three sets of inequality constraints, that is
(i) Cig concerning the adopted info-gap model T (h) and displayed in their final form in Eq. (36),
(ii) Cp concerning the success (no failure) conditions and displayed in Eq. (44) and (iii) Ap con-
cerning the trivial assumptions that had to be made, should be simultaneously taken into account.

Clearly, the quantified variables are the N uncertain durations ti (with i= 1,2, . . . ,N and N = 16)
of the activities of the project denoted by the related vector T, which has been defined in Eq. (31).
On the other hand, the free variables are the critical project duration Tcr and the horizon of uncer-
tainty h of the assumed info-gap model. Of course, these free variables will not be eliminated during
quantifier elimination, but they will remain present in the resulting QFF (quantifier-free formula).

The related universally quantified formula for the success (no failure) of the project has the form

∀T such that the inequality constraints Cig hold true the inequality constraints Cp

simultaneously hold true under the assumptions Ap . (46)
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Simply for convenience, that is for computational reasons concerning quantifier elimination (here
by using its implementation in Mathematica [63]), we will avoid the use of the above universally
quantified formula preferring the use of its logically equivalent negated existentially quantified form

̸ ∃T such that the inequality constraints Cig hold true, but the inequality constraints Cp

do not simultaneously hold true under the assumptions Ap . (47)

This alternative form includes the negation ̸ ∃ of the existential quantifier ∃ . It is repeated that the
inequality constraints Cp in Eq. (43) and, finally, here in Eq. (44) assure the success of the project.
Therefore, the assumed opposite situation, that is that these constraints do not simultaneously hold
true (as in the above quantified formula (47)) assures the failure of the project. Hence, the above
negated existentially quantified formula (47) assures that there exists no vector T of uncertain du-
rations ti in the info-gap model T (h) in Eq. (34) for which the project is unsuccessful, i.e. all five
constraints Cp do not simultaneously hold true. Obviously, this means that the project is always
successful for T ∈ T (h) of course under the validity of the above negated existentially quantified
formula (47), which is logically equivalent to the previous universally quantified formula (46).

Here we simply intend to transform the above negated existentially quantified formula (47) to
an equivalent QFF (quantifier-free formula), where the negated existential quantifier ̸ ∃ as well as
the quantified variable T, the vector of the activity (task) durations ti of the N = 16 activities of the
present project, will not appear any more. To this end we use the quantifier elimination command

Reduce[Refine[Reduce[Exists[T//Evaluate, Cig∧ Ap, Not[Cp]], Reals]//Not,
Ap], h] [c5]

This command is based on the general-purpose Reduce command of Mathematica (here mainly
used for performing quantifier elimination), the Not command both for the negation of the inequal-
ity constraints Cp and of the result as well (essentially in agreement with the negated existentially
quantified formula (47)) and the two auxiliary Evaluate and Refine commands the latter used for
a simpler appearance of the output: the QFF. Additionally, in the above command, the symbol T
was used for the vector T of the durations ti of the activities of the project, the symbol Cig for the in-
equality constraints Cig related to the present info-gap model and the symbol Ap for the two assump-
tions Ap . Finally, obviously, Not[Cp] denotes the negation ¬Cp of the inequality constraints Cp .

The resulting QFF (quantifier-free formula) Qp has the very simple form

Qp :=
(

Tcr ≤
173
9

∧ h ≤ Tcr −17
20

)
∨
(

Tcr >
173
9

∧ h ≤ Tcr −16
29

)
. (48)

The approximate form of the above QFF by using decimal numbers with twelve significant digits is

Qp = [Tcr ≤ 19.2222222222 ∧ h ≤ 0.05(Tcr −17)]

∨ [Tcr > 19.2222222222 ∧ h ≤ 0.0344827586207(Tcr −16)] (49)
and equivalently

Qp = (Tcr ≤ 19.2222222222 ∧ h ≤ 0.05Tcr −0.85)

∨ (Tcr > 19.2222222222 ∧ h ≤ 0.0344827586207Tcr −0.551724137931). (50)

It should be emphasized that this QFF (quantifier-free formula) holds true only under the two
assumptions Ap defined in Eq. (45) or, better, it was already simplified by using these assumptions.
This was explicitly demanded in the command [c5] through the use of the Refine command there.
Hence, we must have Tcr > 0 and h ≥ 0 when using this QFF. This means that Tcr ≥ 17 as is clear
from the second conjunctive logical term of the first disjunctive logical term in the present QFF Qp.

Now the reliability region Rp of the present project (under uncertainty conditions concerning
the durations ti of the N = 16 activities of the same project) based on the above QFF Qp in Eq. (48)
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Fig. 3. The reliability region Rp of the present project problem under uncertainty conditions (left
figure) and the relevant robustness function ĥ = ĥ(Tcr) of the same project problem (right figure).

(or in Eq. (49) or in Eq. (50)) is displayed in Fig. 3 (left figure and the shaded area in this figure).
This region concerns the values of the horizon of uncertainty h that assure the successful completion
of the project for each value of the critical duration Tcr of the project and, clearly, h depends on Tcr .

Of course, as is well known, the greatest value ĥ of the uncertainty parameter (horizon of uncer-
tainty) h of the info-gap model T (h) for a value Tcr of the critical duration of the project constitutes
the robustness function (or simply robustness) ĥ = ĥ(Tcr) of the entire project, which is studied
under uncertainty conditions [24, p. 128]. Obviously, the robustness function ĥ = ĥ(Tcr) directly
results from the above QFF (48) simply by replacing the ≤ sign by the = sign there. Hence, we have

ĥ(Tcr) =
Tcr −17

20
for 17 ≤ Tcr ≤

173
9

and ĥ(Tcr) =
Tcr −16

29
for Tcr >

173
9

, (51)

where we took into consideration our assumption that h ≥ 0 as we should do and we already men-
tioned this important point. Clearly, for Tcr < 17 the present uncertain project has no robustness ĥ.

As was already mentioned, the reliability region Rp corresponding to the QFF Qp displayed in
Eq. (48) (also in Eqs. (49) and (50) in its decimal approximations) for the present project problem
under the assumed uncertainty conditions is shown in Fig. 3 (left figure). Additionally, the already
mentioned strongly relevant robustness function ĥ = ĥ(Tcr) for the same project displayed in the
above Eqs. (51) is also shown in Fig. 3 (right figure). Moreover, from Eqs. (51) it becomes clear
that the robustness function ĥ = ĥ(Tcr) is linear both for 17 ≤ Tcr ≤ 173/9 ≈ 19.2222222222 and
for Tcr > 173/9 ≈ 19.2222222222, but with different derivatives (angles of inclination in Fig. 3).
This situation is not a very strange one and it will be explained near the end of the next subsection.

4.3. The reliability regions and the robustness functions of each activity path of the project
Evidently, beyond the whole uncertainty model already studied in the previous subsection we

can also focus our attention to each separate activity path of the project. As is clear from the success
criterion Cp in Eq. (44), the following five inequality constraints Cp,m (with m = 1,2, . . . ,M and
here M = 5) should hold true for the successful completion of each one of the M = 5 activity paths
of the present project:

Cp,1 := t1 + t2 + t3 + t4 + t16 ≤ Tcr ,

Cp,2 := t1 + t3 + t4 + t5 +
t6
2
+ t16 ≤ Tcr ,

Cp,3 := t1 + t5 + t6 + t7 + t8 + t16 ≤ Tcr , (52)

Cp,4 := t1 + t5 + t6 + t9 + t10 + t11 + t16 ≤ Tcr ,

Cp,5 := t1 + t12 + t13 + t14 + t15 + t16 ≤ Tcr .
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These inequality constraints concern the activity paths 1, 2, 3, 4 and 5 of the project, respectively.
The relevant five universally quantified formulae that should be used have the following forms:

∀T such that the inequality constraints Cig hold true the inequality constraint Cp,m

(with m = 1,2, . . . ,5) simultaneously holds true under the assumptions Ap . (53)
These quantified formulae are similar to the universally quantified formula (46) for the entire project
and, naturally, they include the inequality constraints Cig in Eq. (35) or, in more detail, in Eq. (36)
that concern the adopted info-gap model T (h). Evidently, each of the above five inequality con-
straints Cp,m concerns the success (no failure) of the project for the activity path m (m = 1,2, . . . ,5)
under consideration under the assumptions Ap (Tcr > 0 and h ≥ 0) already made in Eq. (45).
Clearly, instead of the above universally quantified formulae (53) the following equivalent negated
existentially quantified formulae can also be used (analogously to the negated existentially quanti-
fied formula (47) concerning the entire project, but here written using the ¬ , not, logical operator):

̸ ∃T such that the inequality constraints Cig hold true and the inequality constraint ¬Cp,m

(with m = 1,2, . . . ,5) simultaneously holds true under the assumptions Ap . (54)
Here the symbol T again denotes the vector of the uncertain durations ti of the N = 16 activities of
the project. Additionally, the symbol ¬Cp,m denotes the negation of the inequality constraint Cp,m
(with m = 1,2, . . . ,5) in Eqs. (52) with the symbol > appearing here instead of the symbol ≤ there.

Naturally, here in the quantified formula (53) we are again interested in eliminating the universal
quantifier ∀ (for all) for the quantified vector variable T (i.e. for the vector of the N = 16 quantified
variables ti) by performing quantifier elimination. In Mathematica [63], the related quantifier elim-
ination commands (again based on its general-purpose Reduce command) have the simple forms

Refine[Reduce[ForAll[T//Evaluate, Cig∧ Ap, Cp[[m]]], h, Reals], Ap] [c6]

with m = 1,2, . . . ,5. In these five commands, we have again selected to simplify the resulting QFFs
(quantifier-free formulae) by having already taken into consideration the two assumptions Ap . This
is achieved through the use of the Refine auxiliary command. (Evidently, the logically equivalent
quantified formula (54) can also be used and it was actually used instead analogously to what has
happened in the previous subsection.) The resulting five QFFs (with m = 1,2, . . . ,5) have the forms

Qp,1 := Tcr ≥ 16 ∧ h ≤ Tcr −16
29

≈ Tcr ≥ 16 ∧ h ≤ 0.0344827586207Tcr −0.55172413793, (55)

Qp,2 := Tcr ≥
31
2

∧ h ≤ 2Tcr −31
52

≈ Tcr ≥ 15.5 ∧ h ≤ 0.0384615384615Tcr −0.59615384615, (56)

Qp,3 := Tcr ≥ 17 ∧ h ≤ Tcr −17
20

≈ Tcr ≥ 17 ∧ h ≤ 0.05Tcr −0.85, (57)

Qp,4 := Tcr ≥ 15 ∧ h ≤ Tcr −15
16

≈ Tcr ≥ 15 ∧ h ≤ 0.0625Tcr −0.9375 , (58)

Qp,5 := Tcr ≥ 10 ∧ h ≤ Tcr −10
10

≈ Tcr ≥ 10 ∧ h ≤ 0.1Tcr −1. (59)

In the three special cases where the critical durations of the project are Tcr = 17,19 and 21, the
above five QFFs take the corresponding much simpler and now, obviously, purely numerical forms

Qp,1(17) := h ≤ 0.0344828, Qp,1(19) := h ≤ 0.103448, Qp,1(21) := h ≤ 0.172414, (60)

Qp,2(17) := h ≤ 0.0576923, Qp,2(19) := h ≤ 0.134615, Qp,2(21) := h ≤ 0.211538, (61)

Qp,3(17) := h ≤ 0, Qp,3(19) := h ≤ 0.1, Qp,3(21) := h ≤ 0.2, (62)

Qp,4(17) := h ≤ 0.125, Qp,4(19) := h ≤ 0.25, Qp,4(21) := h ≤ 0.375, (63)

Qp,5(17) := h ≤ 0.7, Qp,5(19) := h ≤ 0.9, Qp,5(21) := h ≤ 1.1. (64)
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Of course, the relevant robustnesses ĥ of the present model under uncertainty conditions can
directly result simply by replacing the ≤ sign by the = sign in the above QFFs. Additionally, all the
above numerical results in Eqs. (60) to (64) were seen to be in agreement with the corresponding
numerical results computed by Ben-Haim and Laufer [24, p. 129, Table 2] for the robustnesses ĥ of
the present project under uncertainty conditions and the validity of the assumed fractional-deviation
info-gap model T (h), which was defined in Eq. (30) and is displayed in its final form in Eq. (34).

What is more important is that as is clear from Eqs. (60) to (64), for Tcr = 17 the lowest value
of the robustness ĥ is ĥ = 0 and it concerns the QFF Qp,3(17). Next, for Tcr = 19 the lowest value
of the robustness ĥ is ĥ = 0.1 and it concerns the QFF Qp,3(19). Finally, for Tcr = 21 the lowest
value of the robustness ĥ is ĥ = 0.172414 and it concerns the QFF Qp,1(21). These observations
are in agreement with those made by Ben-Haim and Laufer [24, p. 129] and illustrate the fact that
the activity path with the lowest robustness ĥ may change as the critical duration Tcr of the project
changes. (Here we have a change from path 3 to path 1 between Tcr = 19 and Tcr = 21.) This is the
reason that the graphical representation of the robustness ĥ = ĥ(Tcr) in Fig. 3 (right figure) has a
corner point at Tcr = 173/9 ≈ 19.2222222222 as is also clear from the QFF Qp in Eqs. (48) to (50).

One related conclusion drawn from the results of this subsection and mainly concerning the
QFFs (55) to (59) is the possibility of their use for the determination of the robustness ĥ of the entire
project. As is explicitly mentioned by Ben-Haim and Laufer [24, p. 128], “The robustness of the
entire project is the robustness of the weakest path.” This means that for this robustness ĥ we have

ĥ = min
1≤m≤M

ĥm , (65)

where the symbol ĥm refers to the robustness of the mth activity path of the present project (with
m = 1,2, . . . ,M and M = 5) and it is directly determined from the QFFs Qp,m in Eqs. (55) to (59).

In other words, the reliability region Rp that concerns the successful completion of the entire
project is the common region included in all M = 5 relevant regions Rp,m , which correspond to the
QFFs Qp,m displayed in Eqs. (55) to (59). This means that the reliability region Rp is the intersec-
tion of the five reliability regions Rp,m . And, alternatively, by computing the logical conjunction

Q ∗
p :=

5∧
m=1

Qp,m = Qp,1 ∧ Qp,2 ∧ Qp,3 ∧ Qp,4 ∧ Qp,5 (66)

by using again the Reduce command of Mathematica, we find the QFF (quantifier-free formula)

Q ∗
p :=

(
17 ≤ Tcr ≤

173
9

∧ h ≤ Tcr −17
20

)
∨
(

Tcr >
173
9

∧ h ≤ Tcr −16
29

)
. (67)

This QFF is essentially equivalent to the QFF Qp in Eq. (48) because it is clear and it was already
explicitly assumed that h ≥ 0. Hence, in the first conjunctive term of the first disjunctive term of
this QFF, Q ∗

p , we must have (and we actually have) Tcr ≥ 17 so that h ≥ 0 in the second conjunctive
term of the same (the first) disjunctive term. This is also clear form Fig. 3, i.e. Tcr ≥ 17 so that h≥ 0.

On the other hand, from the practical point of view the present approach to the computation of
the above QFF Q ∗

p (essentially also concerning the reliability region Rp of the adopted info-gap
model for the present project under uncertainty conditions related to the durations of its activities)
is, probably, more convenient than the approach having been followed in the previous subsection.
This simply happens because in this subsection we have used the universal quantifier ∀ (for all) and
also the inequality constraints Cp for the success of the model themselves. But, on the contrary,
in the previous subsection, we found computationally convenient for Mathematica [63] to use the
negated existential quantifier ̸ ∃ (not exists) and, additionally, to essentially use the negation ¬Cp of
the same inequality constraints Cp in order to become able to compute essentially the same QFF Qp
displayed in Eq. (48). In any case, concluding this section, we are very pleased to mention that we
were able to derive the QFF for the success of the entire project in spite of the appearance of N = 16
quantified variables (the durations ti) and two free variables (Tcr and h) in the quantified formula.
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5. A gap-closing electrostatic actuator
5.1. The mechanical–electrical problem and its three components

As a fourth application of the method of quantifier elimination [60] to Ben-Haim’s info-gap
model of uncertainty [19–22] we consider the problem of a gap-closing electrostatic actuator, which
is a type of electric switch [30, p. 102]. This problem was already studied by Ben-Haim and Co-
gan [44] and, next, by Ben-Haim [30, Section 5.4, pp. 102–112] in both publications with respect
to the robustness and the opportuneness of the problem after a linearization aiming to circumvent
the complex non-linearity of the problem [44, p. 264], [30, p. 103]. (From now on we will make
reference only to the second of these publications [30, Section 5.4].) The original non-linear equa-
tion Ean relating the force F applied to this actuator to its displacement x (non-linear system model)
is [30, p. 102, Eq. (5.1)]

Ean := F = kx− εAV 2

2(g− x)2 . (68)

In this equation, Ean , k is the stiffness of the spring of the gap-closing electrostatic actuator [30,
p. 103, Fig. 5.1], ε is the dielectric constant, A is the area of the plates of this actuator, V is the elec-
tric potential on the device and g is the initial gap-size of the actuator [30, p. 103]. In order to avoid
the non-linearity of equation Ean defined in Eq. (68) Ben-Haim considered the following linearized
and now extremely simple form of the same equation (linear system model) [30, p. 103, Eq. (5.2)]:

Eal := F = Kx. (69)

In this equation, K is a constant stiffness coefficient assumed to have an uncertain value [30, p. 103].
Following Ben-Haim here we assume the following fractional-error info-gap model concerning

the uncertainty of the stiffness K in the linear system model Eal in Eq. (69) [30, p. 104, Eq. (5.3)]:

Ual(h) :=
{

K : K > 0,
∣∣∣K − K̃

s

∣∣∣≤ h
}

with h > 0. (70)

Just for computational convenience during quantifier eliminations here we assumed again that the
uncertainty parameter (the horizon of uncertainty) h is a positive (not simply a non-negative) quan-
tity, but again this assumption is not important. Additionally, in the above info-gap model Ual(h),
the symbol K̃ denotes the nominal value of the stiffness K of the gap-closing electrostatic actuator
appearing in the linear equation Eal defined in Eq. (69) and s is a new and known parameter that de-
notes an estimate of the magnitude of the error of K̃. (Obviously, here we assume that s > 0.) Next,
continuing to follow Ben-Haim, beyond the linear system model Eal defined in Eq. (69) and the
info-gap model Ual(h) defined in Eq. (70) we assume that the performance requirement (success
criterion) for the present gap-closing electrostatic actuator is that its displacement x be no less than
a critical displacement xc [30, p. 104]. Here we assume that xc > 0. Hence, for the robustness ĥ of
the present info-gap model we define the inequality constraint (see also Ref. [30, p. 104, Eq. (5.4)])

Car := x ≥ xc . (71)

Completely analogously, for the opportuneness (or opportunity) β̂ of the same info-gap model we
define the similar inequality constraint (now just with xw instead of xc for the critical displacement;
see also Ref. [30, p. 106, Eq. (5.6)]) Cao := x ≥ xw . (72)

Finally, we make eight more or less obvious positivity assumptions Aal . These assumptions are

Aal := F > 0 ∧ K > 0 ∧ K̃ > 0 ∧ s > 0 ∧ h > 0 ∧ x > 0 ∧ xc > 0 ∧ xw > 0. (73)

We are now ready to determine the robustness ĥ and the opportuneness β̂ of the present info-gap
model of uncertainty for the gap-closing electrostatic actuator. For this task we will use the already
defined symbols Eal in Eq. (69), Ual(h) in Eq. (70), Car in Eq. (71) (for the robustness ĥ) or, alter-
natively, Cao in Eq. (72) (for the opportuneness β̂ ) and, finally, Aal in Eq. (73). Additionally, we
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will use again the implementation of quantifier elimination in Mathematica [63] already used in the
previous three sections as well. The corresponding symbols employed in the related commands of
Mathematica are: K̃ → Kt, Eal → Eqal, Ual(h)→ Ual[h], Car → Car, Cao → Cao and Aal → Aal.

5.2. The robustness- and opportuneness-related quantifier-free formulae for the linear model

We begin with the linear system model for the present gap-closing electrostatic actuator by us-
ing the simple linear system model Eal defined in Eq. (69) for the response x of the present system.
The linear system model is the model already adopted by Ben-Haim [30, Section 5.4, pp. 103–108].

At first, we consider the reliability region (or success region) related to the robustness ĥ of the
info-gap model Ual(h) defined in Eq. (70). The related universally quantified formula has the form

∀{K, x} such that the linear system model Eal , the info-gap model Ual(h)
and the positivity assumptions Aal hold simultaneously true
the inequality constraint Car (the performance requirement) also holds true. (74)

In Mathematica after having defined the aforementioned symbols Eal , Ual(h), Car , Cao and Aal
through the composite but essentially extremely simple command

{Eqal = F == K x, Ual[h_] = Abs[(K-Kt)/s]≤ h, Car = x≥ xc, Cao = x≥ xw,
Aal = F > 0∧ K > 0∧ Kt > 0∧ s > 0∧ h > 0∧ x > 0∧ xc > 0∧ xw >0} [c7]

we can proceed to quantifier elimination with respect to the previous universally quantified formu-
la (74). The related quantifier elimination command (based on the Reduce command) has the form

Refine[Reduce[ForAll[{K,x}, Eqal∧ Ual[h]∧ Aal, Car], h, Reals], Aal] [c8]

The resulting QFF (quantifier-free formula) has the very simple form

Qalr := F > K̃xc ∧ h ≤ 1
s

( F
xc

− K̃
)
. (75)

Of course, this QFF, Qalr , is valid only under the positivity assumptions Aal defined in Eq. (73). It
is also directly observed that the above QFF, Qalr, consists of the conjunction of two logical terms.
The first of these terms, F > K̃xc, simply denotes the positivity condition so that the least upper
bound (supremum) ĥ of the horizon of uncertainty h appearing in the second logical term is positive.
Evidently, this least upper bound (supremum), ĥ, has the form

ĥ =
1
s

( F
xc

− K̃
)

(76)

and it coincides (as it should do) with the robustness (or robustness function since ĥ = ĥ(xc,F, K̃,s))
of the present info-gap model with uncertainty conditions found by Ben-Haim [30, p. 105, Eq. (5.5)]
by using a much simpler, elementary approach instead of quantifier elimination, which is used here.

On the other hand, it is obvious that instead of the universally quantified formula (74) we can
alternatively use the corresponding negated existentially quantified formula, which has the form

̸ ∃{K, x} such that the linear system model Eal , the info-gap model Ual(h)
and the positivity assumptions Aal hold simultaneously true,
but the inequality constraint Car (the performance requirement) does not hold true. (77)

The related quantifier elimination command in Mathematica is analogous to the command [c8] (that
concerns the logically equivalent universally quantified formula (74)). This command has the form

Refine[Reduce[Not[Exists[{K,x}, Eqal∧ Ual[h]∧ Aal, Car//Not]],
h, Reals], Aal] [c9]

now including (twice) the negation command Not. The resulting QFF coincides with the QFF Qalr
computed previously and displayed in Eq. (75). Hence, Eq. (76) for the robustness ĥ remains valid.
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On the other hand, it is also interesting to similarly consider the existentially (but now ordinary,
i.e. not negated) quantified formula

∃{K, x} such that the linear system model Eal , the info-gap model Ual(h)
and the positivity assumptions Aal hold simultaneously true and, additionally,
the inequality constraint Cao (the performance requirement) also holds true, (78)

but with the inequality constraint (the performance requirement) Cao used now instead of Car used
previously, that is simply with xw instead of xc with respect to the critical displacement x of the pres-
ent gap-closing electrostatic actuator. The relevant quantifier elimination command has the form

Refine[Reduce[Exists[{K,x},Eqal∧ Ual[h]∧ Aal,Cao],h,Reals],Aal]
//Simplify [c10]

The resulting QFF (quantifier-free formula) has again a very simple form, more explicitly, the form

Qalo := K̃ ≤ F
xw

∨ h ≥ 1
s

(
K̃ − F

xw

)
. (79)

Clearly, this QFF, Qalo , is again valid only under the positivity assumptions Aal defined in Eq. (73).
It is directly observed that the above QFF consists of the disjunction of two logical terms. The first
of these terms, K̃ ≤ F/xw , simply denotes the non-positivity condition so that the greatest lower
bound (the infimum) β̂ of the horizon of uncertainty h in the second logical term is non-positive.
Of course, this greatest lower bound is

β̂ =
1
s

(
K̃ − F

xw

)
(80)

and it coincides (as it certainly should do) with the opportuneness (or opportunity or, alternatively,
opportuneness function or opportunity function because β̂ = β̂ (xw,F, K̃,s)) of the present info-gap
model under uncertainty conditions already found by Ben-Haim [30, p. 107, Eq. (5.7)]. Naturally,
Ben-Haim again used a much simpler, elementary approach instead of quantifier elimination, which
was used here with respect to the opportuneness (or opportunity) β̂ as was also previously the case
with respect to the robustness ĥ of the present info-gap model concerning the uncertainty of the stiff-
ness K in the linear system model Eal in Eq. (69) for the present gap-closing electrostatic actuator.

5.3. The robustness- and opportuneness-related quantifier-free formulae for the non-linear model
In this subsection, we will consider two simple cases of the non-linear system model for the

present gap-closing electrostatic actuator [30, Section 5.4, pp. 102–112] again by using the method
of quantifier elimination. But it is well understood that in such cases the resulting QFFs (quantifier-
free formulae) may be complicated or even extremely complicated and, evidently, long as well.
Moreover, in such cases Mathematica is frequently unable to compute such QFFs by using its
implementation of quantifier elimination in a reasonable time interval or even in any time interval.
This inconvenient situation is due not only to the non-linear character of the system model, here dis-
played in Eq. (68), but also to the presence of several free variables (parameters) of the problem,
which may ‘oblige’ the resulting QFFs to be long. Undoubtedly, this situation is significantly im-
proved if the numbers of free variables (parameters) involved in the quantified formulae are reduced.

Now at first and without loss of generality we rewrite the non-linear system model Ean displayed
in Eq. (68) for the present gap-closing electrostatic actuator [30, Section 5.4] in the simpler form

Ean := F = kx− B
(g− x)2 with B :=

εAV 2

2
(81)

denoted by the relevant symbol Ean in Mathematica and with the subscript n here referring to the
non-linear case. Next, the info-gap model of uncertainty Ual(h) defined in Eq. (70) for the linear
system model Eal displayed in Eq. (69) now takes its slightly modified form

Uan(h) :=
{

k : k > 0,
∣∣∣k− k̃

s

∣∣∣≤ h
}

with h > 0 (82)
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(denoted by the related symbol Uan[h] in Mathematica) now simply with k instead of K and with k̃
(for the nominal value of the linear part k of the stiffness of the model) instead of K̃ because of the
use here of the above non-linear Eq. (81). Moreover, the inequality constraints (here performance
requirements) Car (related to the robustness of the model) and Cao (related to the opportuneness of
the model), which have been already defined in Eqs. (71) and (72), respectively, remain unchanged.
Finally, the positivity assumptions Aal defined in Eq. (73) now take their somewhat modified form

Aan := F > 0 ∧ k > 0 ∧ k̃ > 0 ∧ B > 0 ∧ g > 0 ∧ s > 0 ∧ h > 0 ∧ x > 0 ∧ xc > 0 ∧ xw > 0 (83)

(denoted by the symbol Aan in Mathematica) with the new positivity assumptions B > 0 and g > 0.
We are now ready to proceed to two simple examples in the present non-linear case of the model

of the gap-closing electrostatic actuator by using the above equation Ean defined in Eq. (81) for the
force–displacement relation of this actuator in two simple (but, obviously, still non-linear) forms.

5.3.1. First example of the non-linear model: the robustness- and opportuneness-related QFFs

In the present first and, undoubtedly, sufficiently simple example, we assume that

B = 1, g = 1, k̃ = 1, s = 1 (84)

in the non-linear system model Ean, which has been defined in Eq. (81), as well as in the related info-
gap uncertainty model Uan(h), which has been subsequently defined in Eq. (82). Then these two
equations, Eq. (81) and Eq. (82), take the following corresponding simpler forms:

Ean := F = kx− 1
(1− x)2 , Uan(h) := {k : k > 0, |k−1| ≤ h} with h > 0. (85)

Now with respect to the reliability region Ran of the present info-gap uncertainty model Uan(h)
(related to its robustness ĥ), evidently, we can use the universally quantified formula

∀{k,x} such that the non-linear system model Ean , the info-gap model Uan(h)
and the positivity assumptions Aan hold simultaneously true
the inequality constraint Car (the performance requirement) also holds true. (86)

This formula is quite similar to the quantified formula (74) valid for the linear model, but now with
the use of the subscript n, i.e. with the symbols Ean , Uan(h) and Aan denoting the non-linear case.
Alternatively, we can use the relevant logically equivalent negated existentially quantified formula

̸ ∃{k,x} such that the non-linear system model Ean , the info-gap model Uan(h)
and the positivity assumptions Aan hold simultaneously true,
but the inequality constraint Car (the performance requirement) does not hold true, (87)

which is similarly a slight modification of the corresponding formula (77) valid for the linear model.
The related two quantifier elimination commands that we used in Mathematica have the forms

Refine[Reduce[ForAll[{k,x}, Eqan∧ Uan[h]∧ Aan, Car], Reals], Aan] [c11]
Refine[Reduce[Not[Exists[{k,x}, Eqan ∧ Uan[h]∧ Aan, Car//Not]],

Reals], Aan] [c12]

respectively. The following alternative quantifier elimination command for the same formula (87)

Refine[Reduce[Exists[{k,x}, Eqan∧ Uan[h]∧ Aan, Car//Not],
Reals], Aan]//Not//LogicalExpand//Simplify [c13]

can also be successfully used instead of the second of the previous quantifier elimination commands
(the command [c12]) and it again corresponds to the negated existentially quantified formula (87).

The resulting QFF (by using any of the above three equivalent commands) is sufficiently simple
and can be directly written in the form

Qanr := xc ≤ r1 . (88)
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Here the new symbol r1 refers to the first real root of the cubic polynomial (with two parameters:
the force F applied to the gap-closing electrostatic actuator and the horizon of uncertainty h of the
info-gap model) p1(t) := (h+1)t3 − (F +2h+2)t2 +(2F +h+1)t −F −1. (89)

Of course, we can use the above QFF Qanr for concrete values of F and xc in order to compute the
related QFF for the horizon of uncertainty h. But the meaning of the QFF Qanr is that the critical
displacement xc in the present gap-closing electrostatic actuator should be sufficiently small in order
that positive horizons of uncertainty h = h(F,xc) can be computed evidently here always under the
validity of the positivity assumptions Aan defined in Eq. (83). Naturally, this is an expected result
because of the criterion (the performance requirement) Car := x≥ xc , which was defined in Eq. (71).

The above QFF, Qanr , displayed in Eq. (88) is not solved with respect to the horizon of uncer-
tainty h, but, fortunately, Mathematica is able to reduce this QFF to such a form (of course, always
under the validity of the assumptions Aan). This task can easily be performed using the command

Refine[Reduce[Qanr∧ Aan, h, Reals], Aan]//Simplify [c14]

again based on the Reduce command of Mathematica, but here not used for quantifier elimination.
The resulting much longer, but also much more convenient, form Qanr,h of the same QFF, Qanr , is

Qanr,h : =
{

h ≤ (F − xc)(xc −1)2 +1
xc(xc −1)2 ∧

[ 4
3
≤ xc ≤ r2

∨
(

1 < xc <
4
3
∧ F >

4−3xc

4(xc −1)3

)
∨
(

xc < 1 ∧ F ≥ 1−3xc

(xc −1)3

)
∨
(

xc > r2 ∧ F >
xc(xc −1)2 −1

(xc −1)2

)
∨ xc ≤

1
3

]}
∨
{

h < r3 ∧
[
xc = 1 ∨

( 1
3
< xc < 1 ∧ F <

1−3xc

(xc −1)3

)
∨
(

1 < xc <
4
3
∧ F <

4−3xc

4(xc −1)3

)]}
∨
{

h <
(F − xc)(xc −1)2 +1

xc(xc −1)2 ∧ 1 < xc <
4
3
∧ F =

4−3xc

4(xc −1)3

}
(90)

(written here in a somewhat simplified form). In this QFF, Qanr,h , the new symbol r2 ≈ 1.75488
denotes the real root of the non-parametric cubic polynomial (easily seen to have only one real root)

p2(t) := t3 −2t2 + t −1. (91)

Moreover, in the same QFF, the new symbol r3 denotes the first real root of the parametric cubic
polynomial

p3(t) := 4t3 −3(4F +5)t2 +6(2F2 −4F −7)t −4(F3 −3F2 +3F)−23. (92)

It is directly observed that the above QFF, Qanr,h , displayed in Eq. (90) consists of the disjunc-
tion of three logical terms: (i) the logical term in the first three lines, (ii) the logical term in the
subsequent two lines and (iii) the logical term in the last line of this QFF. Moreover, naturally, the
same QFF holds true only under the validity of the positivity assumptions Aan defined in Eq. (83).

From the same QFF, Qanr,h , we observe that the robustness ĥan of the present info-gap model is

ĥan =
(F − xc)(xc −1)2 +1

xc(xc −1)2 for the first and the third disjunctive logical terms, (93)

ĥan = r3 for the second disjunctive logical term. (94)

Of course, the above formulae for the robustness ĥan of the present info-gap model hold true only
under (i) the conditions explicitly included in the corresponding three disjunctive logical terms in
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the QFF Qanr,h in Eq. (90) (appearing there as conjunctive logical terms accompanying the terms
for h) and concerning the two parameters F (the force applied to the gap-closing electrostatic actu-
ator) and xc (the critical displacement in this actuator) and (ii) the basic positivity assumptions Aan
having been defined in Eq. (83) and explicitly assumed to hold true when using the resulting QFFs.

Now it is also interesting to proceed to the case of the purely existentially quantified formula

∃{k,x} such that the non-linear system model Ean , the info-gap model Uan(h)
and the positivity assumptions Aan hold simultaneously true and, additionally,
the inequality constraint Cao (the performance requirement) also holds true. (95)

This existentially quantified formula is analogous to the universally quantified formula (86), but
here with the use of the existential quantifier ∃ (exists) instead of the universal quantifier ∀ (for all)
and, moreover, it uses the inequality constraint (the performance requirement) Cao , i.e. x ≥ xw ,
defined in Eq. (72) instead of the similar inequality constraint Car , i.e. x ≥ xc , defined in Eq. (71).
Now in order to perform quantifier elimination with Mathematica we can use the related command

Refine[Reduce[Exists[{k,x},Eqan∧ Uan[h]∧ Aan,Cao],Reals],Aan]//Simplify [c15]

In this command, the positivity assumptions Aan (denoted by the relevant symbol Aan in Mathe-
matica) defined in Eq. (83) have been explicitly assumed to hold true both for the derivation of the
resulting QFF (quantifier-free formula) and for the simplification of the same formula by also using
the Refine command (beyond the Simplify command also used in the above command [c15]).

The resulting QFF has the form
Qano := h ≥ 1 ∨ xw ≤ r4 , (96)

where the new symbol r4 denotes the first real root of the parametric cubic polynomial

p4(t) := (h−1)t3 +(F −2h+2)t2 − (2F −h+1)t +F +1. (97)

Hence, from this QFF we conclude that the critical displacement xw should be sufficiently small.
But, on the other hand, the same QFF, Qano , although not lengthy, yet, it is impractical for use

simply because the uncertainty coefficient (the horizon of uncertainty) h appears as a parameter in
the cubic polynomial p4(t) (of course, together with the force F ). Hence, it is again preferable to
compute a QFF solved with respect to h. This can easily be achieved either by ‘solving’ the above
QFF, Qano (denoted by the symbol Qano in Mathematica), with respect to h by using the command

Refine[Reduce[Qano∧ Aan, h, Reals], Aan]//Simplify [c16]

(based on the Reduce command) or by directly using the complete, quantifier elimination command

Refine[Reduce[Exists[{k,x},Eqan∧ Uan[h]∧ Aan,Cao],h,Reals],Aan]
//Simplify [c17]

i.e. the same command, [c15], as previously, but now with the explicit request (through the addition
of the symbol h before the symbol Reals) that the resulting QFF appear solved with respect to h.
In both cases, we obtain the same QFF: the modified (but, evidently, logically equivalent) QFF

Qano,h := h ≥− (F − xw)(xw −1)2 +1
xw(xw −1)2 ∨ F ≥ xw(xw −1)2 −1

(xw −1)2 ∨ xw ≤ r2 . (98)

Here the symbol r2 ≈ 1.75488 again denotes the already defined real root of the non-parametric
cubic polynomial p2(t) also defined in Eq. (91) and having only one real root as was mentioned.

From the above QFF (98) we observe that under the appropriate assumptions the opportuneness
(or opportunity) β̂an in the present non-linear info-gap model for the gap-closing electrostatic actu-
ator studied here has the form

β̂an =− (F − xw)(xw −1)2 +1
xw(xw −1)2 . (99)
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Therefore, evidently, this opportuneness, β̂an , is a function β̂an = β̂an(F,xw) of the two parameters:
the parameter F (the force applied to the gap-closing electrostatic actuator) and the parameter xw
(the critical displacement in the same actuator) of the assumed model (here of a non-linear model).

It is also interesting to observe that the above expression (99) of the opportuneness β̂an is suffi-
ciently similar to the corresponding expression of the robustness ĥan of the same model displayed
in Eq. (93). Only the symbol xc of the critical displacement changed to xw and a minus sign is now
present exactly as is the case with the linear model studied by Ben-Haim [30, Section 5.4, Eq. (5.5)
on p. 105 for ĥ and Eq. (5.7) on p. 107 for β̂ ]; compare also Eqs. (76) (for ĥ) and (80) (for β̂ ) here.

5.3.2. Second example of the non-linear model: the opportuneness-related QFF

In this second and more complicated example, we again adopt the non-linear system model Ean
defined in Eq. (81) as well as the info-gap uncertainty model Uan(h) defined in Eq. (82), but now
with the symbols k̃ (the nominal value of the linear stiffness k of the spring in the gap-closing
electrostatic actuator) and s (the estimate of the magnitude of the error of k̃) denoting parameters
(not simply numbers) contrary to Eqs. (84). Hence, here we only assume that

B = 1, g = 1. (100)
Therefore, we directly observe that

Ean := F = kx− 1
(1− x)2 , Uan(h) :=

{
k : k > 0,

∣∣∣ k− k̃
s

∣∣∣≤ h
}

with h > 0 (101)

and a change only in the second of these equations, that for the info-gap uncertainty model Uan(h).
In the present example, the computed QFF (quantifier-free formula) related to the robustness

of the model is extremely complicated. Of course, this happens because of the presence of the two
additional parameters k̃ and s. Therefore, here we restrict our attention just to the QFF related to the
opportuneness (or opportunity) in the present info-gap model. The related existentially quantified
formula (95) is used again together with the corresponding quantifier elimination command [c15].

The resulting QFF can easily be written in the following simplified form:

Q ∗
ano,h := h ≥− (F − k̃xw)(xw −1)2 +1

sxw(xw −1)2

∨
[

xw ≤ r6,3 ∧ F ≤ r5,1 ∧ k̃ >
27
4

]
∨
[

xw ≤ r6,1 ∧
(

F > r5,1 ∨ k̃ ≤ 27
4

)]
. (102)

In this QFF, Q ∗
ano,h , which consists of the disjunction of three logical terms (displayed in its first,

second and third lines), the symbol r5,1 denotes the first real root of the parametric cubic polynomial

p5(t) := 4t3 −12k̃t2 +12k̃2t −4k̃3 +27k̃2. (103)

Moreover, the symbols r6,1 and r6,3 denote the first and the third real roots, respectively, of the
parametric cubic polynomial

p6(t) := k̃t3 − (F +2k̃)t2 +(2F + k̃)t −F −1. (104)

Hence, under the present assumptions Aan the opportuneness β̂ ∗
an in the present info-gap model

of uncertainty (here the uncertainty concerning the linear stiffness k of the spring in the gap-closing
electrostatic actuator) is

β̂ ∗
an =− (F − k̃xw)(xw −1)2 +1

sxw(xw −1)2 . (105)

It is clear that in the special case where k̃ = 1 and s = 1, the above formula (105) for the oppor-
tuneness β̂ ∗

an reduces to the corresponding formula (99) already derived in the previous simpler first
example of the present non-linear system model Ean in Eq. (81). In fact, the formula (99) determines
the opportuneness β̂an as a function of only two parameters, F and xw , whereas the present more
general formula (105) determines the quantity β̂ ∗

an as a function of four parameters, F , xw , k̃ and s.
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6. Conclusions–discussion
From the results of the previous four sections it is directly concluded that the computational

method of quantifier elimination (for real variables) in computer algebra constitutes an interesting
possibility for use in Ben-Haim’s IGDT (info-gap or information-gap decision theory) [19–22]
mainly with respect to the determination of the related reliability regions. Here this computational
method has been successfully applied to four problems already having been studied by Ben-Haim
and his collaborators. These four problems seem to be of interest to the engineer and they are based
on two adopted info-gap models, more explicitly, (i) the uniform-bound model in Section 2 and in
Section 3 and (ii) the fractional deviation (or fractional-error) model in Section 4 and in Section 5.
Of course, some well-known additional info-gap models (for example the classical and so popular
ellipsoidal model) can also be successfully used together with the present computational approach.

The use of quantifier elimination in problems formulated by using the IGDT (info-gap decision
theory) is reasonable since these problems mainly concern the computation of (i) the robustness
function related to the satisfaction of the performance requirement for all sets of values of the vari-
ables involved in the adopted info-gap model and (ii) the opportuneness (or opportunity) function
related to the satisfaction of an analogous performance requirement, but now for at least one set of
values of the variables involved in the adopted info-gap model. Here this computation is performed
initially by using the related fundamental quantified formulae containing the quantifiers ∀ (for all,
universal quantifier) or ∃ (exists, existential quantifier) in the first and the second case, respectively,
and, afterwards, simply by eliminating the respective quantifier performing quantifier elimination.

In this author’s opinion, the mixed situation of the simultaneous appearance of both the univer-
sal and the existential quantifiers in the quantified formula (always under the validity of the adopted
info-gap model) is also of theoretical interest and, probably, of some practical interest as well and,
hence, it may also be studied (again by using the method of quantifier elimination) in the future as a
generalization of the present results, which concern only one quantifier in the quantified formulae.

In all cases, the present results were found to be in agreement with the results already obtained
by Ben-Haim and his collaborators for the same problems as far as the robustness and opportune-
ness functions are concerned, but here the derived results (the QFFs) mainly concern the related
reliability regions (here, generally, unbounded intervals) instead of the robustness and opportune-
ness functions themselves. But, clearly, both these functions are directly derived on the basis of the
corresponding QFFs. Moreover, the reliability regions are also computed in the case where a free
variable (parameter) or more than one free variable is also present in the quantified formula beyond
the quantified variables, that is the uncertain variables which appear in the adopted info-gap model.

Obviously, by employing the method of quantifier elimination (of course with the help of a
computer algebra system, here Mathematica [63]), we can perform sufficiently complicated com-
putations and, hence, in our case, derive complicated results (here QFFs, quantifier-free formulae)
such as the QFF Qs in Eq. (21) of Section 3 and also the two QFFs Qanr,h in Eq. (90) (accompanied
by Eqs. (91) and (92)) and Q ∗

ano,h in Eq. (102) (accompanied by Eqs. (103) and (104)) of Section 5.
But on the other hand, it may also happen that the derived QFF is too long for display especially

when this QFF includes several parameters. Additionally, the presence of several parameters in the
quantified formula may also require a large or even an unacceptably large computer time. It is also
probable that such a QFF cannot be computed at all because of the well-known fact that quantifier
elimination performed to quantified formulae with real variables has a doubly-exponential compu-
tational complexity. This fundamental property was proved by Davenport and Heintz in 1988 [64].

Finally, a rather interesting possible generalization of the present approach concerns the case
of more than one uncertainty parameter inside the adopted info-gap model; see, e.g., the papers by
Au, Cheng, Tham and Zeng [85, p. 2612, Eq. (1)] and by Cheng, Au, Tham and Zeng [86, p. 502,
Eq. (5)] with M such uncertainty parameters, where an appropriate optimization method was used.



26 N. I. Ioakimidis: Application of quantifier elimination to robust reliability (Nemertes, 2021)

References

[1] Moore, R. E., Interval Analysis. Prentice-Hall, Englewood Cliffs, New Jersey, 1966.
[2] Moore, R. E., Kearfott, R. B. and Cloud, M. J., Introduction to Interval Analysis. SIAM (Society

for Industrial and Applied Mathematics), Philadelphia, Pennsylvania, 2009. https://doi.org/10.1137/
1.9780898717716

[3] Dimarogonas, A. D., Interval analysis of vibrating systems. Journal of Sound and Vibration, 183 (4),
739–749 (1995). https://doi.org/10.1006/jsvi.1995.0283

[4] Qiu, Z. and Elishakoff, I., Antioptimization of structures with large uncertain-but-non-random param-
eters via interval analysis. Computer Methods in Applied Mechanics and Engineering, 152 (3–4),
361–372 (1998). https://doi.org/10.1016/S0045-7825(96)01211-X

[5] Skalna, I., Methods for solving systems of linear equations of structure mechanics with interval pa-
rameters. Computer Assisted Mechanics and Engineering Sciences, 10 (3), 281–293 (2003). https://
www.infona.pl/resource/bwmeta1.element.baztech-article-BPB1-0009-0078

[6] Elishakoff, I., Gabriele, S. and Wang, Y., Generalized Galileo Galilei problem in interval setting for
functionally related loads. Archive of Applied Mechanics, 86 (7), 1203–1217 (2016). https://doi.org/
10.1007/s00419-015-1086-4

[7] Muscolino, G., Sofi, A. and Giunta, F., Dynamics of structures with uncertain-but-bounded parameters
via pseudo-static sensitivity analysis. Mechanical Systems and Signal Processing, 111, 1–22 (2018).
https://doi.org/10.1016/j.ymssp.2018.02.023

[8] Popova, E. D., Algebraic solution to interval equilibrium equations of truss structures. Applied Math-
ematical Modelling, 65, 489–506 (2019). https://doi.org/10.1016/j.apm.2018.08.021

[9] Faes, M. and Moens, D., Recent trends in the modeling and quantification of non-probabilistic uncer-
tainty. Archives of Computational Methods in Engineering, 27 (3), 633–671 (2020). https://doi.org/10.
1007/s11831-019-09327-x

[10] Popova, E. D. and Elishakoff, I., Novel interval model applied to derived variables in static and
structural problems. Archive of Applied Mechanics, 90 (4), 869–881 (2020). https://doi.org/10.1007/
s00419-019-01644-8

[11] Ben-Haim, Y. and Elishakoff, I., Convex Models of Uncertainty in Applied Mechanics (Book series:
Studies in Applied Mechanics, Vol. 25). Elsevier, Amsterdam, 1990. https://www.elsevier.com/books/
convex-models-of-uncertainty-in-applied-mechanics/ben-haim/978-0-444-88406-0

[12] Schweppe, F. C., Recursive state estimation: Unknown but bounded errors and system inputs. IEEE
Transactions on Automatic Control, 13 (1), 22–28 (1968). https://doi.org/10.1109/TAC.1968.1098790

[13] Schweppe, F. C., Uncertain Dynamic Systems. Prentice-Hall, Englewood Cliffs, New Jersey, 1973.
[14] Qiu, Z. and Elishakoff, I., Anti-optimization technique – a generalization of interval analysis for non-

probabilistic treatment of uncertainty. Chaos, Solitons & Fractals, 12 (9), 1747–1759 (2001). https://
doi.org/10.1016/S0960-0779(00)00102-8

[15] Wang, X., Wang, L., Elishakoff, I. and Qiu, Z., Probability and convexity concepts are not antagonis-
tic. Acta Mechanica, 219 (1–2), 45–64 (2011). https://doi.org/10.1007/s00707-010-0440-4

[16] Ni, B.Y., Elishakoff, I., Jiang, C., Fu, C. M. and Han, X., Generalization of the super ellipsoid concept
and its application in mechanics. Applied Mathematical Modelling, 40 (21–22), 9427–9444 (2016).
https://doi.org/10.1016/j.apm.2016.06.011

[17] Meng, Z. and Zhou, H., New target performance approach for a super parametric convex model of
non-probabilistic reliability-based design optimization. Computer Methods in Applied Mechanics and
Engineering, 339, 644–662 (2018). https://doi.org/10.1016/j.cma.2018.05.009

[18] Meng, Z., Wan, H.-P., Sheng, Z. and Li, G., A novel study of structural reliability analysis and opti-
mization for super parametric convex model. International Journal for Numerical Methods in Engi-
neering, 121 (18), 4208–4229 (2020). https://doi.org/10.1002/nme.6437

[19] Ben-Haim, Y., Information-Gap Decision Theory: Decisions Under Severe Uncertainty, 1st Edition.
Academic Press, London and San Diego, 2001. https://books.google.gr/books/about/Information_gap
_Decision_Theory.html?id=8CnvAAAAMAAJ

https://doi.org/10.1137/1.9780898717716
https://doi.org/10.1137/1.9780898717716
https://doi.org/10.1006/jsvi.1995.0283
https://doi.org/10.1016/S0045-7825(96)01211-X
https://www.infona.pl/resource/bwmeta1.element.baztech-article-BPB1-0009-0078
https://www.infona.pl/resource/bwmeta1.element.baztech-article-BPB1-0009-0078
https://doi.org/10.1007/s00419-015-1086-4
https://doi.org/10.1007/s00419-015-1086-4
https://doi.org/10.1016/j.ymssp.2018.02.023
https://doi.org/10.1016/j.apm.2018.08.021
https://doi.org/10.1007/s11831-019-09327-x
https://doi.org/10.1007/s11831-019-09327-x
https://doi.org/10.1007/s00419-019-01644-8
https://doi.org/10.1007/s00419-019-01644-8
https://www.elsevier.com/books/convex-models-of-uncertainty-in-applied-mechanics/ben-haim/978-0-444-88406-0
https://www.elsevier.com/books/convex-models-of-uncertainty-in-applied-mechanics/ben-haim/978-0-444-88406-0
https://doi.org/10.1109/TAC.1968.1098790
https://doi.org/10.1016/S0960-0779(00)00102-8
https://doi.org/10.1016/S0960-0779(00)00102-8
https://doi.org/10.1007/s00707-010-0440-4
https://doi.org/10.1016/j.apm.2016.06.011
https://doi.org/10.1016/j.cma.2018.05.009
https://doi.org/10.1002/nme.6437
https://books.google.gr/books/about/Information_gap_Decision_Theory.html?id=8CnvAAAAMAAJ
https://books.google.gr/books/about/Information_gap_Decision_Theory.html?id=8CnvAAAAMAAJ


N. I. Ioakimidis: Application of quantifier elimination to robust reliability (Nemertes, 2021) 27

[20] Ben-Haim, Y., Info-Gap Decision Theory: Decisions Under Severe Uncertainty, 2nd Edition. Aca-
demic Press and Elsevier, Oxford and Amsterdam, 2006. https://doi.org/10.1016/B978-0-12-373552-
2.X5000-0

[21] Ben-Haim, Y., Robust Reliability in the Mechanical Sciences. Springer, Berlin, Heidelberg, 1996.
https://doi.org/10.1007/978-3-642-61154-4

[22] Ben-Haim, Y., Robust reliability of structures. In: Hutchinson, J. W. and Wu, T. Y. (editors), Advances
in Applied Mechanics, Vol. 33, pp. 1–41, 1997. https://doi.org/10.1016/S0065-2156(08)70384-3

[23] Ben-Haim, Y., Cogan, S. and Sanseigne, L., Usability of mathematical models in mechanical decision
processes. Mechanical Systems and Signal Processing, 12 (1), 121–134 (1998). https://doi.org/10.
1006/mssp.1996.0137

[24] Ben-Haim, Y. and Laufer, A., Robust reliability of projects with activity-duration uncertainty. ASCE
Journal of Construction Engineering and Management, 124 (2), 125–132 (1998). https://doi.org/10.
1061/(ASCE)0733-9364(1998)124:2(125). For the PDF file of this paper see also the following web
page: https://info-gap.technion.ac.il/files/2016/09/aaa-online-laufer1998.pdf

[25] Ben-Haim, Y., Set-models of information-gap uncertainty: axioms and an inference scheme. Journal
of the Franklin Institute, 336 (7), 1093–1117 (1999). https://doi.org/10.1016/S0016-0032(99)00024-1

[26] Ben-Haim, Y., Robust rationality and decisions under severe uncertainty. Journal of the Franklin
Institute, 337 (2–3), 171–199 (2000). https://doi.org/10.1016/S0016-0032(00)00016-8

[27] Ben-Haim, Y., Info-gap value of information in model updating. Mechanical Systems and Signal
Processing, Special Issue: Uncertainty and Decision (Ben-Haim, Y, editor), 15 (3), 457–474 (2001).
https://doi.org/10.1006/mssp.2000.1377

[28] Ben-Haim, Y., Uncertainty, probability and information-gaps. Reliability Engineering & System Safe-
ty, 85 (1–3), 249–266 (2004). https://doi.org/10.1016/j.ress.2004.03.015

[29] Ben-Haim, Y., Info-gap theory: an intuitive overview for engineering design and reliability assess-
ment. Presented to the 25th European Safety and Reliability Conference (ESREL 2015), September 7–
10, 2015, ETH, Zurich, Switzerland, 6 pages. https://info-gap.technion.ac.il/files/2016/10/pud005.pdf

[30] Ben-Haim, Y., Info-gap decision theory (IG). In: Marchau, V. A. W. J., Walker, W. E., Bloemen, P. J. T.
M. and Popper, S. W. (editors), Decision Making under Deep Uncertainty: From Theory to Practice,
Chap.5,pp.93–115.Springer,Cham,Switzerland, 2019.https://doi.org/10.1007/978-3-030-05252-2_5

[31] Kanno, Y. and Takewaki, I., Direct evaluation of robustness functions of trusses associated with stress
constraints. BGE Research Report No. 04-03, i+17 pages, Building Geoenvironment Engineering
Laboratory, Department of Urban and Environmental Engineering, Kyoto University, Sakyo, Kyoto,
Japan, 2004. Web page of the related PDF file at CiteSeerx: https://citeseerx.ist.psu.edu/viewdoc/down
load?doi=10.1.1.58.3165&rep=rep1&type=pdf

[32] Duncan, S. J., Bras, B. and Paredis, C. J. J., An approach to robust decision making under severe
uncertainty in life cycle design. International Journal of Sustainable Design, 1 (1), 45–59 (2008).
https://doi.org/10.1504/IJSDES.2008.017056. Web page of a related PDF file (preprint): https://www.
mech.kuleuven.be/lce2006/137.pdf

[33] Ben-Haim, Y., Up-dating a linear-stiffness model with uncertain non-linearity. Info-gap example in the
website Info-Gap Decision Theory: Decisions Under Severe Uncertainty. Faculty of Mechanical En-
gineering, Technion—Israel Institute of Techology, Haifa, Israel, 2009. https://info-gap.technion.ac.
il/files/2015/02/model-update-uncer-nonlin01.pdf

[34] Ben-Haim, Y., Project management with uncertain task durations. Info-gap example in the website
Info-Gap Decision Theory: Decisions Under Severe Uncertainty. Faculty of Mechanical Engineer-
ing, Technion—Israel Institute of Techology, Haifa, Israel, 2009. https://info-gap.technion.ac.il/files/
2015/02/uncer-task-times01.pdf

[35] Ben-Haim, Y. and Cogan, S., Linear bounds on an uncertain non-linear oscillator: an info-gap ap-
proach. In: Belyaev, A. K. and Langley, R. S. (editors), IUTAM Symposium on the Vibration Anal-
ysis of Structures with Uncertainties. Proceedings of this symposium held in St. Petersburg, Russia,
July 5–9, 2009. IUTAM Bookseries, Vol. 27, pp. 3–14 (Series editors: Gladwell, G. M. L. and Mo-
reau, R.). Springer, Dordrecht, The Netherlands, 2011. https://doi.org/10.1007/978-94-007-0289-9_1

https://doi.org/10.1016/B978-0-12-373552-2.X5000-0
https://doi.org/10.1016/B978-0-12-373552-2.X5000-0
https://doi.org/10.1007/978-3-642-61154-4
https://doi.org/10.1016/S0065-2156(08)70384-3
https://doi.org/10.1006/mssp.1996.0137
https://doi.org/10.1006/mssp.1996.0137
https://doi.org/10.1061/(ASCE)0733-9364(1998)124:2(125)
https://doi.org/10.1061/(ASCE)0733-9364(1998)124:2(125)
https://info-gap.technion.ac.il/files/2016/09/aaa-online-laufer1998.pdf
https://doi.org/10.1016/S0016-0032(99)00024-1
https://doi.org/10.1016/S0016-0032(00)00016-8
https://doi.org/10.1006/mssp.2000.1377
https://doi.org/10.1016/j.ress.2004.03.015
https://info-gap.technion.ac.il/files/2016/10/pud005.pdf
https://doi.org/10.1007/978-3-030-05252-2_5
https://citeseerx.ist.psu.edu/viewdoc/download?doi=10.1.1.58.3165&rep=rep1&type=pdf
https://citeseerx.ist.psu.edu/viewdoc/download?doi=10.1.1.58.3165&rep=rep1&type=pdf
https://doi.org/10.1504/IJSDES.2008.017056
https://www.mech.kuleuven.be/lce2006/137.pdf
https://www.mech.kuleuven.be/lce2006/137.pdf
https://info-gap.technion.ac.il/files/2015/02/model-update-uncer-nonlin01.pdf
https://info-gap.technion.ac.il/files/2015/02/model-update-uncer-nonlin01.pdf
https://info-gap.technion.ac.il/files/2015/02/uncer-task-times01.pdf
https://info-gap.technion.ac.il/files/2015/02/uncer-task-times01.pdf
https://doi.org/10.1007/978-94-007-0289-9_1


28 N. I. Ioakimidis: Application of quantifier elimination to robust reliability (Nemertes, 2021)

[36] Ben-Haim, Y., Modeling and design of a Hertzian contact: an info-gap approach. The Journal of
Strain Analysis for Engineering Design. 47 (3), 153–162 (2012). https://doi.org/10.1177/03093247
12438342. For a preprint of this paper (in PDF) see also the web page: https://info-gap.net.technion.
ac.il/files/2016/11/shang04.pdf

[37] Wang, F., Zhang, J., Wang, X., Wang, C. and Liu, Z., A non-probabilistic reliability analysis on
uncertainties systems. In: Zhang, S., Kang, R. and Pechtth, M. G. (editors), Proceedings of the IEEE
2012 Prognostics and System Health Management Conference (PHM-2012), Beijing, May 23–25,
2012, published by the IEEE (Institute of Electrical and Electronics Engineers), New York, paper
no. MU3308, 5 pages. https://doi.org/10.1109/PHM.2012.6228861

[38] Matrosov, E. S., Woods, A. M. and Harou, J. J., Robust decision making and info-gap decision theory
for water resource system planning. Journal of Hydrology, 494, 43–58 (2013). https://doi.org/10.
1016/j.jhydrol.2013.03.006

[39] Maugan, F., Cogan, S., Foltête, E., Buffe, F. and Kerschen, G., Robust design of notching profiles un-
der epistemic model uncertainties. In: Atamturktur, H. S., Moaveni, B., Papadimitriou, C. and Schoen-
herr, T. (editors), Model Validation and Uncertainty Quantification, Volume 3, Chap. 38, pp. 383–390.
Proceedings of the 32nd IMAC (International Modal Analysis Conference): A Conference and Expo-
sition on Structural Dynamics, 2014 organized by the Society for Experimental Mechanics and held
in Orlando, Florida, February 3–6, 2014. Series: Conference Proceedings of the Society for Exper-
imental Mechanics Series (CPSEMS), Proulx, T. (series editor). Springer, Cham, Switzerland, 2014.
https://doi.org/10.1007/978-3-319-04552-8_38

[40] Wu, D., Gao, W., Li, G., Tangaramvong, S. and Tin-Loi, F., Robust assessment of collapse resistance
of structures under uncertain loads based on Info-Gap model. Computer Methods in Applied Mechan-
ics and Engineering, 285, 208–227 (2015). https://doi.org/10.1016/j.cma.2014.10.038

[41] Roach, T., Kapelan, Z. and Ledbetter, R., Comparison of info-gap and robust optimisation methods for
integrated water resource management under severe uncertainty. Procedia Engineering, 119, 874–883
(2015). https://doi.org/10.1016/j.proeng.2015.08.955

[42] Kanno, Y., Fujita, S. and Ben-Haim, Y., Structural design for earthquake resilience: Info-gap manage-
ment of uncertainty. Structural Safety, 69, 23–33 (2017). https://doi.org/10.1016/j.strusafe.2017.07.004

[43] Hot, A., Weisser, T. and Cogan S., An info-gap application to robust design of a prestressed space
structure under epistemic uncertainties. Mechanical Systems and Signal Processing, 91, 1–9 (2017).
https://doi.org/10.1016/j.ymssp.2016.12.019

[44] Ben-Haim, Y. and Cogan, S., Innovations and info-gaps: an overview. In: Barthorpe, R., Platz, R.,
Lopez, I., Moaveni, B. and Papadimitriou, C. (editors), Model Validation and Uncertainty Quan-
tification, Volume 3, Chap. 25, pp. 263–271. Proceedings of the 35th IMAC (International Modal
Analysis Conference): A Conference and Exposition on Structural Dynamics, 2017 organized by the
Society for Experimental Mechanics and held in Garden Grove, California, January 30–February 2,
2017. Series: Conference Proceedings of the Society for Experimental Mechanics Series (CPSEMS),
Zimmerman, K. B. (series editor). Springer, Cham, Switzerland, 2017. https://doi.org/10.1007/978-3-
319-54858-6_25

[45] Sun, B., Li, S., Xie, J. and Sun, X., IGDT-based wind–storage–EVs hybrid system robust optimiza-
tion scheduling model. Energies, 12 (20), 3848 (2019), 13 pages. https://doi.org/10.3390/en12203848

[46] Jaboviste, K., Sadoulet-Reboul, E., Peyret, N., Arnould, C., Collard, E. and Chevallier, G., On the
compromise between performance and robustness for viscoelastic damped structures. Mechanical
Systems and Signal Processing, 119, 65–80 (2019). https://doi.org/10.1016/j.ymssp.2018.08.061

[47] Hemez, F. M. and Van Buren, K. L., Info-gap (IG): robust design of a mechanical latch. In: Mar-
chau, V. A. W. J., Walker, W. E., Bloemen, P. J. T. M. and Popper, S. W. (editors), Decision Making
under Deep Uncertainty: From Theory to Practice, Chap. 10, pp. 201–222. Springer, Cham, Switzer-
land, 2019. https://doi.org/10.1007/978-3-030-05252-2_10

[48] Kuczkowiak, A., Cogan, S., Ouisse, M., Foltête, E. and Corus, M., Experimental validation of an
info-gap uncertainty model for a robustness analysis of structural responses. ASCE–ASME Journal
of Risk and Uncertainty in Engineering Systems, Part B: Mechanical Engineering, 6 (3): paper num-
bers 030905 and also RISK-19-1078, 11 pages (2020). https://doi.org/10.1115/1.4047096. See also

https://doi.org/10.1177/0309324712438342
https://doi.org/10.1177/0309324712438342
https://info-gap.net.technion.ac.il/files/2016/11/shang04.pdf
https://info-gap.net.technion.ac.il/files/2016/11/shang04.pdf
https://doi.org/10.1109/PHM.2012.6228861
https://doi.org/10.1016/j.jhydrol.2013.03.006
https://doi.org/10.1016/j.jhydrol.2013.03.006
https://doi.org/10.1007/978-3-319-04552-8_38
https://doi.org/10.1016/j.cma.2014.10.038
https://doi.org/10.1016/j.proeng.2015.08.955
https://doi.org/10.1016/j.strusafe.2017.07.004
https://doi.org/10.1016/j.ymssp.2016.12.019
https://doi.org/10.1007/978-3-319-54858-6_25
https://doi.org/10.1007/978-3-319-54858-6_25
https://doi.org/10.3390/en12203848
https://doi.org/10.1016/j.ymssp.2018.08.061
https://doi.org/10.1007/978-3-030-05252-2_10
https://doi.org/10.1115/1.4047096


N. I. Ioakimidis: Application of quantifier elimination to robust reliability (Nemertes, 2021) 29

the web page of the PDF file of the paper at HAL (Archives-Ouvertes, Lyon, France), HAL Id: hal-
02993927: https://hal.archives-ouvertes.fr/hal-02993927/document

[49] Nojavan, S. and Jermsittiparsert, K., Risk-based performance of combined heat and power based mi-
crogrid using information gap decision theory. IEEE Access, 8, 93123–93132 (2020). https://doi.org/
10.1109/ACCESS.2020.2995260

[50] Zhao, E. and Wu, C., Long-term safety assessment of large-scale arch dam based on non-probabilistic
reliability analysis. Structures, 32, 298–312 (2021). https://doi.org/10.1016/j.istruc.2021.03.012

[51] Housh, M. and Aharon, T., Info-gap models for optimal multi-year management of regional water
resources systems under uncertainty. Sustainability, 13 (6: Special Issue: Sustainable Water Resource
Management in a Changing Climate, Guest editors: Mallon, G. and Meijles, E. W.), 3152, 27 pages
(2021). https://doi.org/10.3390/su13063152

[52] Li, X, Li, X., Zhou, Z., Su, Y. and Cao, W., A non-probabilistic information-gap approach to rock
tunnel reliability assessment under severe uncertainty. Computers and Geotechnics, 132 (April 2021),
article no. 103940, 11 pages (2021). https://doi.org/10.1016/j.compgeo.2020.103940

[53] Ben-Haim, Y., Feedback for energy conservation: An info-gap approach. Energy, 223 (15 May 2021),
article no. 119957, 9 pages (2021). https://doi.org/10.1016/j.energy.2021.119957

[54] Kanno, Y., Worst scenario detection in limit analysis of trusses against deficiency of structural com-
ponents. Engineering Structures, 42, 33–42 (2012). https://doi.org/10.1016/j.engstruct.2012.04.012
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