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Eisagwg 

H paroÔsa metaptuqiak  diatrib  ent�ssetai ereunhtik� sthn perioq  thc Statisti-

k c JewrÐac Apof�sewn kai eidikìtera sthn (shmeiak ) ektÐmhsh twn paramètrwn

klÐmakac σ kai jèshc µ sto montèlo thc diparametrik c ekjetik c katanom c, ìtan h

par�metroc jèshc µ fr�ssetai apo mia gnwst  stajer� (µ ≤ c).

H ekjetik  katanom  qrhsimopoieÐtai eurèwc se biomhqanikèc kai bioð�trikèc efarmo-

gèc stic opoÐec eÐnai endiafèron na ektimhjeÐ h par�metroc jèshc µ. Sthn biomhqanÐa h

par�metroc µ mporeÐ na ekfr�zei to qronikì di�sthma thc eggÔhshc tou paraqjèntoc

proðìntoc en¸ sthn bioðatrik  kai pio sugkekrimèna sthn epidhmiologÐa, thn lanj�-

nousa perÐodo k�poiac asjèneiac, dhlad  ton qrìno pou par lje metaxÔ thc pr¸thc

epaf c me ton par�gonta kai thn emf�nish sumptwm�twn. Epiplèon h ekjetik  kata-

nom  apoteleÐ to aploÔstero kai poio eurèwc axiìpisto montelì pou lamb�nei q¸ra

se peir�mata pou aforoÔn sth mèsh di�rkeia zw c.

'Estw ìti h par�metroc σ ekfr�zei thn mèsh di�rkeia zw c kai epiplèon upojètoume

ìti h pijanìthta apotuqÐac thn qronik  stigm  ènarxhc tou peir�matoc eÐnai mhdèn.

Tìte h tuqaÐa metablht  X akoloujeÐ thn ekjetik  katanom  E(0, σ).

f(x) =
1

σ
e−

x
σ , x ≥ 0, σ > 0

'Estw t¸ra ìti h pijanìthta apotuqÐac, èwc èna sugkekrimèno qronikì di�sthma µ,

eÐnai mhdèn. Sthn sunèqeia, o qrìnoc apotuqÐac akoloujeÐ thn diparametrik  ekjeti-

k  katanom  E(µ, σ),

7
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f(x) =
1

σ
e−

(x−µ)
σ , x ≥ µ, σ > 0,

ìpou µ, σ eÐnai oi par�metroi jèshc kai klÐmakac antÐstoiqa.

AntikeÐmeno thc metaptuqiak c diatrib c eÐnai h melèth tou probl matoc ektÐmhshc

twn paramètrwn tou montèlou thc diparametrik c ekjetik c katanom c ìtan h par�-

metroc jèshc fr�ssetai apì p�nw. Diaforetikèc mèjodoi ektÐmhshc paratÐjentai kai

efarmìzontai sto prìblhma twn dÔo deigm�twn. Sto Kef�laio 1, perièqontai k�poioi

orismoÐ kai parousi�zontai, gia lìgouc plhrìthtac, orismèna sqetik� apotelèsmata.

Sto Kef�laio 2, paratÐjetai to montèlo thc diparametrik c ekjetik c katanom c,

parousi�zontai oi A.O.E.D kai E.M.P. twn paramètrwn µ kai σ. Sthn sunèqeia

parajètoume touc bèltistouc analloÐwtouc ektimhtèc (Best Affine Equivariant) twn

µ kai σ, arqik� wc proc to Mèso Tetragwnikì Sf�lma (MTS) kai sth sunèqeia wc

proc thn asÔmmetrh sun�rthsh zhmÐac Linex.

Sto Kef�laio 3, parousi�zoume ektimhtèc twn µ kai σ, wc proc to Mèso Tetragwnikì

Sf�lma (MTS), ìtan h par�metroc jèshc µ fr�ssetai apo mia gnwst  stajera

(µ ≤ c) kai sÔgkrinoume touc ektimhtèc autoÔc me touc bèltistouc analloÐwtouc

ektimhtèc (Best Affine Equivariant) sthn perÐptwsh pou den up�rqei periorismìc.

Sthn sunèqeia sugkrÐnoume touc ektimhtèc autoÔc se sqèsh me to krit rio Pitman

kai katal goume se endiafèrousec parathr seic. AkoloujeÐ efarmog  thc jewrÐac

pou anaptÔqjhke gia dÔo anex�rthta deÐgmata apo ekjetik  katanom .

Tèloc, sto Kef�laio 4, arqik� parousi�zoume ektimhtèc twn µ kai σ, wc proc thn

sun�rthsh zhmÐac Linex, ìtan µ ≤ c kai sÔgkrinoume touc ektimhtèc autoÔc me touc

bèltistouc analloÐwtouc ektimhtèc (Best Affine Equivariant) sthn perÐptwsh pou

den up�rqei periorismìc. H jewrÐa pou anaptÔqjhke efarmìzetai se dÔo anex�rthta

deÐgmata proerqìmena apo ekjetik  katanom .

Q. RaftopoÔlou, P�tra 2013.



Kef�laio 1

BasikoÐ OrismoÐ kai Jewr mata

Se autì to kef�laio ja anaferjoÔme se orismènouc basikoÔc orismoÔc kai Jewr mata

thc Majhmatik c Statistik c qwrÐc tic apodeÐxeic touc, oi opoÐec emperièqontai se

biblÐa Majhmatik c Statistik c.

1.1 Eisagwg -Amerìlhptoi Ektimhtèc

'Estw tuqaÐo deÐgma X
∼

= (X1, X2, . . . , Xn) pou apoteleÐtai apì anex�rthtec kai

isìnomec tuqaÐec metablhtèc Xi , i = 1, 2, ..., n, me apì koinoÔ sun�rthsh puknìthtac

pijanìthtac fX
∼
(x
∼
; θ) pou exart�tai apì mia �gnwsth arijmhtik  par�metro j ,h opoÐa

an kei se k�poio sÔnolo J. Tìte to j lègetai �gnwsth par�metroc kai to J kaleÐtai

parametrikìc q¸roc. DÔo apì ta pio suqn� emfanizìmena eÐdh paramètrwn eÐnai h

par�metroc jèshc (location parameter) kai klÐmakoc (scale parameter) . Skopìc

mac eÐnai na ektim soume mia sun�rthsh tou j ,èstw g (•) : Θ → ℜk ,me k ≥ 1

h opoÐa onom�zetai parametrik  sun�rthsh. O prosdiorismìc twn paramètrwn mac

parèqei pl rh gn¸sh gia ton tÔpo thc sun�rthshc gia autì kai apoteleÐ ènan apì

touc basikoÔc stìqouc mac kat� thn ektèlesh miac statistik c melèthc.

Orismìc 1.1.1. Mia sun�rthsh tou deÐgmatoc me pragmatikèc timèc   me timèc pou

den perièqoun thn �gnwsth par�metro j kaleÐtai statistik  sun�rthsh.

9
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Orismìc 1.1.2. Mia statistik  sun�rthsh δ(X
∼
) pou qrhsimopoieÐtai gia thn e-

ktÐmhsh thc tim c thc �gnwsthc paramètrou j   genikìtera gia thn ektÐmhsh thc

parametrik c sun�rthshc g (θ) ,ìpou g (•) : Θ → ℜk ,me k ≥ 1 anafèretai san

ektimht c tou j.

Orismìc 1.1.3. An h tuqaÐa metablht  Q eÐnai apolÔtwc suneq c kai èqei puknì-

thta pijanìthtac thc morf c ,f (x− µ) ,tìte h par�metroc m kaleÐtai par�metroc

jèshc. H tim  thc kajorÐzei thn metatìpish thc katanom c.

Orismìc 1.1.4. An h tuqaÐa metablht  Q eÐnai apolÔtwc suneq c kai èqei pu-

knìthta pijanìthtac thc morf c, 1
σf
(
x
σ

)
me σ > 0, tìte h par�metroc σ kaleÐtai

par�metroc klÐmakoc. H tim  thc kajorÐzei thn ≪klÐmaka ≫ thc katanom c dhlad 

thn ex�plwsh twn our¸n thc katanom c .

Orismìc 1.1.5. O ektimht c T (X
∼
) onom�zetai amerìlhptoc ektimht c thc para-

metrik c sun�rthshc g (θ) an kai mìno an ,

EΘ(T (X∼
)) = g (θ) , ∀ θ ∈ Θ.

'Ena apo ta poio sunhjismena krit ria epilog c ektimht¸n pou lamb�netai eÐnai to

Mèso Tetragwnikì Sf�lma.

Orismìc 1.1.6. To Mèso Tetragwnikì Sf�lma (MTS) tou ektimht  T (X
∼
) orÐzetai

apì thn akìloujh sqèsh ,

MTΣ(T, θ) = EΘ(T (X∼
)− g(θ))2

Prìtash 1.1.1. Gia to Mèso Tetragwnikì Sf�lma tou ektimht  T (X
∼
) isqÔei h

akìloujh sqèsh,

MTΣ(T, θ) = V ar(T (X
∼
)) + (EΘ(T (X∼

))− g(θ))2

ìpou EΘ(T (X∼
))− g(θ) kaleÐtai merolhyÐa (bias) tou ektimht  T (X

∼
).

Parat rhsh 1.1.1. An T (X
∼
) eÐnai amerìlhptoc ektimht c thc parametrik c su-

n�rthshc g(θ), dhlad  bias(T (X
∼
)) = 0 tìte ja isqÔei ,

MTΣ (T, θ) = V ar(T (X
∼
))
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Orismìc 1.1.7. O ektimht c T1 onom�zetai kalÔteroc apì ton T2 (wc proc to Mèso

Tetragwnikì Sf�lma) gia thn ektÐmhsh thc g (θ) ìtan ja isqÔei h sqèsh,

MTΣ (T1, θ) ≤ MTΣ (T2, θ) ,∀θ ∈ Θ

kai epiplèon,

MTΣ (T1, θ0) < MTΣ (T2, θ0) , gia k�poio θ0 ∈ Θ.

Parat rhsh 1.1.2. An o ektimht c T1 eÐnai kalÔteroc apì ton ektimht  T2 (wc

proc to Mèso Tetragwnikì Sf�lma) gia thn g (θ), tìte o ektimht c T2 lègetai mh

apodektìc gia thn ektÐmhsh thc parametrik c sun�rthshc g (θ) .

Orismìc 1.1.8. O ektimht c T (X
∼
) onom�zetai bèltistoc ektimht c thc g(θ) wc

proc to Mèso Tetragwnikì Sf�lma an eÐnai kalÔteroc se sÔgkrish me opoiond pote

�llon ektimht  thc parametrik c sun�rthshc g(θ) .

Prìtash 1.1.2. 'Estw X1, X2, ..., Xn tuqaÐo deÐgma apì mia katanom  me sun�r-

thsh puknìthtac pijanìthtac f1 (x; θ) me θ ∈ Θ kai g (θ) = µ ,h mèsh tim  thc

katanom c, tìte o deigmatikìc mèsoc X =
1

n

n∑
i=1

Xi apoteleÐ amerìlhpto ektimht 

thc mèshc tim c m.

Prìtash 1.1.3. 'Estw X1, X2, ..., Xn tuqaÐo deÐgma apì mia katanom  me sun�r-

thsh puknìthtac pijanìthtac f1 (x; θ) me θ ∈ Θ kai g (θ) = σ2 ,h diaspor� thc

katanom c tìte h deigmatik  diaspor� S2 =
1

n− 1

n∑
i=1

(
Xi −X

)2
apoteleÐ amerìlh-

pto ektimht  thc diaspor�c σ2.

1.2 Sun�rthsh ZhmÐac (Loss Function)- Sun�rthsh KindÔnou (Risk

Function)

Genik� h ektÐmhsh thc parametrik c sun�rthshc g (θ) apo mia tim  d metriètai apì thn

sun�rthsh zhmÐac (Loss Function) L (d, θ) gia thn opoÐa isqÔoun,

L (d, θ) ≥ 0, gia ìla ta θ , d
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kai

L [g (θ) , θ] = 0, gia ìla ta θ

ètsi ¸ste h zhmi� na eÐnai mhdèn, ìtan h par�metroc ektim�tai apo th swst  tim .

Orismìc 1.2.1. H akrÐbeia   h mh akrÐbeia enìc ektimht  d, metriètai apo thn

sun�rthsh kindÔnou (Risk Function) pou orÐzetai wc

R (δ, θ) = Eθ{ L [δ(X), θ]}

To Mèso Tetragwnikì Sf�lma eÐnai mia sun�rthsh kindÔnou. Sunep¸c mporoÔme na

epanadiatup¸soume touc parap�nw orismoÔc, antikajist¸ntac to Mèso Tetragwnikì

Sf�lma me opoiad pote sun�rthsh kindÔnou (Rick Function) R (δ, θ).

Parat rhsh 1.2.1. Up�rqoun di�forec sunart seic zhmÐac (Loss Function), oi

opoÐec mporoÔn na qrhsimopoihjoÔn an�loga me to perieqìmeno k�je probl matoc.

Orismènec apo autèc eÐnai oi parak�tw:

• Tetragwnik  sun�rthsh zhmÐac (squared error loss)

L (d, θ) = (d− θ)2

• Sun�rthsh zhmÐac apolÔtou sf�lmatoc (Absolute error loss)

L (d, θ) = |d− θ|

• Sun�rthsh zhmÐac Linex (LINear EXponential)

L (d, θ) = b(eα(d−θ) − α(d− θ)− 1) ìpou α ̸= 0, b > 0 stajerèc.

1.3 AsÔmmetrh sun�rthsh zhmÐac Linex

Se orismèna probl mata ektimhtik c h qr sh summetrik c sun�rthshc zhmÐac mpo-

reÐ na eÐnai akat�llhlh. UperektÐmhsh thc paramètrou mporeÐ na odhg sei se pe-

rissìtero   ligìtero sobarèc sunèpeiec apo thn upoektÐmhsh   to antÐstrofo. O

Varian (1975) eis gage mia polÔ qr simh asÔmmetrh sun�rthsh zhmÐac, thn Linex

(LINear EXponential). Prìkeitai gia mia kurt  sun�rthsh h opoÐa aux�netai perÐ-

pou ekjetik� apo thn mÐa pleur� tou mhdèn kai perÐpou grammik� apo thn �llh. 'Estw
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∆ = d − θ eÐnai to sf�lma ektÐmhshc, ìpou d o ektimht c tou θ. Tìte h sun�rthsh

zhmÐac Linex orÐzetai wc ex c:

L(∆) = b(eα∆ − α∆− 1)

ìpou α ̸= 0, b > 0

H par�metroc α eÐnai aut  pou kajorÐzei to sq ma thc sun�rthshc.

Gia α=1 h sun�rthsh eÐnai arket� asÔmmetrh me thn uperektÐmhsh na eÐnai pio dapa-

nhr  apo thn upoektÐmhsh. Apì thn �llh gia α=-1 h sun�rthsh paramènei èntona

asÔmmetrh me thn diaforopoÐhsh ìti h upoektÐmhsh eÐnai pio dapanhr  apo thn upe-

rektÐmhsh. 'Otan α < 0 kai ∆ < 0 h sun�rthsh, aux�netai sqedìn ekjetik� en¸ an

∆ > 0 aux�netai sqedìn grammik�. Sthn perÐptwsh pou |α| lamb�nei polÔ mikrèc

timèc h sun�rthsh zhmÐac eÐnai sqedìn summetrik  kai den diafèrei polÔ apo thn te-

tragwnik  sun�rthsh zhmÐac. Wstìso ìtan h par�metroc |α| lamb�nei axiìlogec timèc

h bèltisth shmeiak  ektÐmhsh ja diafèrei arket� apì thn ektÐmhsh pou ja l�boume

an qrhsimopoi soume wc sun�rthshc zhmÐac to tetragwnikì sf�lma.

1.4 AOED Ektimhtèc

ExaitÐac thc duskolÐac prosdiorismoÔ tou bèltistou ektimht  sthn kl�sh ìlwn twn

ektimht¸n, periorizìmaste arqik�, se aut  twn amerìlhptwn ektimht¸n.

Orismìc 1.4.1. H statistik  sun�rthsh T (X
∼
) ja kaleÐtai Amerìlhptoc Ektimh-

t c El�qisthc Diaspor�c (AOED) gia thn g(θ) e�n ,

A. T (X
∼
) eÐnai amerìlhptoc ,dhlad  EΘT (X∼

) = g(θ),∀θ ∈ Θ

B. V arΘT (X∼
) ≤ V arΘ(T1),∀θ ∈ Θ kai k�je �llo amerìlhpto ektimht  tou g (θ)

Apì ton parap�nw orismì ,gÐnetai antilhptì ìti o prosdiorismìc AOED ektimht¸n

ègkeitai sto na elatt¸soume ìson to dunatìn th diaspor� mÐac statistik c sun�r-

thshc se sqèsh me thn proc ektÐmhsh posìthta, dhlad  eÐnai epijumhtì na broÔme



ΚΕΦ�ΑΛΑΙΟ 1. BASIKO�I ORISMO�I KAI JEWR�HMATA 14

èna k�tw fr�gma gia th diaspor� twn amerìlhptwn ektimht¸n aut c thc posìthtac.

Autì to k�tw fr�gma mac prosfèrei to Je¸rhma Cramer-Rao to opoÐo isqÔei ìtan

epalhjeÔontai oi parak�tw sunj kec,

I1. O parametrikìc q¸roc J eÐnai anoiktì uposÔnolo tou ℜ

I2. To sunìlo S = {x
∼
; fX

∼
(x
∼
;ϑ) > 0 den exart�tai apì to j .

I3.
∫
ℜn

∂
∂ϑfX∼

(x
∼
; θ)dx

∼
= ∂

∂ϑ

∫
ℜn f(x∼

; θ)dx
∼

I4.
∫
ℜn T (x∼

) ∂
∂ϑfX∼

(x
∼
; θ)dx

∼
= ∂

∂ϑ

∫
ℜn T (x∼

)f(x
∼
; θ)dx

∼
, ∀θ ∈ Θ, T (x

∼
)

I5. An I(θ) = Eθ(
∂
∂θ lnfX∼

(x
∼
; θ))2 tìte 0 < I(θ) < ∞, ∀θ ∈ Θ

H posìthta I(θ)onom�zetai arijmìc   mètro plhroforÐac Fisher.

Je¸rhma 1.4.1. (Je¸rhma Cramer-Rao) 'Estw èna deÐgma X1, X2, ..., Xn me apì

koinoÔ sun�rthsh puknìthtac pijanìthtac fX
∼
(x
∼
; θ) gia k�je θ ∈ Θ .E�n T (X

∼
) sta-

tistik  sun�rthsh me Eθ(T (X∼
)) = g(θ) kai isqÔoun oi parap�nw sunj kec I1 − I5

tìte h diaspor� tou ektimht  ja parousi�zei to akìloujo k�tw fr�gma,

V ar(T (X
∼
)) ≥ (g′ (θ))

2

I (θ)
, ∀θ ∈ Θ.

To k�tw fr�gma gia thn diaspor� twn amerìlhptwn ektimht¸n tou g (θ) onom�zetai

Cramer-Rao K�tw Fr�gma (C.R.-K.F.), en¸ gia ton upologismì tou arijmoÔ plhro-

forÐac Fisher qrhsimopoioÔme sun jwc k�poiec bohjhtikèc idiìthtec,

A. I(θ) = −Eθ(
∂2

∂θ2
lnfX

∼
(x
∼
; θ)).

B. An to deÐgma X1, X2, . . . , Xn apoteleÐtai apì n anex�rthtec kai tuqaÐec metablh-

tèc ìpou h k�je mÐa apì tic Xi akoloujeÐ mia katanom  me puknìthta pijanìthtac

fXi
(xi; θ) me i = 1, 2, ..., n tìte

I (θ) =

n∑
i=1

Ii (θ)

ìpou Ii (θ) = Eθ

(
∂
∂θ lnfXi

(xi; θ)
)2

G. An to deÐgma X1, X2, ..., Xn eÐnai tuqaÐo kai me II (θ) sumbolÐsw ton arijmì plh-
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roforÐac tou Fisher gia k�je mia apì autèc tìte ,

I (θ) = n · II (θ)

H duskolÐa tou Jewr matoc Cramer-Rao ègkeitai sthn epal jeush twn sunjhk¸n

I1-I5, h opoÐa �retai ìtan h oikogèneia tou tuqaÐou dianÔsmatoc X
∼
, an kei sthn

Monoparametrik  Ekjetik  Oikogèneia Katanom¸n (MEOK).

Orismìc 1.4.2. H oikogèneia katanom¸n {fX
∼
(x
∼
; θ), θ ∈ Θ} an kei sth Monopa-

rametrik  Ekjetik  Oikogèneia Katanom¸n (MEOK) an:

1. To sÔnolo S = {x; fX
∼
(x
∼
; θ) > 0} den exart�tai apo to Θ.

2.fX
∼
(x
∼
; θ) = e

A(θ)+B(x
∼
)+c(θ)D(x

∼
) ∀x

∼
∈ S, ∀θ ∈ Θ

Je¸rhma 1.4.2. An to deÐgma X
∼

= (X1, X2, ..., Xn) èqei katanom  me puknìthta

pijanìthtac fX
∼
(x
∼
; θ) h opoÐa an kei sthn MEOK kai h c(θ) (pou emfanÐzetai ston

tÔpo thc fX
∼
(x
∼
; θ)) èqei suneq  kai mh mhdenik  par�gwgo ∀θ ∈ Θ, tìte oi sunj kec

(I2), (I3) kai (I4) tou Jewr matoc Cramer-Rao isqÔoun kai h (I4) isqÔei gia k�je

statistik  sun�rthsh T = T (X
∼
).

H parak�tw prìtash dÐnei èna trìpo eÔreshc tou AOED ektimht , gia mia parametrik 

sun�rthsh g(θ) kai grammikoÔc sundiasmoÔc aut c.

Prìtash 1.4.1. An to deÐgma X
∼

= (X1, X2, ..., Xn) èqei katanom  me puknìthta

pijanìthtac fX
∼
(x
∼
θ) h opoÐa an kei sthn MEOK (fX

∼
(x
∼
; θ) = e

A(θ)+B(x
∼
)+c(θ)D(x

∼
)
)

kai isqÔoun:

a) To sÔnolo Θ eÐnai anoiqtì uposÔnolo tou ℜ

b) To c(θ) èqei suneq  kai mh mhdenik  par�gwgo ∀θ ∈ Θ

g) 0 < I (θ) < ∞

Tìte:

1. H statistik  sun�rthsh D(X
∼
) eÐnai AOED ektimht c thc g(θ) = Eθ(D(X

∼
))
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2. H statistik  sun�rthsh c1D(X
∼
) + c2, me c1, c2 stajerèc kai c1 ̸= 0 eÐnai A-

OED ektimht c thc c1g(θ) + c2

IsqÔei epÐshc h parak�tw prìtash:

Prìtash 1.4.2. 'Estw ìti isqÔoun oi sunj kec (I1), (I2), (I3) kai (I5) tou Je-

wr matoc Cramer-Rao kai h (I4) isqÔei gia k�poia statistik  sun�rthsh T (X
∼
),

amerìlhpto ektimht  tou g(θ). 'Estw akìma, h g(θ) na mhn eÐnai stajer� (san su-

n�rthsh tou θ) kai h T (X
∼
) epitugq�nei to C-R.- K.F., dhlad 

V arθ(T (X∼
)) =

(g′ (θ))
2

I (θ)
, ∀θ ∈ Θ

tìte, fX
∼
(x
∼
; θ) = e

A(θ)+B(x
∼
)+c(θ)T (x

∼
) ∀x

∼
∈ S, ∀θ ∈ Θ, dhlad  h katanom  tou deÐgma-

toc X
∼

an kei sthn MEOK.

Parat rhsh 1.4.1. Oi Prot�seic 1.4.1 kai 1.4.2. sunep�gontai to gegonìc ìti

h eÔresh tou ektimht  gia k�poia parametrik  sun�rthsh g(θ) eÐnai dunat  me th

qr sh tou Jewr matoc Cramer-Rao an kai mìno an h katanom  tou deÐgmatoc X
∼

=

(X1, X2, ..., Xn) an kei sth MEOK kai h g(θ) èqei mia sugkekrimènh morf  g(θ) =

Eθ(D(X
∼
))   k�poioc grammikìc metasqhmatismìc thc Eθ(D(X

∼
))

Apo thn parap�nw parat rhsh gÐnetai antilhptì ìti h mèjodoc eÔreshc AOED ekti-

mht  me thn qr sh tou Jewr matoc Cramer-Rao mac periorÐzei tìso wc proc thn

oikogèneia tou deÐgmatoc, ìso kai wc proc thn morf  twn parametrik¸n sunart sewn

gia tic opoÐec brÐskoume AOED ektimhtèc, sunep¸c apaiteÐtai mia mèjodoc diaforetik 

apo thn prohgoÔmenh h opoÐa na mhn parousi�zei tètoiou eÐdouc probl mata. Arqik�

eis�goume tic ènnoiec thc ep�rkeiac kai thc plhrìthtac proc aut  thn kateÔjunsh.
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1.5 Ep�rkeia

Orismìc 1.5.1. 'Estw to deÐgma X
∼

= (X1, X2, ..., Xn) èqei katanom  me puknìthta

pijanìthtac fX
∼
(x
∼
; θ), θ ∈ Θ, tìte h statistik  sun�rthsh T = T (X

∼
) ja kaleÐtai

epark c an h desmeumènh katanom  tou X
∼

dojèntoc ìti T = t den exart�tai apo

to j, gia k�je dunat  tim  t tou T gia thn opoÐa mporeÐ na oristeÐ h desmeumènh

katanom .

Enac trìpoc eÔreshc miac eparkoÔc statistik c sun�rthshc, ektìc tou orismoÔ, dÐ-

netai apì thn parak�tw prìtash , h opoÐa anafèretai kai wc paragontikì krit rio

twn Neyman-Fisher .

Je¸rhma 1.5.1. (Paragontikì Krit rio Neyman-Fisher). H statistik  sun�r-

thsh T = T (X
∼
) eÐnai epark c an kai mìno an

fX
∼
(x
∼
; θ) = q(T (X

∼
); θ)h(x

∼
) ∀x

∼
kai θ ∈ Θ

ìpou q kai h eÐnai sunart seic.

Parat rhsh 1.5.1. IsqÔoun oi parak�tw idiìthtec gia tic eparkeÐc statistikèc

sunart seic:

1) To deÐgma X
∼

= (X1, X2, ..., Xn) eÐnai tetrimmèna epark c statistik  sun�rthsh.

2) H statistik  sun�rthsh T (X
∼
) = (X(1), X(2), ..., X(n)), eÐnai epark c, ìpouX(i), i =

1, 2, ..., n eÐnai oi diatetagmènec parathr seic.

3) 'Estw T1 = T1(X∼
) èinai epark c statistik  sun�rthsh kai T2 = K(T1(X∼

)),

ìpou K(.) eÐnai 1− 1 sun�rthsh, tìte h T2(X∼
) èinai epark c.

Sun jwc ìtan mil�me gia epark  statistik  sun�rthsh anaferìmaste sthn el�qisth

epark .

Orismìc 1.5.2. El�qisth epark c statistik  sun�rthsh eÐnai mia epar-

k c statistik  sun�rthsh, h opoÐa proèrqetai apo thn megalÔterh dunat  � sÔmpth-

xh� (dhlad  èqei thn mikrìterh dunat  di�stash).
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Parat rhsh 1.5.2. Sqedìn p�nta, h di�stash thc parametrik c sun�rthshc g(θ)

sumpÐptei me thn di�stash thc el�qisthc eparkoÔc statistik c sun�rthshc.

Je¸rhma 1.5.2. (Rao-Blackwell) 'Estw T = T (X
∼
) mia epark c statistik  su-

n�rthsh kai S = S(X
∼
) eÐnai ektimht c thc parametrik c sun�rthshc g(θ). Jètoume

S∗ = Eθ(S|T ). Tìte

1) H S∗ eÐnai statistik  sun�rthsh.

2) Eθ(S
∗) = Eθ(S), ∀θ ∈ Θ, ètsi an S eÐnai amerìlhptoc ektimht c gia thn g(θ),

tìte S∗ eÐnai amerìlhptoc ektimht c gia thn g(θ)

3) V arθ(S
∗) ≤ V arθ(S), ∀θ ∈ Θ kai isqÔei austhr  anisìthta, ektìc an S eÐ-

nai sun�rthsh thc statistik c sun�rthshc T , opìte S∗ = S

4) MTΣ(S∗, θ) ≤ MTΣ(S, θ), ∀θ ∈ Θ kai isqÔei austhr  anisìthta, ektìc an

S eÐnai sun�rthsh thc statistik c sun�rthshc T , opìte S∗ = S

Epomènwc, an S eÐnai ènac ektimht c thc g(θ) o opoÐoc den eÐnai sun�rthsh thc e-

parkoÔc statistik c sun�rthshc T , tìte o S eÐnai mh apodektìc kai belti¸netai apì

ton S∗ = Eθ(S|T ) pou onom�zetai beltÐwsh tou S kata Rao-Blackwell   Rao-

Blackwell beltÐwsh tou S.

Parat rhsh 1.5.3. 'Estw T1, T2 eÐnai eparkeÐc statistikèc sunart seic kai S

eÐnai amerìlhptoc ektimht c thc g(θ). Tìte S∗
1 = Eθ(S|T1) eÐnai h Rao-Blackwell

beltÐwsh tou S mèsw thc T1 kai S∗
2 = Eθ(S|T2) eÐnai h Rao-Blackwell beltÐwsh tou S

mèsw thc T2. 'Omwc mèsw tou Jewr matoc 1.5.2. den mporoÔme na sugkrÐnoume autèc

tic dÔo belti¸seic. H ènnoia thc plhrìthtac ja bohj sei se aut  thn sÔgkrish.
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1.6 Plhrìthta

Orismìc 1.6.1. H statistik  sun�rthsh T = T (X
∼
) ja kaleÐtai pl rhc an gia

k�je θ ∈ Θ isqÔei h akìloujh sqèsh ,

Eθ (ϕ(T )) = 0 ⇒ ϕ(t) = 0

gia k�je dunat  tim  t thc T, dhlad  ϕ(T ) = 0.

Je¸rhma 1.6.1. (Lehmann-Scheffe) 'Estw T = T (X
∼
) eÐnai epark c kai pl rhc

statistik  sun�rthsh kai S eÐnai ènac amerìlhptoc ektimht c tou g(θ). Tìte S∗ =

Eθ(S|T ) eÐnai monadikìc AOED ektimht c thc g(θ).

'Ara me thn bo jeia tou Jewr matoc Lehmann− Scheffe mporoÔme na broÔme AO-

ED ektimht  me thn qr sh eparkoÔc kai pl rouc statistik c sun�rthshc, kai m�lista

an up�rqei autìc o AOED ektimht c, eÐnai monadikìc.

Pìrisma 1.6.1. (Lehmann-Scheffe)'Estw T = T (X
∼
) eÐnai epark c kai pl rhc

statistik  sun�rthsh kai S eÐnai ènac amerìlhptoc ektimht c thc g(θ), o opoÐoc eÐnai

sun�rthsh thc eparkoÔc kai pl rouc T . Tìte S eÐnai o monadikìc AOED ektimht c

thc g(θ).

'Opwc katalabaÐnoume, se aut  thn mejodologÐa eÐnai shmantik  h eÔresh miac e-

parkoÔc kai pl rouc statistik c sun�rthshc kai mèsw tou orismoÔ den eÐnai p�nta

eÔkolo, all� an h katanom  tou deÐgmatoc X
∼
an kei sthnPoluparametrik  Ek-

jetik  Oikogèneia Katanom¸n (PEOK) ta pr�gmata aplopoioÔntai.

Orismìc 1.6.2. H oikogèneia katanom¸n {fX
∼
(x
∼
; θ), θ ∈ Θ} an kei sth Polupa-

rametrik  Ekjetik  Oikogèneia Katanom¸n (PEOK) di�stashc k an:

1. To sÔnolo S = {x; fX
∼
(x
∼
; θ) > 0} den exart�tai apo to θ.

2. fX
∼
(x
∼
; θ) = e

A(θ)+B(x
∼
)+

∑k
j=1 cjDj(x∼

) ∀x
∼
∈ S, ∀θ ∈ Θ.

Parat rhsh 1.6.1. H PEOK di�stashc 1 sumpÐptei me thn MEOK.
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Prìtash 1.6.1. 'Estw ìti to deÐgma X
∼

= (X1, X2, ..., Xn) èqei katanom  h opoÐa

an kei sthn PEOK di�stashc k, tìte isqÔoun ta ex c:

1. H statistik  sun�rthsh T (X
∼
) = (D1(X∼

), D2(X∼
), ..., Dk(X∼

)) eÐnai epark c.

2. An to pedÐo tim¸n tou dianÔsmatoc (c1(θ), c2(θ), ..., ck(θ)) perièqei anoiqtì upo-

sÔnolo tou ℜk, tìte T (X
∼
) eÐnai pl rhc.

To parak�tw je¸rhma, gnwstì kai wc Je¸rhma Basu, pistopoieÐ kai �llh mia qr sh

thc ep�rkeiac kai thc plhrìthtac, aut c thc apìdeixhc anexarthsÐac metaxÔ statisti-

k¸n sunart sewn (dhlad  tuqaÐwn metablht¸n).

Je¸rhma 1.6.2. (Basu) 'Estw T (X
∼
) epark c kai pl rhc statistik  sun�rthsh

kai S(X
∼
) eÐnai mia �llh statistik  sun�rthsh, h katanom  thc opoÐac den exart�tai

apo thn �gnwsth par�metro θ, tìte oi statistikèc sunart seic T (X
∼
) kai S(X

∼
) eÐnai

anex�rthtec.

1.7 Sunèpeia

Orismìc 1.7.1. 'Estw Tn = T (X1, X2, ..., Xn), n = 1, 2, .... ènac ektimht c thc

parametrik c sun�rthshc g(θ). Tìte o ektimht c Tn onom�zetai sunep c an:

lim
n→∞

P (|Tn − g(θ)| > ε) = 0, ∀ε > 0.

H parak�tw prìtash dÐnei ikanèc sunj kec ètsi ¸ste ènac ektimht c gia thn g(θ) na

eÐnai sunep c.

Prìtash 1.7.1. 'Estw ìti o ektimht c Tn ikanopoieÐ tic parak�tw sunj kec:

1. V arθTn → 0, n → ∞

2. b(Tn, θ) = EθTn − g(θ) → 0, n → ∞

Tìte o Tn eÐnai sunep c ektimht c thc parametrik c sun�rthshc g(θ).
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1.8 EktÐmhsh me thn mèjodo Mègisthc Pijanof�neiac

Orismìc 1.8.1. JewroÔme to deÐgma X
∼

= (X1, X2, ..., Xn) me sun�rthsh puknìth-

tac pijanìthtac fX
∼
(x
∼
; θ) tìte h sun�rthsh pijanof�neiac (  apl� pijanof�neia) tou

j orÐzetai apì th sqèsh ,

L (θ) = L(θ|x
∼
) = fX

∼
(x
∼
; θ)

Orismìc 1.8.2. O ektimht c θ̂ = θ̂(x
∼
) pou ikanopoieÐ th sqèsh ,

L(θ̂) = supθ∈ΘL (θ)

onom�zetai Ektimht c MegÐsthc Pijanof�neiac (E.M.P.) tou j .

Parat rhsh 1.8.1. Apì ton parap�nw orismì faÐnetai ìti o EMP tou j eÐnai

ekeÐnh h tim  tou j h opoÐa megistopoieÐ th sun�rthsh pijanof�neiac .Epeid  h su-

n�rthsh lnx eÐnai gnhsÐwc aÔxousa sun�rthsh tou x ,h tim  tou j pou megistopoieÐ

thn L (θ) eÐnai h Ðdia me aut n pou megistopoieÐ thn lnL (θ) . Sun jwc akoloujoÔme

aut n thn diadikasÐa ìtan to mègisto mporeÐ na brejeÐ me parag ģish.

Parat rhsh 1.8.2. 1. H mèjodoc Mègisthc Pijanof�neiac isqÔei kai gia to

di�nusma θ
∼
= (θ1, θ2, ..., θk)

2. EÐnai dunatìn o ektimht c θ̂ na mhn mporeÐ na brejeÐ se analutik  morf , tìte

h tim  tou j gia thn opoÐa epitugq�netai h megistopoÐhsh thc L (θ) brÐsketai me

mejìdouc arijmhtik c an�lushc.

3. Orismènec forèc up�rqoun ≪pajologikèc katast�seic ≫ me thn ènnoia ìti eÐte den

up�rqei tim  tou j h opoÐa na megistopoieÐ th sun�rthsh pijanof�neiac, eÐte up�rqoun

perissìtera mègista gia thn L (θ) kai sunep¸c perissìteroi tou enìc E.M.P.

Parat rhsh 1.8.3. Se autì to shmeÐo ja anafèroume orismènec idiìthtec twn

E.M.P.

1. Apo ton orismì 1.7.2. prokÔptei ìti o E.M.P. (an up�rqei) paÐrnei timèc mèsa ston

parametrikì q¸ro Θ.

2. An o E.M.P. tou θ eÐnai monadikìc, tìte eÐnai sun�rthsh thc eparkoÔc stati-

stik c sun�rthshc.
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3. An θ̂ = θ̂(X
∼
) eÐnai E.M.P. tou j, tìte o E.M.P. thc parametrik c sun�rth-

shc g(θ) eÐnai o g(θ̂)

4. Oi E.M.P. eÐnai (upì orismènec sunj kec) sunepeÐc ektimhtèc .

Parat rhsh 1.8.4. Oi E.M.P. èqoun (upo orismènec sunj kec) k�poiec asum-

ptwtikèc idiìthtec. An X1, X2, ...Xn èna tuqaÐo deÐgma apo katanom  me puknìthta

pijanìthtac f1(x; θ) kai sumbolÐzoume me θ̂ ton E.M.P. tou θ, tìte

1. H katanom  tou θ̂ eÐnai kat� prosèggish (n → ∞) kanonik  katanom , dhla-

d 

θ̂ ∼ N

(
θ,

1

I (θ)

)

ìpou I (θ) o arijmìc plhroforÐac tou Fisher.

2. O θ̂ eÐnai asumptwtik� apotelesmatikìc ektimht c, an k�poioc �lloc ektimht c tou

θ, èstw sn, èqei kat� prosèggish kanonik  katanom  N(θ2, σ2(θ)), tìte σ2θ(θ) ≥
1

I(θ)
.

Oi parap�nw idiìthtec twn E.M.P. sunep�gontai ìti θ̂ eÐnai asumptwtik� AOED gia

to θ, dhlad  an up�rqoun AOED kai E.M.P. gia k�poia g(θ), tìte autoÐ den diafèroun

asumptwtik�.

1.9 Ektimhtèc Bayes

H ektÐmhsh kat� Bayes gÐnetai apì mia diaforetik  skopi� se sqèsh me to ti èqou-

me antimetwpÐsei mèqri t¸ra, pou antilambanìmastan to θ apl� san èna pragmatikì

arijmì qwrÐc kamÐa idiìthta. An p.q. jewr soume mia biomhqanÐa h opoÐa par�gei

hlektrikoÔc lampt rec, tìte o qrìnoc aut¸n twn lampt rwn akoloujeÐ ekjetik  ka-

tanom  me �gnwsth par�metro θ pou ekfr�zei ton mèso qrìno zw c twn lampt rwn.

Epomènwc, den prèpei na anamènoume meg�lec timèc gia to θ all� oÔte kai mikrèc.

Dhlad  se sqèsh me to prìblhma kai thn empeirÐa pou diajètoume prèpei na d¸sou-
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me diaforetik  barÔthta stic di�forec timèc tou θ gia na ekmetalleutoÔme aut  thn

empeirÐa ¸ste na d¸soume kalÔterh ektÐmhsh gia to θ.

Opìte jewroÔme to θ san mia tuqaÐa metablht  me puknìthta pijanìthtac π(θ), θ ∈ Θ

kai tic ex c idiìthtec

(i)π(θ) ≥ 0, ∀θ ∈ Θ kai (ii)

∫
Θ

π(θ)dθ = 1   (
∑
θ

π(θ) = 1).

H sun�rthsh π(θ) onom�zetai ek twn protèrwn katanom  tou θ kai ekfr�zei

eÐte thn proswpik  mac antÐlhyh gia thn pijan  tim  tou θ eÐte sunoyÐzei k�poiec

ek twn protèrwn (dhlad  prin thn sullog  twn dedomènwn) plhroforÐec gia to θ.

JewroÔme mia sun�rthsh zhmÐac L(t, θ) kai prospajoÔme na elaqistopoi soume

thn sun�rthsh kindÔnou R(T, θ) = Eθ(L(T (X∼
), θ)). Epeid  èqoume jewr sei

ìti to θ eÐnai mia tuqaÐa metablht , profan¸c, h sun�rthsh kindÔnou eÐnai kai aut 

mia tuqaÐa metablht , epomènwc eÐnai logikì se aut  thn perÐptwsh, na prospajoÔme

na elaqistopoi soume thn mèsh tim  thc, dhlad  thn sun�rthsh

BR(T ) = E(R(T, θ)) =

∫
Θ

R(T, θ)π(θ)dθ

h opoÐa onom�zetai kÐndunoc Bayes tou ektimht  T . Sunep¸c, bèltistoc ektimht c

eÐnai autìc pou elaqistopoieÐ ton kÐnduno Bayes, opìte katal goume ston ex c orismì

gia ton ektimht  Bayes.

Orismìc 1.9.1. O ektimht c T ∗ = T ∗(x
∼
) onom�zetai ektimht c Bayes tou g(θ),

wc proc thn sun�rthsh zhmÐac L(t, θ) kai thn ek twn protèrwn katanomh π(θ), an

∫
Θ

R(T ∗, θ)π(θ)dθ ≤
∫
Θ

R(T, θ)π(θ)dθ

gia k�je ektimht  T = T (X
∼
).

Sun jwc, gia na upologÐsoume autì ton ektimht  Bayes prèpei na broÔme pr¸ta thn

ek twn ustèrwn katanom  tou θ
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π(θ|x
∼
) =

f(x
∼
; θ)π(θ)

f(x
∼
)

ìpou f(x
∼
) =
∫
Θ
f(x

∼
; θ)π(θ)dθ. H ek twn ustèrwn katanom  sunoyÐzei thn plhroforÐa

gia to θ met� thn sullog  twn dedomènwn kai èqei tic idiìthtec thc sun�rthshc

puknìthtac pijanìthtac.

Parat rhsh 1.9.1. EÐnai shmantikì na tonÐsoume se autì to shmeÐo ìti den mac

endiafèrei idiaÐtera h akrib c sun�rthsh π(θ|x
∼
), all� h morf  thc ek twn ustè-

rwn katanom c, gia thn opoÐa diapist¸noume, sun jwc, ìti akoloujeÐ k�poia apo tic

gnwstèc katanomèc.

Sto epìmeno je¸rhma dÐnetai ènac diaforetikìc trìpoc upologismoÔ tou ektimht 

Bayes .

Je¸rhma 1.9.1. Gia X
∼

= x
∼
o ektimht c Bayes T ∗ = T ∗(X

∼
) thc parametrik c

sun�rthshc g(θ) wc proc thn sun�rthsh zhmÐac L(t, θ) kai thn ek twn protèrwn

katanom  π(θ) èqei tim  T ∗(x
∼
) = t∗, ìpou t∗ eÐnai h tim  tou t pou elaqistopoieÐ thn

sun�rthsh

h∗(t) =

∫
Θ

L(t, θ)π(θ|x
∼
)dθ.

An epiplèon, h sun�rthsh zhmÐac eÐnai to tetragwnikì sf�lma, dhlad  L(t, θ) =

(t − g(θ))2 tìte h eÔresh tou ektimht  Bayes, gÐnetai pio apl� ìpwc faÐnetai sto

parak�tw Je¸rhma.

Je¸rhma 1.9.2. 'Estw ìti h sun�rthsh zhmÐac gia thn ektÐmhsh tou g(θ) eÐnai

to tetragwnikì sf�lma L(t, θ) = (t − g(θ))2. Tìte gia X
∼

= x
∼
o ektimht c Bayes

T ∗ = T ∗(X
∼
) thc parametrik c sun�rthshc g(θ) èqei tim  T ∗(x

∼
) = Eθ(g(Y )), ìpou

U eÐnai mia tuqaÐa metablht  me katanom  thn ek twn ustèrwn π(θ|x
∼
).

Orismìc 1.9.2. 'Estw èna tuqaÐo deÐgmaX1, X2, ..., Xn ∼ N(θ, σ2) meΘ = (−∞,+∞).

An π(θ) = c (dhlad  dÐnw Ðsh pijanìthta gia ìlec tic timèc tou θ na sumboÔn), tìte
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∫ +∞

−∞
π(θ)dθ =

∫ +∞

−∞
cdθ = +∞

H π(θ) onom�zetai improper prior kai èqei tic akìloujec idiìthtec

(i)π(θ) ≥ 0, ∀θ ∈ Θ kai (ii)

∫
Θ

π(θ)dθ = +∞   (
∑
θ

π(θ) = +∞)

Oi ektimhtèc Bayes pou basÐzontai stic improper priors (  non-informative priors)

onom�zontai genikeumènoi ektimhtèc Bayes.

1.10 Je¸rhma MetasqhmatismoÔ

Je¸rhma 1.10.1. 'Estw X mia suneq c tuqaÐa metablht  me sun�rthsh pijanì-

thtac fX(x). Jètoume S = {x : fX(x) > 0}.

Upojètoume ìti:

(i) y = h(x) eÐnai ènac amfimonos mantoc (èna proc èna) metasqhmatismìc (metr -

simh sun�rthsh) pou apeikonÐzei to sÔnolo S se èna sÔnolo T twn y.

(ii) H antÐstrofh sun�rthsh x = h−1(y) eÐnai paragwgÐsimh kai h par�gwgoc thc

suneq c kai mh mhdenik  gia k�je y ∈ T .

Tìte h tuqaÐa metablht  Y = h(X) eÐnai suneq c me sun�rthsh puknìthtac pija-

nìthtac

fY (y) =

 fX [h−1(y)]
∣∣∣dh−1(y)

dy

∣∣∣ , y ∈ T

0 , alloÔ

ìpou |.| shmaÐnei thn apìluth tim  thc sun�rthshc.

1.11 AnalloÐwto Prìblhma EktÐmhshc

JewroÔme mia tuqaÐa metablht  X h opoÐa paÐrnei timèc se èna deigmatikì q¸ro X ,

sÔmfwna me mia puknìthta pijanìthtac apo thn oikogèneia katanom¸n
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P = {Pθ,∈ Θ} (1.1)

OrÐzoume san E mia kl�sh '1-1' metasqhmatism¸n g : X → X .

Orismìc 1.11.1. (i) 'Estw g : X → X eÐnai '1-1' metasqhmatismìc. An epÐshc gia

k�je θ ∈ Θ, h katanom  thc tuqaÐac metablht c X
′
= g(X) eÐnai mèloc thc kl�shc

P , èstw Pθ
′ , ìpou θ

′ ∈ Θ, tìte h oikogèneia katanom¸n thc sqèshc (1.1) onom�zetai

analloÐwth wc proc ton metasqhmatismo g.

(ii) An h (i) isqÔei gia k�je mèloc thc kl�shc twn metasqhmatism¸n E , tìte h

oikogèneia katanom¸n P eÐnai analloÐwth wc proc thn E .

Parat rhsh 1.11.1. Mia kl�sh metasqhmatism¸n, h opoÐa af nei mia oikogèneia

katanom¸n analloÐwth mporeÐ p�nta na jewrhjeÐ ìti eÐnai mia om�da G = G(E) h opoÐa

genniètai apo thn kl�sh E .

'Estw {g(x), g ∈ G} eÐnai mia om�da metasqhmatism¸n tou deigmatikoÔ q¸rou, h opoÐa

af nei thn oikogèneia katanom¸n anallloÐwth. An h t.m. g(X) èqei katanom  Pθ
′ ,

tìte θ
′
= ḡ(θ) eÐnai mia sun�rthsh ḡ : Θ → Θ kai o metasqhmatismìc ḡ(θ) eÐnai '1-1',

dedomènou ìti oi katanomèc Pθ , θ ∈ Θ eÐnai diaforetikèc. Epiplèon oi metasqhmati-

smoÐ ḡ dhmiourgoÔn mia om�da metasqhmatism¸n, h opoÐa ja anafèretai wc Ḡ. Apo

ton orismì thc ḡ(θ), èpetai ìti:

Pθ(g(X) ∈ A) = Pḡ(θ)(g(X) ∈ A) (1.2)

JewroÔme to genikì prìblhma ektÐmhshc miac parametrik c sun�rthshc τ(θ) sthn

oikogèneia katanom¸n (1.1), h opoÐa jewreÐtai analloÐwth wc proc touc metasqhma-

tismoÔc

X
′
= g(X), θ

′
= ḡ(θ), g ∈ G

Mia epiplèon sunj kh pou apaiteÐtai eÐnai ìti gia k�je ḡ, h τ(ḡ(θ)) exart�tai apo to

Θ, mìno mèsw thc τ(θ), dhlad  isqÔei ìti
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τ(θ1) = τ(θ2) ⇒ τ(ḡ(θ1)) = τ(ḡ(θ2)). (1.3)

H koin  tim  tou τ(ḡ(θ)), gia ìla ta θ gia ta opoÐa h τ(.) paÐrnei thn Ðdia tim  ja

orÐzetai apo thn sqèsh

g̃(τ(θ)) = τ(ḡ(θ)). (1.4)

An H eÐnai to sÔnolo twn tim¸n thc τ(θ), θ ∈ Θ, oi metasqhmatismoÐ g : H → H

dhmiourgoÔn mia om�da metasqhmatism¸n G̃. H ektim¸menh tim  d thc τ(θ), ìtan ek-

frasteÐ stic kainoÔrgiec suntetagmènec gÐnetai

d
′
= g̃(d). (1.5)

AfoÔ ta probl mata ektÐmhshc eÐte thc τ(θ) se sqèsh me thn tri�da (X, θ, d) eÐte

thc τ(θ′) se sqèsh me thn tri�da (X
′
, θ′, d′) anaparist� thn Ðdia fusik  kat�stash

ekfrasmènh se kainoÔrgio sÔsthma suntetagmènwn, h sun�rthsh zhmÐac ja prèpei na

ikanopoieÐ thn sqèsh

L(d
′
, θ

′
) = L(d, θ).

Orismìc 1.11.2. An h oikogèneia katanom¸n (1.1) eÐnai analloÐwth wc proc thn

g, h sun�rthsh zhmÐac L(., .) ikanopoieÐ thn sqèsh

L(g̃(d), ḡ(θ)) = L(d, θ) (1.6)

kai h τ(θ) ikanopoieÐ thn sqèsh (1.3), tìte to prìblhma ektÐmhshc thc τ(θ) me

sun�rthsh zhmÐac L(., .) eÐnai analloÐwto wc proc thn g.
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Orismìc 1.11.3. Se èna analloÐwto prìblhma ektÐmhshc ènac ektimht c δ(X)

onom�zetai analloÐwtoc (equivariant) an

δ(g(X)) = g̃(δ(X)),∀g ∈ G

1.12 Ektimhtèc Pitman

Orismìc 1.12.1. (Pitman (1937)) 'Estw tuqaÐo deÐgma X
∼

= (X1, X2, ..., Xn), me

puknìthta pijanìthtac f(x1 − θ, x2 − θ, ..., xn − θ), ìpou θ eÐnai h prìc ektÐmhsh pa-

r�metroc, kai sun�rthsh zhmÐac L(|α− θ|). To prìblhma ektÐmhshc thc paramètrou

θ eÐnai analloÐwto me tic parak�tw om�dec metasqhqatism¸n,

G = {gc : gc(x) = (x1 + c, ..., xn + c), c ∈ ℜ1}

Ḡ = {gc : gc(θ) = θ + c, c ∈ ℜ1}

G̃ = {gc : gc(α) = α + c, c ∈ ℜ1}

O kalÔteroc analloÐwtoc ektimht c δ(x
∼
), eÐnai autìc pou elaqistopoieÐ thn posìthta,∫∞

−∞ L(δ(x
∼
)− θ)f(x1 − θ, ..., xn − θ)dθ∫∞

−∞ f(x1 − θ, ..., xn − θ)dθ

kai onom�zetai ektimht c Pitman.

1.13 Krit rio Pitman

'Estw T1 kai T2 dÔo ektimhtèc thc paramètrou α. O Pitman (1937) prìteine to akì-

loujo mètro anaforik� me thn ektÐmhsh tou α apo touc T1, kai T2.

O ektimht c T1 eÐnai pio kont� sthn par�metro α apo ton ektimht  T2 an,

P (|T1 − α| < |T2 − α|) > 1

2

ìpou h eggÔthta kat� Pitman (Pitman Nearness, PN) tou T1 se sqèsh me to T2

orÐzetai wc
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PN(T1, T2) = P (|T1 − α| < |T2 − α|).

Gia touc ektimhtèc oi opoÐoi èqoun jetik  pijanìthta na eÐnai Ðsoi, o parap�nw ori-

smìc tropopoieÐtai (Nayak(1990)) wc ex c,

O ektimht c T1 eÐnai pio kont� sthn par�metro α apo ton ektimht  T2 an,

P (|T1 − α| < |T2 − α|) > 1

2
P (T1 ̸= T2)

Opìte katal goume ston parak�tw orismì thc tropopoihmènhc eggÔthtac kat� Pitman

(modified Pitman Nearness (MPN)).

Orismìc 1.13.1. (Nayak (1990) ) OrÐzoume thn tropopoihmènh eggÔthta Pitman

(MPN) tou ektimht  T1 se sqèsh me ton ektimht  T2 wc ex c,

MPN(T1, T2) = P (|T1 − α| < |T2 − α||T1 ̸= T2)

=
P (|T1 − α| < |T2 − α|)

P (T1 ̸= T2)
ìpou P (T1 = T2) < 1.

Sthn perÐptwsh pou P (T1 = T2) = 0 tìte MPN(T1, T2) = PN(T1, T2).



Kef�laio 2

EktÐmhsh twn paramètrwn thc

diparametrik c ekjetik c

katanom c

2.1 Diparametrik  ekjetik  katanom 

Orismìc 2.1.1. H tuqaÐa metablht  X akoloujeÐ thn diparametrik  ekjetik  ka-

tanom  me paramètrouc µ ∈ ℜ kai σ > 0, ean h puknìthta thc eÐnai,

f(x;µ, σ) =


1

σ
e
−(x−µ)

σ , an x ≥ µ

0 , an x < µ

H sun�rthsh katanom c thc dÐnetai apo ton tÔpo,

F (x;µ, σ) =

 1− e
−(x−µ)

σ , an x ≥ µ

0 , an x < µ

Sumbolik� gr�foume X ∼ E(µ, σ).

Parat rhsh 2.1.1. Me thn morf  deÐktriac sun�rthshc h puknìthta pijanìth-

tac kai h sun�rthsh katanom c paÐrnoun thn morf ,

30
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f(x;µ, σ) =
1

σ
e
−(x−µ)

σ I[µ,∞)(x), F (x;µ, σ) = (1− e
−(x−µ)

σ )I[µ,∞)(x).

Parat rhsh 2.1.2. 'Otan X ∼ E(µ, σ) ⇒ X − µ ∼ E(σ).

2.2 EÔresh A.O.E.D. kai E.M.P. gia to µ kai to σ

Sthn enìthta aut  aposkopoÔme sthn eÔresh A.O.E.D. ektimht¸n kai E.M.P. gia tic

paramètrouc µ ∈ ℜ kai σ > 0 thc diparametrik c ekjetik c katanom c E(µ, σ) ìtan

µ, σ eÐnai �gnwsta.

JewroÔme èna tuqaÐo deÐgma X1, X2, ..., Xn apo thn katanom  E(µ, σ), jètoume

X = X(1) = min{X1, X2, ..., Xn}

kai

S =

n∑
i=1

(Xi −X(1)).

Prìtash 2.2.1. H tuqaÐa metablht  X(1) = min{X1, X2, ..., Xn} akoloujeÐ thn

diparametrik  ekjetik  katanom  E(µ, σ
n
), dhlad  X(1) ∼ E(µ, σ

n
).

Apìdeixh

Ja broÔme thn katanom  thc t.m. X(1) k�nontac qr sh thc sun�rthshc katanom c.

'Estw FX(1)
h sun�rthsh katanom c thc t.m. X(1), tìte

FX(1)
(t) = Pµ,σ[X(1) ≤ t] = 1− Pµ,σ[X(1) > t]

Epeid  h X(1) eÐnai h mikrìterh parat rhsh apo tic Xi h parap�nw gÐnetai,

FX(1)
(t) = 1− Pµ,σ[X1, X2, ...Xn > t]

Epeid  X1, X2, ..., Xn eÐnai anex�rthtec kai isìnomec (tuqaÐo deÐgma), èqoume,
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FX(1)
(t) = 1− [Pµ,σ(X1 > t)]n

= 1− [1− Pµ,σ(X1 ≤ t)]n

= 1− [1− FX(1)
(t)]n

= 1− [1− 1 + e−
t−µ
σ ]n

= 1− e
− t−µ

σ
n

Sunep¸c h t.m. X(1) akoloujeÐ thn diparametrik  ekjetik  katanom  E(µ, σ
n
). �

Prìtash 2.2.2. Oi statistikèc sunart seic S kaiX eÐnai anex�rthtec metaxu touc.

Apìdeixh

Gia na apodeÐxoume thn anexarthsÐa twn S kai X jewroÔme proc stigm  ìti µ =

µ0 gnwstì kai σ �gnwsto. Upì autèc tic sunj kec eÐnai eÔkolo na deiqjeÐ ìti h

statistik  sun�rthsh X = X(1) eÐnai epark c kai pl rhc.

ParathroÔme ìti an jèsoume Zi = Xi−X(1), h katanom  twn t.m. Xi = Zi+X(1) den

exart�tai apo to µ, opìte kai h katanom  tou tuqaÐou dianÔsmatoc (X1, X2, ..., Xn)

den exart�tai apo to µ ∀ i = 1, 2, ..., n. Opìte apì to je¸rhma Basu èqoume ìti oi

X(1) kai (X1 −X(1), X2 −X(1), ..., Xn −X(1)) eÐnai anex�rthtec, epomènwc isqÔei ìti

oi S kai X eÐnai anex�rthtec metaxÔ touc. �

Prìtash 2.2.3. H tuqaÐa metablht ,

S =

n∑
i=1

(Xi −X(1))

akoloujeÐ thn katanom  Gamma(n− 1, σ), dhlad  S ∼ Gamma(n− 1, σ).

Apìdeixh

Gia na broÔme thn katanom  thc tuqaÐac metablht c S ja k�noume qr sh twn ropo-

gennhtri¸n sunart sewn. IsqÔei ìti,

n∑
i=1

(Xi−µ) =

n∑
i=1

(Xi−X(1))+n(X(1)−µ) (2.1)

'Omwc, Xi ∼ E(µ, σ) ⇒ Xi − µ ∼ E(σ) ⇒
n∑

i=1

(Xi − µ) ∼ G(n, σ).

Epiplèon, X(1) ∼ E(µ, σ
n
) ⇒ X(1) − µ ∼ E(σ

n
) ⇒ n(X(1) − µ) ∼ E(σ).
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Akìma èqoume deÐxei ìti oi statistikèc sunart seic S kaiX(1) eÐnai anex�rthtec.Opìte

kai oi statistikèc sunart seic S kai n(X(1) − µ) eÐnai anex�rthtec.

An jewr soume ìti S1 =

n∑
i=1

(Xi−µ) kai S2 = n(X(1)−µ) tìte oi ropogenn triec eÐnai

antÐstoiqa ms1(t) =
1

(1− tσ)n
kai ms2(t) =

1

(1− tσ)
,t <

1

σ
, opìte ekmetalleuìmenoi

thn anexarthsÐa twn S kai S2 prokÔptei ìti ms1(t) = ms(t)ms2(t) ⇔ ms(t) =

ms1(t)

ms2(t)
⇔ ms(t) =

1

(1− tσ)n−1
, me t <

1

σ
, dhlad  S ∼ G((n− 1), σ). �

Prìtash 2.2.4. H statistik  sun�rthsh T (X
∼
) = (S,X(1)) eÐnai epark c.

Apìdeixh

Gia na eÐnai h statistik  sun�rthsh T (X
∼
) epark c arkeÐ na isqÔei to krit rio twn

Neymann-Fisher, ìmwc

f(x
∼
;µ, σ) =

n∏
i=1

f(xi;µ, σ) =
n∏

i=1

1
σe

−xi−µ
σ I[µ,+∞)(xi) =

1
σn e−

1
σ

∑n
i=1(xi−µ)

n∏
i=1

I[µ,+∞)(xi)

Epeid 

I[µ,+∞)(xi) =

 1 , an xi ≥ µ

0 , an xi < µ
⇒

n∏
i=1

I[µ,+∞)(xi) =

 1 , an xi ≥ µ

0 , an xi < µ

  diaforetik�,

n∏
i=1

I[µ,+∞) =

 1 , an x(1) ≥ µ

0 , an x(1) < µ
= I[µ,+∞)(x(1)) (2.2)

telik� èqoume,

f(x
∼
;µ, σ) =

1

σn
e−

1
σ (

∑n
i=1 xi−nµ)I[µ,∞)(x(1))

Gia h(x
∼
) = 1 kai q(T (X

∼
);µ, σ) = f(x

∼
;µ, σ) prokÔptei ìti h statistik  sun�rthsh

(

n∑
i=1

Xi, X(1))

eÐnai epark c.
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'Omwc,

T (X
∼
) = (S,X(1)) = (

n∑
i=1

(Xi −X(1)), X(1))

eÐnai '1-1' apeikìnish thc statistik c sun�rthshc

(

n∑
i=1

Xi, X(1))

pou eÐnai epark c opìte kai T (X
∼
) eÐnai epark c. �

Prìtash 2.2.5. H statistik  sun�rthsh T (X
∼
) = (S,X(1)) eÐnai pl rhc.

Apìdeixh

Gia na eÐnai h statistik  sun�rthsh (S,X(1)) pl rhc prèpei ex' orismoÔ na isqÔei ìti

Eθ(ϕ(S,X(1))) = 0 ∀θ = (µ, σ) ∈ Θ ⇒ ϕ(s, x) = 0 ∀(s, x) ∈ ℜ+×ℜ. GnwrÐzoume ì-

ti S ∼ Gamma(n−1, σ) kai X(1) ∼ E(µ, σn) kai lìgw thc anexarthsÐac prokÔptei ìti,

fS,X(1)
(s, x) =

1

Γ(n− 1)σn−1
sn−2e−

s
σ
n

σ
e−n(x−µ

σ ) =
ne

nµ
σ

Γ(n− 1)σn
sn−2e−

s
σ e−

nx
σ , me σ >

0 kai x ≥ µ.

Opìte,

∀θ ∈ ℜ × ℜ+, Eθϕ(S,X) = 0 ⇒ ne
nµ
σ

Γ(n− 1)σn

∫ ∞

µ

∫ ∞

0

sn−2e−
s
σϕ(s, x)dse−

nx
σ dx = 0

Jètontac

∫ ∞

0

sn−2e−
S
σ ϕ(s, x)ds = h(x) èqoume,

0 =
∂

∂µ
Eθϕ(S,X(1)) = −e−

nµ
σ h(µ) ⇔ h(µ) = 0, µ ∈ ℜ

Dhlad ,

∫ ∞

0

sn−2e−
s
σϕ(s, µ)ds = 0, ∀ s > 0, x ∈ ℜ.

H parap�nw sqèsh apaiteÐ na isoÔtai me to mhdèn o metasqhmatismìc Laplace thc su-

n�rthshc ϕ(s, µ)sn−2, �ra ϕ(s, x) = 0, > 0, dhlad  h T (X
∼
) eÐnai pl rhc. �

2.2.1 E.M.P. gia thn par�metro jèshc µ kai thn par�metro klÐ-

makac σ

Prìtash 2.2.6. Oi E.M.P. tou µ kai tou σ eÐnai oi statistikèc sunart seic µ̂ =

X(1) kai σ̂ =
1

n
S antÐstoiqa.
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Apìdeixh

Gia ton upologismì tou E.M.P. tou θ = (µ, σ),brÐskoume arqik� ton E.M.P. gia to

σ me stajerì µ, dhlad 

∂

∂σ
logf(x

∼
;µ, σ) = 0 ⇔ −n

σ
+

1

σ2

n∑
i=1

(xi − µ) = 0

En¸,

∂2

∂σ2
logf(x

∼
;µ, σ) = − n

σ2
− 2

σ3

n∑
i=1

(Xi − µ) < 0

'Ara h tim  tou σ, pou megistopoieÐ thn L(µ, σ) eÐnai,

σ̂ =
1

n

n∑
i=1

(xi − µ)

JewroÔme wc sun�rthsh pijanof�neiac thn

L(σ̂, µ) = L(µ) =
1

σ̂n
e−

1
σ̂

∑n
i=1(xi−µ) =

1

σ̂n
e−

1
σ̂

∑n
i=1 xi+

nµ
σ̂ , x(1) ≥ µ

Epeid  h L(µ) eÐnai aÔxousa sun�rthsh wc proc to µ, megistopoieÐtai gia thn megalÔ-

terh tim  tou µ, dhlad  thn x(1). Opìte µ̂ = X(1) eÐnai o E.M.P. gia to µ, �ra kai o

σ̂ =
1

n

n∑
i=1

(Xi−X(1)) =
1

n
S eÐnai o E.M.P. gia to σ. �

2.2.2 A.O.E.D gia thn par�metro jèshc µ kai thn par�metro klÐ-

makac σ

Prìtash 2.2.7. Oi A.O.E.D ektimhtèc twn µ kai σ eÐnai oi statistikèc sunart seic

µ̃ =
nX(1) − X̄

n− 1
kai σ̃ =

1

n− 1

n∑
i=1

(Xi −X(1)) antÐstoiqa.

Apìdeixh

GnwrÐzoume ìti h statistik  sun�rthsh T (X
∼
) = (

n∑
i=1

(Xi −X(1)), X(1)) eÐnai epark c

kai pl rhc. Opìte, sÔmfwna me to pìrisma twn Lehmann-Scheffe, arkeÐ na broÔme
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amerìlhptouc ektimhtèc gia ta µ kai σ, oi opoÐoi na eÐnai sun�rthsh thc eparkoÔc kai

pl rouc statistik c sun�rthshc T = T (X
∼
).

'Epeid  S ∼ G(n− 1, σ),

E(
S

n− 1
) = σ

X(1) ∼ E(µ, σ
n
) ⇒ E(X(1)) = µ+

σ

n
= µ+

1

n
E(

1

n− 1
S) ⇒ E(X(1)−

1

n(n− 1)
S) = µ

Epiplèon,

E

(
X(1) −

1

n(n− 1)
S

)
= E


n(n− 1)X(1) −

n∑
i=1

Xi + nX(1)

n(n− 1)

 = E

(
nX(1) − X̄

n− 1

)
.

'Ara oi A.O.E.D ektimhtèc tou µ kai tou σ eÐnai oi statistikèc sunart seic µ̃ =

nX(1) − X̄

n− 1
kai σ̃ =

1

n− 1

n∑
i=1

(X(i) −X(1)) antÐstoiqa. �

2.3 Bèltistoc analloÐwtoc ektimht c (Best Affine Equivariant) thc

paramètrou jèshc µ kai klÐmakac σ wc proc to Mèso Tetra-

gwnikì Sf�lma (MTS)

'Estw tuqaÐo deÐgma X1, X2, ..., Xn megèjouc n apì thn katanom  E(µ, σ).

Prìtash 2.3.1. Oi bèltistoi analloÐwtoi ektimhtèc (Best Affine Equivariant) twn

µ kai σ, antÐstoiqa, wc proc to Meso Tetragwnikì Sf�lma eÐnai,

δ
(1)
1 = X(1) −

1

n2

n∑
i=1

(Xi −X(1))

δ
(1)
2 =

1

n

n∑
i=1

(Xi −X(1))

Apìdeixh

Zht�me ton bèltisto grammikì analloÐwto ektimht  gia thn par�metro jèshc µ, dh-
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lad  ton bèltisto ektimht  sthn kl�sh C1 = {δc/δc = X(1) − cS}, o opoÐoc elaqi-

stopoieÐ to Mèso Tetragwnikì Sf�lma. 'Eqoume,

MTS(δc;µ) = E(δc − µ)2 = E(X(1) − cS − µ)2 = V ar(X(1) − cS − µ) + (E(X(1) −

cS−µ))2 = V ar(X(1))+ c2V ar(S)+ (
σ

n
+µ− c(n− 1)σ−µ)2 =

σ2

n2
+ c2(n− 1)σ2+

σ2

n2
− 2

σ2

n
c(n− 1) + c2(n− 1)2σ2 = ϕ(c).

ElaqistopoioÔme to M.T.S., wc proc c,

ϕ
′
(c) = 0 ⇒ 2c(n − 1)σ2 +

2σ2

n
(n − 1) + 2c(n − 1)2σ2 = 0 ⇒ 2(n − 1)σ2(c − 1

n
+

c(n− 1)) = 0 ⇒ c− 1

n
+ c(n− 1) = 0 ⇒ cn =

1

n
⇒ c =

1

n2

Sunep¸c, o bèltistoc grammikìc analloÐwtoc ektim thc gia thn par�metro jèshc µ,

o opoÐoc elaqistopoieÐ to Mèso Tetragwnikì Sf�lma eÐnai,

δ
(1)
1 = X(1) −

1

n2

n∑
i=1

(Xi −X(1))

Sthn sunèqeia ja upologÐsoume ton bèltisto grammikì analloÐwto ektimht  gia thn

par�metro klÐmakac σ, dhlad  ton bèltisto ektimht  sthn kl�sh C = {δc/δc = cS}

o opoÐoc elaqistopoieÐ to Mèso Tetragwnikì Sf�lma. 'Eqoume,

MTS(δc; σ) = E(δc−σ)2 = E(cS−σ)2 = V ar(cS−σ)+(E(cS−σ))2 = c2V ar(S)+

(c(n − 1)σ − σ)2 = c2(n − 1)σ2 + σ2(c2(n − 1)2 − 2c(n − 1) + 1) = c2(n − 1)σ2 +

σ2c2(n− 1)2 − 2cσ2(n− 1) + σ2 = ϕ(c).

EpijumoÔme na elaqistopoieÐtai to M.T.S., opìte,

ϕ
′
(c) = 0 ⇒ 2c(n−1)σ2+2cσ2(n−1)2−2σ2(n−1) = 0 ⇒ 2σ2(n−1)(c+c(n−1)−1) =

0 ⇒ c+ c(n− 1)− 1 = 0 ⇒ cn− 1 = 0 ⇒ c =
1

n
Sunep¸c, o bèltistoc grammikìc analloÐwtoc ektim thc gia thn par�metro klÐmakac

σ, o opoÐoc elaqistopoieÐ to Mèso Tetragwnikì Sf�lma eÐnai,

δ
(1)
2 =

1

n

n∑
i=1

(Xi −X(1)) �

Prìtash 2.3.2. O bèltistoc analloÐwtoc ektimht c tou µ, sthn kl�sh C =

{δc/δc = X(1)+ c} wc proc to Meso Tetragwnikì Sf�lma, ìtan h par�metroc klÐma-

kac σ eÐnai gnwst , eÐnai,
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δ
′(1)
1 = X(1) −

σ

n

Apìdeixh

Zht�me ton bèltisto grammikì analloÐwto ektimht  gia thn par�metro jèshc µ, ìtan

h par�metroc klÐmakac σ eÐnai gnwst , dhlad  ton bèltisto ektimht  sthn kl�sh

C1 = {δc/δc = X(1) + c}, o opoÐoc elaqistopoieÐ to Mèso Tetragwnikì Sf�lma.

'Eqoume,

MTS(δc;µ) = E(δc−µ)2 = E(X(1)+c−µ)2 = V ar(X(1)+c−µ)+(E(X(1)+c−µ))2 =

V ar(X(1)) + (
σ

n
+ µ+ c− µ)2 = 2

σ2

n2
+ 2c

σ

n
+ c2 = ϕ(c).

EpijumoÔme na elaqistopoieÐtai to M.T.S., opìte,

ϕ
′
(c) = 0 ⇒ σ

n
+ c = 0 ⇒ c = −σ

n
.

'Ara o bèltistoc analloÐwtoc ektimht c tou µ, sthn kl�sh C = {δc/δc = X(1) + c}

wc proc to Meso Tetragwnikì Sf�lma, ìtan h par�metroc klÐmakac σ eÐnai gnwst 

eÐnai, δ
′(1)
1 = X(1)−

σ

n
. �

2.4 Bèltistoc analloÐwtoc ektimht c thc paramètrou jèshc µ kai

klÐmakac σ wc proc thn sun�rthsh zhmÐac Linex

'Estw tuqaÐo deÐgma X1, X2, ..., Xn megèjouc n apo thn katanom  E(µ, σ). Ja ekti-

m soume, arqik�, thn par�metro jèshc µ ìtan h par�metroc klÐmakac σ eÐnai gnwst .

Orismìc 2.4.1. H asÔmmetrh sun�rthsh zhmÐac, gnwst  wc sun�rthsh zhmÐac

Linex, dÐnetai,

L(∆) = b(eα∆ − α∆− 1), ìpou α ̸= 0, kai b > 0.

Sun jwc, qwrÐc èlleiyh thc genikìthtac jewroÔme b = 1.

Prìtash 2.4.1. (Parsian. et. al. (1993)) O bèltistoc analloÐwtoc ektimht c tou

µ, dhlad  o ektimht c Pitman, (Sen and Saleh(1990)) , sthn kl�sh C = {δc/δc =

X(1) + c} wc proc thn sun�rthsh zhmÐac Linex, ìtan h par�metroc klÐmakac σ eÐnai
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gnwst , me ∆ = δc − µ kai X
∼

= (X1, X2, ..., Xn) eÐnai,

δ1(X∼
) = X(1) −

1

α
ln(

n

n− ασ
)

ìpou α <
n

σ
, me sun�rthsh kindÔnou,

R(µ, δ1) = ln(
n

n− ασ
)− ασ

n

Apìdeixh

Zht�me ton bèltisto ektimht  sthn kl�sh twn ektimht¸n C = {δc/δc = X(1) + c}.

JewroÔme b = 1, opìte h sun�rthsh zhmÐac Linex eÐnai L(∆) = eα∆ − α∆− 1.

Gia ∆ = δc − µ = X(1) + c− µ, èqoume

R(µ, δc) = E(eα(X(1)+c−µ)−α(X(1)+ c−µ)−1) = E(eα(X(1)−µ+c))−αE(X(1)−µ+

c)− 1 = eαcE(eα(X(1)−µ))− α
σ

n
− αc− 1

'Eqoume, X(1) ∼ E(µ, σ
n
) ⇒ X(1) − µ ∼ E(σ

n
) ≡ G(1,

σ

n
).

GnwrÐzoume ìti an Y ∼ G(α, β) tìte mY (t) = E(etY ) =
1

(1− βt)α
, t <

1

β

Opìte, E(eα(X(1)−µ)) =
1

1− σ
nα

, α <
n

σ
. Sunep¸c, R(µ, δc) =

1

1− σ
nα

eαc − α
σ

n
−

αc− 1 = ϕ(c).

ElaqistopoioÔme thn sun�rthsh kindÔnou wc proc c, ϕ
′
(c) = 0.'Eqoume,

1

1− σ
nα

αeαc−

α = 0 ⇒ 1

(1− σα
n )

eαc = 1 ⇒ eαc = 1 − σα

n
⇒ αc = ln(

n− σα

n
) ⇒ c =

1

α
ln(

n− σα

n
).

Opìte, δ1(X∼
) = X(1) −

1

α
ln(

n

n− ασ
).

Gia ton upologismì thc sun�rthshc kindÔnou tou ektimht  µ1, prokÔptei

R(δ1, µ) = E(eα(δ1−µ) − α(δ1 − µ)− 1) = E(eα(δ1−µ))− αE(δ1 − µ)− 1 =

E(eα(X(1)− 1
α ln(

n
n−ασ )−µ))−αE(X(1)−

1

α
ln(

n

n− ασ
)−µ)−1 = eln(

n
n−ασ )

−1

E(eα(X(1)−µ))

−αE(X(1)−
1

α
ln(

n

n− ασ
)−µ)−1 = (

n− ασ

n
)E(eα(X(1)−µ))−αE(X(1)−

1

α
ln(

n

n− ασ
)

−µ)−1 = (
n− ασ

n
)(

1

1− σα
n

)−αµ− ασ

n
+ ln(

n

n− ασ
)+αµ−1 = ln(

n

n− ασ
)− ασ

n
.

�
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'Estw t¸ra ìti oi par�metroi jèshc µ kai klÐmakac σ eÐnai �gnwstec. Ja ektim soume

ek' nèou tic paramètrouc autèc wc proc thn sun�rthsh zhmÐac Linex.

GnwrÐzoume ìti X(1) ∼ E(µ, σ
n
) ⇒ X(1) − µ ∼ E(σ

n
) ⇒

n(X(1) − µ)

σ
∼ E(1) ≡

G(1, 1). Epiplèon S ∼ G(n− 1, σ) ⇒ 2
S

σ
∼ G(n− 1, 2) ≡ χ2

(2n−2).

Prìtash 2.4.2. (Parsian. et. al. (1993)) O bèltistoc analloÐwtoc ektimht c tou

µ sthn kl�sh C∗ = {δc/δc = X(1)+ cS} wc proc thn sun�rthsh zhmÐac Linex, ìtan

h par�metroc σ eÐnai �gnwsth, me ∆ =
δc − µ

σ
kai X

∼
= (X1, X2, ..., Xn) eÐnai,

δ2(X∼
) = X(1) −

1

α
[(

n

n− α
)
1
n − 1]

n∑
i=1

(Xi −X(1))

ìpou n > α, me sun�rthsh kindÔnou

Rσ(µ, δ2) = n(
n

n− α
)
1
n − α

n
− n

Apìdeixh

Zht�me ton bèltisto ektimht  sthn kl�sh twn ektimht¸n C∗ = {δc/δc = X(1) + cS}.

Gia ∆ =
δc − µ

σ
=

X(1) + cS − µ

σ
èqoume,

R(µ, δc) = E(eα
X(1)+cS−µ

σ − α(
X(1) + cS − µ

σ
)− 1) =

E(e
α
σ (X(1)−µ))E(eαc

S
σ )− α

σ
E(X(1) − µ)− αcE(

S

σ
)− 1).

GnwrÐzoume ìti, X(1) − µ ∼ G(1,
σ

n
), opìte E(e

α
σ (X(1)−µ)) =

1

1− α
σ

, α < n.

Epiplèon, 2
S

σ
∼ G(n− 1, 2), opìte E(eαc

S
σ ) = E(e

αc
2

2S
σ ) =

1

(1− αc)n−1

EpÐshc
α

σ
E(X(1) − µ) =

α

n
, kai αcE(

S

σ
) = αc(n− 1).

Opìte, R(µ, δc) = (
1

1− α
n

)(
1

(1− αc)n−1
)− α

n
− αc(n− 1)− 1 = ϕ(c)

EpijumoÔme na elaqistopoi soume th sun�rthsh kindÔnou, opìte ϕ
′
(c) = 0. 'Eqoume,

ϕ
′
(c) = −α(1− n)

n− α
n(1−αc)−n+α(n−1) = 0 ⇒ (1−αc)−n =

n− α

n
⇒ (1−αc)n =

n

n− α
⇒ 1− αc = (

n

n− α
)
1
n ⇒ −αc = (

n

n− α
)
1
n − 1 ⇒ c = − 1

α
((

n

n− α
)
1
n − 1)

Sunep¸c o kalÔteroc analloÐwtoc ektimht c sthn kl�sh C∗ eÐnai o,
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δ2(X∼
) = X(1) −

1

α
[(

n

n− α
)
1
n − 1]

n∑
i=1

(Xi −X(1))

Gia ton bèltisto analloÐwto ektimht  δ2 ja upologÐsoume th sun�rthsh kindÔnou.

R(µ, δ2) = E(e
α
σ (δ2−µ))− α

σ
E(δ2 − µ)− 1

GnwrÐzoume ìti
n

σ
(X(1) − µ) ∼ G(1, 1).

'Eqoume,

E(e
α
σ (δ2−µ)) = E(e

α
σ (X(1)− 1

α [(
n

n−α )
1
n−1]S−µ)) = E(e

αn
nσ (X(1)−µ))E(e−

1
2 [(

n
n−α )

1
n−1] 2Sσ ) =

1

1− α
n

E(e
1
2 [1−( n

n−α )
1
n ] 2Sσ ) =

n

n− α

1

(( n
n−α)

1
n )n−1

= (
n

n− α
)
1
n .

EpÐshc,
α

σ
E(δ2−µ) =

α

σ
E(X(1)−µ− 1

α
[(

n

n− α
)
1
n −1]S) = E(

α

σ
(X(1)−µ))− 1

2
((

n

n− α
)
1
n −

1)E(
2S

σ
) =

α

n
− ((

n

n− α
)
1
n − 1)(n− 1) =

α

n
− n(

n

n− α
)
1
n + n+ (

n

n− α
)
1
n − 1.

Telik� R(µ, δ2) = n(
n

n− α
)
1
n − α

n
−n. �

Prìtash 2.4.3. (Parsian and Farsipour (1993)) O bèltistoc analloÐwtoc ekti-

mht c tou σ sthn kl�sh C∗∗ = {δc/δc = cS} wc proc thn sun�rthsh zhmÐac Linex,

ìtan h par�metroc jèshc µ eÐnai �gnwsth, me ∆ =
δc
σ

− 1 kai X
∼

= (X1, X2, ..., Xn)

eÐnai,

δ3(X∼
) =

1

α
(1− e−

α
n )

n∑
i=1

(Xi −X(1))

me sun�rthsh kindÔnou,

R(σ, δ3) = ne−
α
n − n+ α

Apìdeixh

Zht�me ton bèltisto ektimht  sthn kl�sh twn ektimht¸n C∗∗ = {δc/δc = cS}.

Gia ∆ =
δc
σ

− 1 =
cS

σ
− 1 èqoume,

R(σ, δc) = E(eα(
cS
σ −1) − α( cSσ − 1) − 1) = e−αE(e

αcS
σ ) − αE(

cS

σ
) + α − 1 =

e−αE(e
αc
2

2S
σ )− αc

2
E(

2S

σ
) + α− 1 =

e−α

(1− αc)n−1
− αc(n− 1) + α− 1 = ϕ(c).

ElaqistopoioÔme th sun�rthsh kindÔnou, wc proc c, ϕ
′
(c) = 0.'Eqoume ϕ

′
(c) = 0 ⇒

−αe−α(1−αc)−n(1−n)−αn+α = 0 ⇒ e−α(1−αc)−n = 1 ⇒ (1−αc)−n =
1

e−α
⇒
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1− αc = e−
α
n ⇒ αc = 1− e−

α
n ⇒ c =

1

α
(1− e−

α
n ).

'Ara, δ3 =
1

α
(1− e−

α
n )

n∑
i=1

(Xi −X(1))

Gia ton bèltisto analloÐwto ektimht  δ3 ja upologÐsoume th sun�rthsh kindÔnou

tou.

R(σ, δ3) = E(eα(
δ3
σ −1)−α(

δ3
σ
−1)−1) = E(eα(

1
ασ (1−e−

α
n )S−1))−αE(

1

ασ
(1−e−

α
n )S−

1)− 1) = E(e((
1−e−

α
n

σ )S−α))− E(
1

σ
(1− e−

α
n )S) + α− 1

'Eqoume,

E(e((
1−e−

α
n

σ )S−α)) = E(e
(1−e−

α
n )2S

2σ )e−α = e−
α
n ,

E(
(1− e−

α
n )2S

2σ
) = (1− e−

α
n )(n− 1)

Opìte, R(σ, δ3) = e−
α
n −(1−e−

α
n )(n−1)+α−1 = e−

α
n −n+ne−

α
n +1−e−

α
n +α−1 =

ne−
α
n − n+ α. �



Kef�laio 3

EktÐmhsh twn paramètrwn, ìtan

o parametrikìc q¸roc eÐnai

periorismènoc kai krit rio eÐnai

to Mèso Tetragwnikì Sf�lma

(MTS)

3.1 EktÐmhsh twn paramètrwn µ kai σ, upì ton periorismì µ ≤ c,

wc proc to Mèso Tetragwnikì Sf�lma (MTS)

'Estw X1, X2, ..., Xn tuqaÐo deÐgma megèjouc n apo th diparametrik  ekjetik  kata-

nom  E(µ, σ) µ ∈ ℜ, σ > 0 me puknìthta pijanìthtac,

f(x;µ, σ) =


1

σ
e
−(x−µ)

σ , an x ≥ µ

0 , an x < µ

Se aut  thn enìthta prìkeitai na ektim soume tic paramètrouc jèshc µ kai klÐmakac

43
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σ wc proc to Mèso Tetragwnikì Sf�lma (MTS) upì ton periorismo µ ≤ c, ìpou

c eÐnai mia gnwst  stajer�. Ta apotelèsmata aut c thc enìthtac brÐskontai sthn

ergasÐa twn Singh.et.al. (1993). Arqik� ja ektim soume thn par�metro jèshc µ.

3.1.1 EktÐmhsh thc paramètrou jèshc µ, upì ton periorismì µ ≤ c,

wc proc to Mèso Tetragwnikì Sf�lma (MTS)

Apì thn Prìtash 2.3.1. gnwrÐzoume ìti sthn perÐptwsh pou den up�rqei periorismìc,

o bèltistoc grammikìc analloÐwtoc ektimht c (Best Affine Equivariant) tou µ eÐnai,

δ
(1)
1 = X(1) −

1

n2

n∑
i=1

(Xi −X(1)).

Ja prospaj soume na belti¸soume ton ektimht  δ
(1)
1 sthn perÐptwsh ìpou µ ≤ c. Oi

Singh.et.al. (1993) je¸rhsan ton parak�tw ektimht  gia thn par�metro jèshc µ,

δ
(2)
1 =


δ
(1)
1 , an X(1) ≤ c

c− 1

n2

n∑
i=1

(Xi − c) , an X(1) > c
(3.1)

Oi statistikèc sunart seic X(1) kai S eÐnai anex�rthtec ( bl. Prìtash 2.2.2). Epi-

plèon Y |X(1) > c ∼ G(1, 1) ìpou Y =
n

σ
(X(1) − c).(bl. Prìtash 5.1.1.).

Prìtash 3.1.1. O bèltistoc analloÐwtoc ektimht c tou µ , δ
(1)
1 = X(1)−

1

n2

n∑
i=1

(Xi

−X(1)), eÐnai mh apodektìc, ìtan µ ≤ c, wc proc to Mèso Tetragwnikì Sf�lma kai

belti¸netai apo ton ektimht  δ
(2)
1 , o opoÐoc dÐnetai sth Sqèsh (3.1).

Apìdeixh

Ja sugkrÐnoume touc ektimhtèc δ
(1)
1 kai δ

(2)
1 wc proc to Mèso Tetragwnikì Sf�lma

(MTS). 'Eqoume,

MTS(δ
(1)
1 )−MTS(δ

(2)
1 ) = E(δ

(1)
1 − µ)2 − E(δ

(2)
1 − µ)2 =

E
[
(δ

(1)
1 − δ

(2)
1 )(δ

(1)
1 + δ

(2)
1 − 2µ)IX(1)>c

]
=
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E[((X(1) −
1

n2

n∑
i=1

(Xi −X(1))− c+
1

n2

n∑
i=1

(Xi − c))(X(1) −
1

n2

n∑
i=1

(Xi −X(1)) +

c− 1

n2

n∑
i=1

(Xi − c)− 2µ))IX(1)>c] =

E
[(

X(1) − c+
1

n
(X(1) − c)

)(
X(1) + c− 1

n2
S − 1

n2
S − 1

n
(X(1) − c)− 2µ

)
IX(1)>c

]
=

E
[(

n+ 1

n
(X(1) − c)

)(
n− 1

n
(X(1) − c)− 2

n2
S + 2c− 2µ

)
IX(1)>c

]
=

n+ 1

n
E

[(
X(1) − c

)(n− 1

n
(X(1) − c)− 2S

n2
+ 2c− 2µ

)
IX(1)>c

]
.

Dedomènou ìti, oi statistikèc sunart seic X(1) kai S eÐnai anex�rthtec kai

n

σ
(X(1) − c)|X(1) > c ∼ G(1, 1)

prokÔptei ìti,

MTS(δ
(1)
1 )−MTS(δ

(2)
1 ) =

(n+ 1)(n− 1)

n2
E
(
(X(1) − c)2IX(1)>c

)
−2

n+ 1

n
E

(
(X(1) − c)

S

n2
IX(1)>c

)
+(2c−2µ)·

n+ 1

n
E
(
(X(1) − c)IX(1)>c

)
=

(n+ 1)(n− 1)

n2
E

(
(X(1) − c)2

n2

σ2
IX(1)>c

)
σ2

n2
−2

n+ 1

n
E
(
(X(1) − c)IX(1)>c

)
E

(
S

n2

)
+(2c− 2µ)

n+ 1

n
E
(
(X(1) − c)IX(1)>c

)
=

(n+ 1)(n− 1)

n2

[
σ2

n2
V ar

(
(X(1) − c)

n

σ
IX(1)>c

)
+

σ2

n2

(
E
(
(X(1) − c)

n

σ
IX(1)>c

))2]
-2
n+ 1

n
E

(
S

n2

)
E
(
(X(1) − c)IX(1)>c

)
+

σ

n
(2c− 2µ)

n+ 1

n
=

2(n+ 1)(n− 1)

n2
σ2

n2
− 2(n+ 1)

n

σ2

n3
(n− 1) +

σ

n
2(c− µ)

n+ 1

n
= 2

n+ 1

n2
σ(c− µ).

Sunep¸c, MTS(δ
(1)
1 )−MTS(δ

(2)
1 ) ≥ 0. 'Ara o ektimht c δ

(2)
1 , ìtan µ < c, eÐnai kalÔ-

teroc, apì ton δ
(1)
1 gia thn ektÐmhsh tou µ. �
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3.1.2 EktÐmhsh thc paramètrou klÐmakac σ, upì ton periorismìµ ≤

c, wc proc to Mèso Tetragwnikì Sf�lma (MTS)

Apì thn Prìtash 2.3.1. gnwrÐzoume ìti sthn perÐptwsh pou den up�rqoun periori-

smoÐ, o bèltistoc grammikìc analloÐwtoc ektimht c (Best Affine Equivariant) tou σ

eÐnai,

δ
(1)
2 =

1

n

n∑
i=1

(Xi −X(1)) (3.2)

Epiplèon o ektimht c δ
(1)
2 eÐnai o Ektimht c Mègisthc Pijanof�neiac (EMP) thc pa-

ramètrou klÐmakac σ. Ja prospaj soume na belti¸soume ton ektimht  δ
(1)
2 , sthn

perÐptwsh ìpou µ ≤ c.

Prìtash 3.1.2. O bèltistoc analloÐwtoc ektimht c tou σ , δ
(1)
2 =

1

n

n∑
i=1

(Xi −

X(1)), eÐnai isodÔnamoc, ìtan µ ≤ c, wc proc to Mèso Tetragwnikì Sf�lma me ton

ektimht ,

δ
(2)
2 =

1

n

n∑
i=1

(Xi −min(X(1), c))

Apìdeixh

'Eqoume,

MTS(δ
(1)
2 )−MTS(δ

(2)
2 ) =

E(δ
(1)
2 − σ)2 − E(δ

(2)
2 − σ)2 =

E

[(
(
S

n
− σ)2 − (

S

n
+ (X(1) − c)− σ)2

)
IX(1)>c

]
=

E

[(
S2

n2
− 2Sσ

n
+ σ2 − S2

n2
− 2S

n
(X(1) − c)− (X(1) − c)2 + 2σ

S

n
+ 2σ(X(1) − c)− σ2

)
IX(1)>c

]
=

E

[(
X(1) − c

)(
−2

S

n
− (X(1) − c) + 2σ

)
IX(1)>c

]
=

−E

[(
X(1) − c

)(
2
S

n
+ (X(1) − c)− 2σ

)
IX(1)>c

]
=
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−E

[(
(X(1) − c)2 + 2

S

n
(X(1) − c)− 2σ(X(1) − c)

)
IX(1)>c

]
=

−2
σ2

n2
− 2

(n− 1)σ

n

σ

n
+ 2σ

σ

n
= −2

nσ2

n2
+

2σ2

n
= 0.

Opìte, MTS(δ
(1)
2 ) = MTS(δ

(2)
2 ).

Sunep¸c oi ektimhtèc δ
(1)
2 kai δ

(2)
2 eÐnai isodÔnamoi. �

Parat rhsh 3.1.1. 'Opwc apodeÐqjhke sthn Prìtash 2.2.6., o δ
(1)
2 eÐnai o E.M.P.

tou σ, sthn perÐptwsh pou den up�rqei periorismìc. EÔkola mporoÔme na diapist¸-

soume ìti o δ
(2)
2 eÐnai o E.M.P. tou σ, sthn perÐptwsh ìpou, µ ≤ c.

Epomènwc, o E.M.P. tou σ sthn perÐptwsh pou den èqoume periorismì eÐnai isodÔna-

moc me ton E.M.P. tou σ, ìtan o periorismìc up�rqei. Epeid  h sun�rthsh zhmÐac

eÐnai kurt , jewroÔme ton ektimht ,

δ
(3)
2 =

δ
(1)
2 + δ

(2)
2

2
=


S

n
, an X(1) ≤ c

S

n
+

(X(1) − c)

2
, an X(1) > c

(3.3)

Prìtash 3.1.3. O bèltistoc analloÐwtoc ektimht c tou σ , δ
(1)
2 =

1

n

n∑
i=1

(Xi −

X(1)), eÐnai mh apodektìc, ìtan µ ≤ c, wc proc to Mèso Tetragwnikì Sf�lma kai

belti¸netai apo ton ektimht  δ
(3)
2 , o opoÐoc dÐnetai sth Sqèsh (3.3).

Apìdeixh

'Eqoume,

MTS(δ
(1)
2 )−MTS(δ

(3)
2 ) =

E(δ
(1)
2 − σ)2 − E(δ

(3)
2 − σ)2 =

E

((
S

n
− σ

)2

−
(
(
S

n
+

(X(1) − c)

2
− σ)IX(1)>c

)2
)

=

−E

[(
(X(1) − c)

2

)(
2
S

n
+

(X(1) − c)

2
+ 2σ

)
IX(1)>c

]
=
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E

[(
−S

n
(X(1) − c)−

(X(1) − c)2

4
+ σ(X(1) − c)

)
IX(1)>c

]
.

Dedomènou ìti, oi statistikèc sunart seic X(1) kai S eÐnai anex�rthtec kai

n

σ
(X(1) − c)|X(1) > c ∼ G(1, 1) ( bl. Prìtash 5.1.1.) prokÔptei ìti,

MTS(δ
(1)
2 )−MTS(δ

(3)
2 ) =

−E(
S

n
)E[(X(1) − c)IX(1)>c]−

1

4
E[(X(1) − c)2IX(1)>c] + E[σ(X(1) − c)IX(1)>c] =

− 1

n

σ

n
(n−1)σ−2

σ2

4n2
+
σ2

n
= −(n− 1)

n2
σ2− σ2

2n2
+
σ2

n
=

−2nσ2 + 2σ2 − σ2 + 2nσ2

2n2
⇔

MTS(δ
(1)
2 )−MTS(δ

(3)
2 ) =

σ2

2n2
> 0 (3.4)

Epomènwc, o ektimht c δ
(1)
2 eÐnai mh apodektìc me krit rio to MTS. Epiplèon, epei-

d  MTS(δ
(1)
2 ) =

σ2

n
, prokÔptei apì th Sqèsh (3.4), ìti MTS(δ

(3)
2 ) =

2n− 1

2n2
σ2. �

EpÐshc, oi Singh.et.al. (1993) prìteinan ènan akìmh ektimht ,

δ
(4)
2 =


S

n
, an X(1) ≤ c

S

n+ 1
+ n

(X(1) − c)

n+ 1
, an X(1) > c

(3.5)

Je¸rhma 3.1.1. Oi ektimhtèc thc paramètrou klÐmakac σ (Best Affine Equivariant)

δ
(1)
2 pou dÐnetai sth Sqèsh (3.2) kai δ

(3)
2 thc Sqèshc (3.3), eÐnai mh apodektoÐ wc proc

to Mèso Tetragwnikì Sf�lma ìtan µ ≤ c kai belti¸nontai apo ton ektimht  δ
(4)
2 , o

opoÐoc dÐnetai sth Sqèsh (3.5).

Apìdeixh

SugkrÐnoume arqik� touc ektimhtèc δ
(1)
2 kai δ

(4)
2 wc proc to Mèso Tetragwnikì Sf�l-

ma (MTS). Epomènwc,

MTS(δ
(1)
2 )−MTS(δ

(4)
2 ) =

E(δ
(1)
2 − σ)2 − E(δ

(4)
2 − σ)2 =

E[(δ
(1)
2 − δ

(4)
2 )(δ

(1)
2 + δ

(4)
2 − 2σ)] =
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E

[(
S

n
− S

n+ 1
−

n(X(1) − c)

n+ 1

)(
S

n
+

S

n+ 1
+

n(X(1) − c)

n+ 1
− 2σ

)
IX(1)>c

]
=

E

[(
S

n(n+ 1)
− n

n+ 1
(X(1) − c)

)(
2n+ 1

n(n+ 1)
S +

n

n+ 1
(X(1) − c)− 2σ

)
IX(1)>c

]
=

E

[(
S2(2n+ 1)σ2

n2(n+ 1)2σ2

)
IX(1)>c

]
+ E

[(
σ2

(n+ 1)2n

S

σ

n

σ
(X(1) − c)

)
IX(1)>c

]
−

2σ2

n(n+ 1)
E

[(
S

σ

)
IX(1)>c

]
− E

[(
(2n+ 1)σ2

(n+ 1)2n

S

σ

n(X(1) − c)

σ

)
IX(1)>c

]
−

n2σ2

(n+ 1)2n2
E

[(
(X(1) − c)2n2

σ2

)
IX(1)>c

]
+ E

[(
2nσ2

(n+ 1)n

(X(1) − c)

σ
n

)
IX(1)>c

]
=

(2n+ 1)σ2

n2(n+ 1)2
(n − 1 + (n − 1)2) +

σ2

(n+ 1)2n
(n − 1) − 2

σ2(n− 1)

n(n+ 1)
− (2n+ 1)

(n+ 1)2
σ2

n
(n −

1)− 2
σ2

(n+ 1)2
+ 2

σ2

n+ 1
=

2σ2

n(n+ 1)
− σ2

(n+ 1)2n
− σ2

(n+ 1)2
+
σ2(2n+ 1)

n2(n+ 1)2
(n2−n)− (2n+ 1)σ2

(2n+ 1)2
+
(2n+ 1)σ2

(n+ 1)2n
=

2σ2(n+ 1)n

n2(n+ 1)2
+

2σ2n

n2(n+ 1)2
+
(2nσ2 + σ2)(n2 − n)

n2(n+ 1)2
− (2n+ 1)2n2σ2

n2(n+ 1)2
+
(2n+ 1)σ2n

n2(n+ 1)2
=

σ2n2 + σ2n

n2(n+ 1)2
=

nσ2 + σ2

n(n+ 1)2
⇔

MTS(δ
(1)
2 )−MTS(δ

(4)
2 ) =

σ2

n(n+ 1)
> 0 (3.6)

'Ara, ìtan µ ≤ c, o ektimht c δ
(1)
2 , wc proc to Mèso Tetragwnikì Sf�lma eÐnai mh

apodektìc kai belti¸netai apo ton ektimht  δ
(4)
2 .

Ja sugkrÐnoume t¸ra touc ektimhtèc δ
(3)
2 kai δ

(4)
2 wc proc to Mèso Tetragwnikì

Sf�lma (MTS). Apì thn apìdeixh thc Prìtashc (3.1.3.) gnwrÐzoume ìti, MTS(δ
(1)
2 )−

MTS(δ
(3)
2 ) =

σ2

2n2
kai apì th Sqèsh (3.6), prokÔptei ìti, MTS(δ

(3)
2 )−MTS(δ

(4)
2 ) =

σ2

n(n+ 1)
− σ2

2n2
=

2nσ2 − σ2(n+ 1)

2n2(n+ 1)
=

nσ2 − σ2

2n2(n+ 1)
=

σ2(n− 1)

2n2(n+ 1)
> 0.

Sunep¸c, ìtan µ ≤ c, o ektimht c δ
(3)
2 wc proc to Mèso Tetragwnikì Sf�lma eÐnai

mh apodektìc afoÔ belti¸netai apo ton ektimht  δ
(4)
2 . �
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3.2 SÔgkrish twn ektimht¸n me to krit rio tou Pitman

Sthn enìthta aut  ja sugkrÐnoume touc ektimhtèc twn paramètrwn jèshc kai klÐmakac

pou prot�jhkan sthn prohgoÔmenh enìthta qrhsimopoi¸ntac to krit rio tou Pitman.

Arqik� ja sugkrÐnoume touc ektimhtèc thc paramètrou jèshc µ, δ
(1)
1 kai δ

(2)
1 .

Je¸rhma 3.2.1. Oi ektimhtèc thc paramètrou jèshc µ, δ
(2)
1 pou dÐnetai sth Sqèsh

(3.1) kai δ
(1)
1 pou dÐnetai sthn Prìtash 2.3.1. den mporoÔn na sugkrijoÔn qrhsimo-

poi¸ntac to krit rio tou Pitman.

Apìdeixh

'Eqoume,

MPN(δ
(2)
1 , δ

(1)
1 ) = P (|δ(2)1 − µ| < |δ(1)1 − µ||δ(2)1 ̸= δ

(1)
1 ) =

P (|c− S

n2
− 1

n
(X(1) − c)− µ| < |X(1) −

S

n2
− µ||X(1) > c) =

P ((c− S

n2
− 1

n
(X(1)−c)−µ−X(1)+

S

n2
+µ)(c− S

n2
− 1

n
(X(1)−c)−µ+X(1)−

S

n2
−µ)

< 0|X(1) > c) =

P (−n+ 1

n
(X(1) − c)(

n− 1

n
(X(1) − c)− 2S

n2
+ 2(c− µ)) < 0|X(1) > c) =

P (
n− 1

n

n2

σ
(X(1) − c)− 2S

n2
n2

σ
+

n2

σ
2(c− µ) > 0|X(1) > c) =

P ((n− 1)n
(X(1) − c)

σ
− 2

S

σ
+ w > 0|X(1) > c) = P ((n− 1)T − 2Z + w > 0|X(1) >

c) = h(w),

ìpou T = n
(X(1) − c)

σ
, Z =

S

σ
kai w = 2n2

(c− µ)

σ
≥ 0.

Tìte,

h(w) = P (T − 1

n− 1
(2Z − w) > 0|X(1) > c) =

P ({Z <
w

2
}   {Z >

w

2
} kai T >

1

n− 1
(2Z − w)|X(1) > c) =

P (Z <
w

2
|X(1) > c) + P (Z >

w

2
kai T >

1

n− 1
(2Z − w)|X(1) > c).

'Omwc, Z|X(1) > c ∼ G(n− 1, 1), fZ(z) =
1

(n− 2)!
zn−2e−z opìte,
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P (Z <
w

2
|X(1) > c) =

∫ w
2

0

1

(n− 2)!
zn−2e−zdz.

Epiplèon, T = n
(X(1) − c)

σ
|X(1) > c ∼ G(1, 1), fT (t) = e−t, opìte,

P (Z >
w

2
kai T >

1

n− 1
(2Z−w)|X(1) > c) =

∫ ∞

w
2

∫ ∞

1
n−1 (2z−w)

1

(n− 2)!
zn−2e−ze−tdtdz

=

∫ ∞

w
2

1

(n− 2)!
zn−2e−z[−e−t]∞

t= 1
n−1 (2z−w)

dz =
1

(n− 2)!

∫ ∞

w
2

zn−2e−ze−
1

n−1 (2z−w)dz.

Telik� h(w) =

∫ w
2

0

1

(n− 2)!
zn−2e−zdz +

1

(n− 2)!

∫ ∞

w
2

zn−2e−ze−
1

n−1 (2z−w)dz.

ParathroÔme ìti, lim
w→∞

h(w) =

∫ ∞

0

1

(n− 2)!
zn−2e−zdz = 1.

Epiplèon, lim
w→0

h(w) =
1

(n− 2)!

∫ ∞

0

zn−2e−ze−
n+1
n−1zdz = (

n− 1

n+ 1
)
n−1

= αn, me αn na

eÐnai fjÐnousa sun�rthsh, sunep¸c αn ≤ α2 =
1

3
. 'Ara h h(w) = MPN(δ

(2)
1 , δ

(1)
1 )

paÐrnei timèc metaxÔ tou αn (≤ 1

3
) kai tou 1. Sunep¸c oi ektimhtèc thc paramè-

trou jèshc µ, δ
(2)
1 kai δ

(1)
1 den mporoÔn na sugkrijoÔn wc prìc to krit rio tou

Pitman(MPN). �

Je¸rhma 3.2.2. Gia to prìblhma ektÐmhshc thc paramètrou klÐmakac σ, isqÔei,

(i) MPN(δ
(2)
2 , δ

(1)
2 ) >

1

2
.

(ii) MPN(δ
(2)
2 , δ

(3)
2 ) >

1

2
.

(iii) MPN(δ
(2)
2 , δ

(4)
2 ) >

1

2
.

Apìdeixh

Apì thn Prìtash 5.1.5. gnwrÐzoume ìti Gn =
n

σ
(X(1) − c) +

S

σ
|X(1) > c ∼ G(n, 1).

Epomènwc,

(i) MPN(δ
(2)
2 , δ

(1)
2 ) =

P (|δ(2)2 − σ| < |δ(2)1 − σ||δ(2)2 ̸= δ
(2)
1 ) =

P (| 1
n

n∑
i=1

(Xi −min(X(1), c))− σ| < |S
n
− σ| | X(1) > c) =
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P (|(S
n
+ (X(1) − c)− σ| < |S

n
− σ| | X(1) > c) =

P ((X(1) − c)(
2S

n
+ (X(1) − c)− 2σ) < 0 | X(1) > c) =

P (
2S

n
+ (X(1) − c)− 2σ < 0 | X(1) > c) =

P (
2S

n

n

σ
+ (X(1) − c)

n

σ
− 2σ

n

σ
< 0 | X(1) > c) =

P (
2S

σ
+ (X(1) − c)

n

σ
< 2n | X(1) > c) ≥

P (
S

σ
+

n

σ
(X(1) − c) < n | X(1) > c) = P (Gn < n), Gn ∼ Gamma(n, 1).

'Omwc, apì thn Prìtash 5.1.2.,

P (Gn < n) =

∞∑
k=n

e−nn
k

k!
>

1

2
, lìgw thc Prìtashc 5.1.4.

(ii) MPN(δ
(2)
2 , δ

(3)
2 ) =

P (|(S
n
+ (X(1) − c)− σ| < |S

n
+

1

2
(X(1) − c)− σ| | X(1) > c) =

P (
1

2
(X(1) − c)(

2S

n
+

3

2
(X(1) − c)− 2σ) < 0|X(1) > c) =

P (
2S

n

n

σ
+

3

2

n

σ
(X(1) − c) <

2σn

σ
|X(1) > c) ≥

P (
S

σ
+

n

σ
(X(1) − c) < n|X(1) > c) = P (Gn < n), Gn ∼ Gamma(n, 1).

'Omwc, apì thn Prìtash 5.1.2.,

P (Gn < n) =

∞∑
k=n

e−nn
k

k!
>

1

2
, lìgw thc Prìtashc 5.1.4.

(iii) MPN(δ
(2)
2 , δ

(4)
2 ) =

P (|S
n
+ (X(1) − c)− σ| < | S

n+ 1
+

n(X(1) − c)

n+ 1
− σ| | X(1) > c) =

P [(
S

n
+

S

n+ 1
+ (X(1) − c)(1 +

n

n+ 1
)− 2σ)(

S

n
− S

n+ 1
+ (1− n

n+ 1
)(X(1) − c)) <

0|X(1) > c] =

P [(
2Sn+ S

n(n+ 1)
+ (X(1) − c)(

2n+ 1

n+ 1
)− 2σ)(S +

1

n+ 1
(X(1) − c)) < 0|X(1) > c] =
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P (
2n+ 1

n(n+ 1)
S + (X(1) − c)(

2n+ 1

n+ 1
)− 2σ < 0|X(1) > c) =

P (
2n+ 1

n(n+ 1)

n(n+ 1)

(2n+ 1)σ
S + (X(1) − c)

n

σ
− 2n(n+ 1)

2n+ 1
< 0|X(1) > c) =

P (
S

σ
−(X(1)−c)

n

σ
<

2n(n+ 1)

2n+ 1
|X(1) > c) = P (Gn <

2n(n+ 1)

2n+ 1
), Gn ∼ Gamma(n, 1).

'Omwc, apì thn Prìtash 5.1.2.,

P (Gn <
2n(n+ 1)

2n+ 1
) ≥ P (Gn < n) >

1

2
, lìgw thc Prìtashc 5.1.4. �

Parat rhsh 3.2.1. AxÐzei na shmeiwjeÐ ìti an kai oi ektimhtèc δ
(3)
2 kai δ

(4)
2 èqoun

kalÔterec epidìseic apo ton ektimht  δ
(2)
2 wc proc to krit rio tou Mèsou Tetragwni-

koÔ Sf�lmatoc, se sqèsh me to krit rio Pitman (MPN) o ektimht c δ
(2)
2 uperèqei.

Epipleon o δ
(2)
2 ektim� kalÔtera thn par�metro jèshc σ apo ton δ

(1)
2 se sqèsh me to

krit rio Pitman (MPN) en¸ wc proc to krit rio tou Mèsou TetragwnikoÔ Sf�lma-

toc oi dÔo ektimhtèc eÐnai isodÔnamoi.

3.3 Efarmog  sto prìblhma twn dÔo deigm�twn

'Estw X1, X2, ..., Xn tuqaÐo deÐgma apo th diparametrik  ekjetik  katanom  X ∼

E(µ1, σ1), me puknìthta pijanìthtac,

f1(x) =
1

σ1
e
− (x−µ1)

σ1 , x ≥ µ1, σ1 > 0

kai X(1) = min(X1, ..., Xn).

'Estw epÐshc Y1, Y2, ..., Ym tuqaÐo deÐgma apo th diparametrik  ekjetik  katanom 

Y ∼ E(µ2, σ2), me puknìthta pijanìthtac,

g1(y) =
1

σ2
e
− (y−µ2)

σ2 , y ≥ µ2, σ2 > 0

kai Y(1) = min(Y1, ..., Ym).
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Mac endiafèrei h ektÐmhsh twn paramètrwn µ1 kai σ1 ìtan gnwrÐzoume ìti isqÔei o

periorismìc µ1 ≤ µ2. Sthn perÐptwsh pou den up�rqei periorismìc, oi bèltistoi anal-

loÐwtoi ektimhtèc (Best Affine Equivariant) wc proc to Mèso Tetragwnikì Sf�lma,

twn µ1, σ1 eÐnai δ
(1)
∗1 = X(1) −

S

n2
kai δ

(1)
∗2 =

S

n
antÐstoiqa (bl. Prìtash 2.3.1.).

Ja prospaj soume na belti¸soume thn parap�nw ektÐmhsh sthn perÐptwsh ìpou

µ1 ≤ µ2. Oi Singh.et.al. (1993) prìteinan ton parak�tw ektimht  gia thn par�metro

jèshc µ1.

δ
(2)
∗1 =


δ
(1)
∗1 , an X(1) ≤ Y(1)

Y(1) −
1

n2

n∑
i=1

(Xi − Y(1)) , an X(1) > Y(1)
(3.7)

Je¸rhma 3.3.1. O ektimht c thc paramètrou jèshc µ1 (Best Affine Equivariant)

, δ
(1)
∗1 = X(1) −

S

n2
, eÐnai mh apodektìc wc proc to Mèso Tetragwnikì Sf�lma ìtan

µ1 ≤ µ2, kai belti¸netai apo ton δ
(2)
∗1 pou dÐnetai sth Sqèsh (3.7).

Apìdeixh

Ja sugkrÐnoume touc ektimhtèc δ
(1)
∗1 kai δ

(2)
∗1 wc proc to Mèso Tetragwnikì Sf�lma

(MTS). 'Eqoume,

MTS(δ
(1)
∗1 )−MTS(δ

(2)
∗1 ) = E(δ

(1)
∗1 − µ1)

2 − E(δ
(2)
∗1 − µ1)

2 =

E(X(1) −
S

n2
− µ1)

2 − E[(Y(1) −
1

n2

n∑
i=1

(Xi − Y(1))− µ1)IX(1)>Y(1) ]
2 =

E[((X(1) −
S

n2
− µ1)

2 − (Y(1) −
1

n2

n∑
i=1

(Xi − Y(1))− µ1)
2)IX(1)>Y(1) ] =

E[(X(1) + Y(1) +
1

n2

n∑
i=1

(Xi − Y(1))−
S

n2
)(X(1) − Y(1) −

1

n2

n∑
i=1

(Xi − Y(1))− 2µ21

− S

n2
)IX(1)>Y(1) ] =

E[E[(X(1) + c+
1

n2

n∑
i=1

(Xi − c)− S

n2
)(X(1) − c− 1

n2

n∑
i=1

(Xi − c)− 2µ21 −
S

n2
)IX(1)>c

|Y(1) = c]] =
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n+ 1

n
E[E[(X(1) − c)(

n− 1

n
(X(1) − c)− 2S

n2
+ 2c− 2µ1)IX(1)>c|Y(1) = c]] =

n+ 1

n
E[E(

n− 1

n

2σ21
n2

− 2
n− 1

n

σ21
n2

+ 2(c− µ1)(X(1) − c)IX(1)>c|Y(1) = c]] =

2
n+ 1

n

σ1
n
E[E(c− µ1)|Y(1) = c]] = 2σ1

n+ 1

n2
E(Y(1) − µ1).

Epeid , h t.m. Y(1) > µ2 kai isqÔei o periorismìc µ2 ≥ µ1, èpetai ìti E(Y(1)−µ1) > 0,

epomènwc MTS(δ
(1)
∗1 )−MTS(δ

(2)
∗1 ) ≥ 0. Sunep¸c o ektimht c δ

(2)
∗1 eÐnai kalÔteroc apo

ton δ
(1)
∗1 ìtan µ1 ≤ µ2. �

Ja ektim soume t¸ra thn par�metro klÐmakac σ1. GnwrÐzoume apì thn Prìtash

2.3.1., ìti sthn perÐptwsh pou den up�rqei periorismìc, o bèltistoc analloÐwtoc e-

ktimht c (Best Affine Equivariant) tou σ1 eÐnai,

δ
(1)
∗2 =

1

n

n∑
i=1

(Xi −X(1)).

Epiplèon o ektimht c δ
(1)
∗2 eÐnai o Ektimht c Mègisthc Pijanof�neiac (EMP) thc

paramètrou klÐmakac σ1 (bl. Prìtash 2.2.6.). Ja prospaj soume na belti¸soume

thn ektÐmhsh aut  sthn perÐptwsh pou µ1 ≤ µ2. 'Estw o ektimht c tou σ1, ìtan

µ1 ≤ µ2, δ
(2)
∗2 =

1

n

n∑
i=1

(Xi −min(X(1), Y(1))).

Je¸rhma 3.3.2. Gia to prìblhma ektÐmhshc thc paramètrou jèshc σ1, upì ton

periorismì µ1 ≤ µ2, isqÔoun ta ex c,

(i) MTS(δ
(2)
∗2 ) = MTS(δ

(1)
∗2 ) =

σ21
n2

(ii) MTS(δ
(1)
∗2 ) = MTS(δ

(3)
∗2 ) +

σ21
2n2

ìpou δ
(3)
∗2 =


S

n
, an X(1) ≤ Y(1)

S

n
+

(X(1) − Y(1))

2
, an X(1) > Y(1)
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(iii) MTS(δ
(3)
∗2 ) = MTS(δ

(4)
∗2 ) +

n− 1

2n2(n+ 1)
σ21

ìpou δ
(4)
∗2 =


S

n
, an X(1) ≤ Y(1)

S

n+ 1
+ n

(X(1) − Y(1))

n+ 1
, an X(1) > Y(1)

Apìdeixh

(i) MTS(δ
(1)
∗2 )−MTS(δ

(2)
∗2 ) =

E(δ
(1)
∗2 − σ1)

2 − E(δ
(2)
∗2 − σ1)

2 =

E[(δ
(1)
∗2 − δ

(2)
∗2 )(δ

(1)
∗2 + δ

(2)
∗2 − 2σ1)] =

E[(
1

n

n∑
i=1

(Xi − X(1)) −
1

n

n∑
i=1

(Xi − Y(1)))(
1

n

n∑
i=1

(Xi − Y(1)) +
1

n

n∑
i=1

(Xi − X(1)) −

2σ1)IX(1)>Y(1) ] =

−E[(X(1) − Y(1))(
2

n
S + (X(1) − Y(1))− 2σ1)IX(1)>Y(1) ] =

−E[E[(X(1) − c)(
2

n
S + (X(1) − c)− 2σ1)IX(1)>c|Y(1) = c]] =

−E[E[((X(1) − c)
2

n
S + (X(1) − c)2 − 2σ1(X(1) − c))IX(1)>c|Y(1) = c]] =

−E[((X(1) − c)
2

n
S + (X(1) − c)2 − 2σ1(X(1) − c))IX(1)>c] =

−σ1
n

2

n
σ1(n− 1)− 2

σ21
n2

+ 2
σ21
n

= 0.

Dhlad  oi ektimhtèc δ
(1)
∗2 kai δ

(2)
∗2 eÐnai isodÔnamoi wc proc to Mèso Tetragwnikì

Sf�lma.

MTS(δ
(2)
∗2 ) = MTS(δ

(1)
∗2 ) = E(δ

(1)
∗2 − σ1)

2 = E(
S

n
− σ1)

2 = E(
S2

n2
− 2

n
Sσ1 + σ21) =

1

n2
E(S2)− 2

n
σ1E(S) + σ21 =

1

n2
(V ar(S) + E(S)2)− 2

n
σ1(n− 1)σ1 + σ21 =

1

n2
((n− 1)σ21 + (n− 1)2σ21)−

2

n
σ1(n− 1)σ1 + σ21 =

(n− 1)σ21
n

−
2(n− 1)σ21

n
+ σ21 =
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−
(n− 1)σ21

n
+ σ21 =

σ21
n
.

(ii) MTS(δ
(1)
∗2 )−MTS(δ

(3)
∗2 ) =

E(δ
(1)
∗2 − σ1)

2 − E(δ
(3)
∗2 − σ1)

2 =

E[(δ
(1)
∗2 − δ

(3)
∗2 )(δ

(1)
∗2 + δ

(3)
∗2 − 2σ1)] =

E[−(
X(1)−Y(1)

2 )(2Sn +
X(1)−Y(1)

2 − 2σ1)IX(1)>Y(1) ] =

E[E[−(
X(1)−c

2 )(2Sn +
X(1)−c

2 − 2σ1)IX(1)>c|Y(1) = c]] =

E[−(
X(1)−c

2 )(2Sn +
X(1)−c

2 − 2σ1)IX(1)>c] =

−
σ21(n− 1)

n2
−

2σ21
4n2

+
2σ1
2

σ1
n

=

−
σ21(n− 1)

n2
− 1

2

σ21
n2

+
σ21
n2

=

−
σ21
n

+
σ21
n2

− 1

2

σ21
n2

+
σ21
n

=
σ21
2n2

> 0.

Sunep¸c, MTS(δ
(1)
∗2 ) = MTS(δ

(3)
∗2 ) +

σ21
2n2

.

(iii) MTS(δ
(3)
∗2 )−MTS(δ

(4)
∗2 ) =

E(δ
(3)
∗2 − σ1)

2 − E(δ
(4)
∗2 − σ1)

2 =

E[(δ
(3)
∗2 − δ

(4)
∗2 )(δ

(3)
∗2 + δ

(4)
∗2 − 2σ1)] =

E[(S
1

n
+
1

2
(X(1)−Y(1))−S

1

n+ 1
−(X(1)−Y(1))

n

n+ 1
)(S

1

n
+(X(1)−Y(1))

1

2
+S

1

n+ 1
+

(X(1) − Y(1))
n

n+ 1
− 2σ1)IX(1)>Y(1) ] =

E[(S
1

n(n+ 1)
+(X(1)−Y(1))

1− n

2(n+ 1)
)(S

2n+ 1

n(n+ 1)
+(X(1)−Y(1))

(3n+ 1)

2(n+ 1)
−2σ1)IX(1)>Y(1) ] =

E[E[(S
1

n(n+ 1)
+ (X(1) − c)

1− n

2(n+ 1)
)(S

2n+ 1

n(n+ 1)
+ (X(1) − c)

3n+ 1

2(n+ 1)
− 2σ1)IX(1)>c

|Y(1) = c]] =

E[(S
1

n(n+ 1)
+(X(1)−c)

1− n

2(n+ 1)
)(S

2n+ 1

n(n+ 1)
+(X(1)−c)

3n+ 1

2(n+ 1)
−2σ1)IX(1)>c] =
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E[(S2 2n+ 1

n2(n+ 1)2
+S(X(1)− c)

3n+ 1

2n(n+ 1)2
−2σ1S

1

n(n+ 1)
+S(X(1)− c)

(1− n)

2n(n+ 1)2
·

(2n+ 1) + (X(1) − c)2
(3n+ 1)(1− n)

4(n+ 1)2
− 2σ1(X(1) − c)

1− n

2(n+ 1)
)IX(1)>c] =

E[(S22n+ 1

n2
(n+ 1)2+S(X(1)−c)

3n+ 1 + (1− n)(2n+ 1)

2n(n+ 1)2
−2σ1S

1

n(n+ 1)
+(X(1)−

c)2
(3n+ 1)(1− n)

4(n+ 1)2
− 2σ1(X(1) − c)

1− n

2(n+ 1)
)IX(1)>c] =

2n+ 1

n2(n+ 1)2
((n− 1)2σ21 + (n− 1)σ21)+E[S(X(1)−c)(

2n− n2 + 1

n(n+ 1)2
)IX(1)>c]−

2σ21(n− 1)

n(n+ 1)

+
σ21(3n+ 1)(1− n)

2n2(n+ 1)2
−

σ21(1− n)

n(n+ 1)
=

σ21(2n+ 1)(n− 1)

n(n+ 1)2
+
σ21(n− 1)

n

2n− n2 + 1

n(n+ 1)2
−
2σ21(n− 1)

n(n+ 1)
+
σ21(3n+ 1)(1− n)

2n2(n+ 1)2
−
σ21(1− n)

n(n+ 1)
=

2σ21n(2n+ 1)(n− 1)

2n2(n+ 1)2
+

4σ21n(n− 1)− 2σ21(n− 1)2(n+ 1)

2n2(n+ 1)2
−

4σ21n(n
2 − 1)

2n2(n+ 1)2
+

σ21(3n+ 1)

2n2(n+ 1)2

·(1− n)−
2σ21n(1− n)(n+ 1)

2n2(n+ 1)2
=

4σ21n
3 − 2σ21m

2 − 2σ21n

2n2(n+ 1)2
+

4σ21n
2 − 4σ21n− 2σ21n

3 + 2σ21n+ 2σ21 − 2σ21
2n2(n+ 1)2

−
4σ21n

3 − 4σ21n

2n2(n+ 1)2

+
2σ21n− 3σ21n

2 + σ21
2n2(n+ 1)2

−
−2σ21n

3 + σ21n

2n2(n+ 1)2
=

σ21n
2 − σ21

2n2(n+ 1)2
=

σ21(n− 1)

2n2(n+ 1)
> 0. �

Parat rhsh 3.3.1. Oi bèltistoi analloÐwtoi ektimhtèc thc paramètrou klÐmakac

σ, δ
(1)
∗2 kai δ

(3)
∗2 , wc proc to Mèso Tetragwnikì Sf�lma, ìtan µ1 ≤ µ2 eÐnai mh

apodektoÐ. H ektÐmhsh belti¸netai apo ton δ
(4)
∗2 .

3.4 SÔgkrish twn ektimht¸n sta dÔo deigm�ta me to krit rio tou

Pitman

Ja sugkrÐnoume t¸ra touc ektimhtèc thc prohgoÔmenhc enìthtac wc prìc to krit rio

tou Pitman (MPN). Arqik� sugkrÐnoume touc ektimhtèc δ
(1)
∗1 kai δ

(2)
∗1 tou µ1, ìtan

µ1 ≤ µ2.

Prìtash 3.4.1. Oi ektimhtèc δ
(1)
∗1 kai δ

(2)
∗1 den mporoÔn na sugkrijoÔn wc prìc to
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krit rio tou Pitman (MPN).

Apìdeixh

MPN(δ
(2)
∗1 , δ

(1)
∗1 ) =

P (|δ(2)∗1 − µ1| < |δ(1)∗1 − µ1||δ(2)∗1 ̸= δ
(1)
∗1 ) =

P (|X(1) −
S

n2
− 1

n
(X(1) − Y(1))− µ1| < |X(1) −

S

n2
− µ1||X(1) > Y(1)).

Epeid  h sun�rthsh puknìthtac pijanìthtac tou Y(1), eÐnai,

g1(y) =
m

σ2
e
−m(y−µ2)

σ2 , y ≥ µ2, σ2 > 0,

èqoume,

MPN(δ
(2)
∗1 , δ

(1)
∗1 ) =∫

c≥µ2≥µ1

P (|X(1)−
S

n2
− 1

n
(X(1)−c)−µ1| < |X(1)−

S

n2
−µ1||X(1) > c)

m

σ2
e
− (c−µ2)

σ2 dc ⇔

MPN(δ
(2)
∗1 , δ

(1)
∗1 ) =

∫
c≥µ2≥µ1

MPN(δ
(2)
1 , δ

(1)
1 )

m

σ2
e
− (c−µ2)

σ2 dc. (3.8)

Apì thn Enìthta 3.2. gnwrÐzoume ìti, αn ≤ MPN(δ
(2)
1 , δ

(1)
1 ) ≤ 1, ìpou αn ≤ 1

3
,

epomènwc lìgw thc Sqèshc (3.8) isqÔei ìti, αn ≤ MPN(δ
(2)
∗1 , δ

(1)
∗1 ) ≤ 1, dhlad  oi

ektimhtèc den sugkrÐnontai me to krit rio tou Pitman. �

Je¸rhma 3.4.1. Gia to prìblhma ektÐmhshc thc paramètrou klÐmakac σ1, ìtan

µ1 ≤ µ2 isqÔoun ta ex c,

(i) MPN(δ
(2)
∗2 , δ

(1)
∗2 ) >

1

2
.

(ii) MPN(δ
(2)
∗2 , δ

(3)
∗2 ) >

1

2
.

(iii) MPN(δ
(2)
∗2 , δ

(4)
∗2 ) >

1

2
.

Apìdeixh

Shmei¸noume, ìti gia thn apìdeixh tou Jewr matoc 3.4.1. qrhsimopoioÔme touc upo-

logismoÔc pou gÐnontai gia thn apìdeixh tou Jewr matoc 3.2.2.

(i) MPN(δ
(2)
∗2 , δ

(1)
∗2 ) =

P (|δ(2)∗2 − σ1| < |δ(1)∗2 − σ1||δ(2)∗2 ̸= δ
(1)
∗2 ) =

P (| 1
n

n∑
i=1

(Xi −min(X(1), Y(1)))− σ1| < |S
n
− σ1| | X(1) > Y(1)) =
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P (|(S
n
+ (X(1) − Y(1))− σ1| < |S

n
− σ1| | X(1) > Y(1)) =

P ((X(1) − Y(1))(2
S

n
+ (X(1) − Y(1))− 2σ1 < 0) | X(1) > Y(1)) =

P (2
S

n
+ (X(1) − Y(1))− 2σ1 < 0 | X(1) > Y(1)) =

P (2
S

n

n

σ1
+ (X(1) − Y(1))

n

σ1
− 2σ1

n

σ1
< 0 | X(1) > Y(1)) =

P (2
S

σ1
+ (X(1) − Y(1))

n

σ1
< 2n | X(1) > Y(1)) ≥

P (
S

σ1
+

n

σ1
(X(1) − Y(1)) < n | X(1) > Y(1)).

Epeid , h sun�rthsh puknìthtac pijanìthtac tou Y(1) eÐnai,

g1(y) =
m

σ2
e
−m(y−µ2)

σ2 , y ≥ µ2, σ2 > 0,

èqoume,

MPN(δ
(2)
∗2 , δ

(1)
∗2 ) =∫

c≥µ2≥µ1

P (
S

σ1
+

n

σ1
(X(1) − c) < n|X(1) > c)

m

σ2
e
− m

σ2
(c−µ2)dc =∫

c≥µ2≥µ1

P (Gn < n)
m

σ2
e
− m

σ2
(c−µ2)dc =

∫
c≥µ2≥µ1

∞∑
k=n

e−nn
k

k!

m

σ2
e
− m

σ2
(c−µ2)dc =

∞∑
k=n

e−nn
k

k!

∫
c≥µ2≥µ1

m

σ2
e
− m

σ2
(c−µ2)dc =

∞∑
k=n

e−nn
k

k!
>

1

2
, lìgw thc Prìtashc 5.1.4.

(ii) MPN(δ
(2)
∗2 , δ

(3)
∗2 ) =

P (|(S
n
+ (X(1) − Y(1))− σ1| < |S

n
+

1

2
(X(1) − Y(1))− σ1| | X(1) > Y(1)) =

P (
1

2
(X(1) − Y(1))(

2S

n
+

3

2
(X(1) − Y(1))− 2σ1) < 0|X(1) > Y(1)) =
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P (
2S

n

n

σ1
+

3

2

n

σ1
(X(1) − Y(1)) <

2σ1n

σ1
|X(1) > Y(1)) ≥

P (
S

σ1
+

n

σ1
(X(1) − Y(1)) < n|X(1) > Y(1)) =∫

c≥µ2≥µ1

P (
S

σ1
+

n

σ1
(X(1) − c)n|X(1) > c)

m

σ2
e
− m

σ2
(c−µ2)dc =∫

c≥µ2≥µ1

P (Gn < n)
m

σ2
e
− m

σ2
(c−µ2)dc =

∫
c≥µ2≥µ1

∞∑
k=n

e−nn
k

k!

m

σ2
e
− m

σ2
(c−µ2)dc =

∞∑
k=n

e−nn
k

k!

∫
c≥µ2≥µ1

m

σ2
e
− m

σ2
(c−µ2)dc =

∞∑
k=n

e−nn
k

k!
>

1

2
, lìgw thc Prìtashc 5.1.4.

(iii) MPN(δ
(2)
∗2 , δ

(4)
∗2 ) =

P (|S
n
+ (X(1) − Y(1))− σ1| < | S

n+ 1
+

n(X(1) − Y(1))

n+ 1
| | X(1) > Y(1)) =

P [(
S

n
+ (X(1) − Y(1))(1 +

n

n+ 1
) − 2σ1)(

S

n
− S

n+ 1
+ (1 − n

n+ 1
)(X(1) − Y(1))) <

0|X(1) > Y(1)] =

P [(
2Sn+ S

n(n+ 1)
+(X(1)−Y(1))(

2n+ 1

n+ 1
)−2σ1)(S+

1

n+ 1
(X(1)−Y(1))) < 0|X(1) > Y(1)] =

P (
2n+ 1

n(n+ 1)
S + (X(1) − Y(1))(

2n+ 1

n+ 1
)− 2σ1 < 0|X(1) > Y(1)) =

P (
2n+ 1

n(n+ 1)

n(n+ 1)

(2n+ 1)σ1
S + (X(1) − Y(1))

n

σ1
− 2n(n+ 1)

2n+ 1
< 0|X(1) > Y(1)) =

P (
S

σ1
− (X(1) − Y(1))

n

σ1
<

2n(n+ 1)

2n+ 1
|X(1) > Y(1)) =∫

c≥µ2≥µ1

P (
S

σ1
+

n

σ1
(X(1) − c)2n

(n+ 1)

2n+ 1
|X(1) > c)

m

σ2
e
− m

σ2
(c−µ2)dc =∫

c≥µ2≥µ1

P (Gn < 2n
(n+ 1)

2n+ 1
)
m

σ2
e
− m

σ2
(c−µ2)dc ≥
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∫
c≥µ2≥µ1

P (Gn < n)
m

σ2
e
− m

σ2
(c−µ2)dc =

∫
c≥µ2≥µ1

∞∑
k=n

e−nn
k

k!

m

σ2
e
− m

σ2
(c−µ2)dc =

∞∑
k=n

e−nn
k

k!

∫
c≥µ2≥µ1

m

σ2
e
− m

σ2
(c−µ2)dc =

∞∑
k=n

e−nn
k

k!
>

1

2
, lìgw thc Prìtashc 5.1.4. �

Parat rhsh 3.4.1. An kai oi ektimhtèc δ
(3)
∗2 kai δ

(4)
∗2 èqoun kalÔterec epidìseic apo

ton ektimht  δ
(2)
∗2 wc proc to krit rio tou Mèsou TetragwnikoÔ Sf�lmatoc, se sqèsh

me to krit rio Pitman (MPN), o ektimht c δ
(2)
∗2 uperèqei. Epiplèon o δ

(2)
∗2 ektim� ka-

lÔtera thn par�metro jèshc σ1 apo ton δ
(1)
∗2 se sqèsh me to krit rio Pitman (MPN)

en¸ wc proc to krit rio tou Mèsou TetragwnikoÔ Sf�lmatoc oi dÔo ektimhtèc eÐnai

isodÔnamoi.



Kef�laio 4

EktÐmhsh twn paramètrwn, ìtan

o parametrikìc q¸roc eÐnai

periorismènoc kai sun�rthsh

zhmÐac eÐnai h Linex

4.1 EktÐmhsh twn paramètrwn µ kai σ, upì ton periorismì µ ≤ c,

wc proc thn sun�rthsh zhmÐac Linex

'Estw X1, X2, ..., Xn tuqaÐo deÐgma megèjouc n apo th diparametrik  ekjetik  kata-

nom  E(µ, σ), µ ∈ ℜ, σ > 0 me puknìthta pijanìthtac,

f(x;µ, σ) =


1

σ
e
−(x−µ)

σ , an x ≥ µ

0 , an x < µ

Se aut  thn enìthta prìkeitai na ektim soume tic paramètrouc jèshc µ kai klÐma-

kac σ wc proc thn sun�rthsh zhmÐac Linex upì ton periorismo µ ≤ c, ìpou c mia

gnwst  stajer�. Ta apotelèsmata aut c thc enìthtac brÐskontai sthn ergasÐa twn

Parsian and Farsipour (1997). Arqik� ja ektim soume thn par�metro jèshc µ.

63
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4.1.1 EktÐmhsh thc paramètrou jèshc µ, upì ton periorismì µ ≤ c,

wc proc thn sun�rthsh zhmÐac Linex

Apì thn Prìtash 2.4.1. eÐnai gnwstì ìti, o bèltistoc analloÐwtoc ektimht c tou

µ, dhlad  o ektimht c Pitman, (Sen and Saleh(1990)), sthn kl�sh C = {δc/δc =

X(1) + c} wc proc thn sun�rthsh zhmÐac Linex, ìtan h par�metroc klÐmakac σ eÐnai

gnwst , eÐnai, δ1(X∼
) = X(1) −

1

α
ln(

n

n− ασ
) ìpou α <

n

σ
. H sun�rthsh kindÔnou

upologÐzetai wc, R(µ, δ1) = ln(
n

n− ασ
)− ασ

n
.

Ja ektim soume to µ sthn perÐptwsh ìpou µ ≤ c, c eÐnai mia gnwst  stajer�.

Prìtash 4.1.1. (Zellner (1986)) O tropopoihmènoc ektimht c Pitman tou µ wc

proc thn sun�rthsh zhmÐac Linex, dhlad  o genikeumènoc ektimht c Bayes tou µ

eÐnai,

δ∗1(X∼
) = − 1

α
ln

(∫ min(c,X(1))

−∞ e−αµσ−ne−
1
σ

∑n
i=1(xi−µ)dµ∫ min(c,X(1))

−∞ σ−ne−
1
σ

∑n
i=1(xi−µ)dµ

)

= min(c,X(1))−
1

α
ln(

n

n− ασ
) (4.1)

ìpou α <
n

σ
, me sun�rthsh kindÔnou,

R(µ, δ∗1) =
ασ

n
e−

n
σ (c−µ)(1− eα(c−µ))− ασ

n
+ ln(

n

n− ασ
)

Apìdeixh

'Opwc anafèrjhke sto Je¸rhma 1.9.1. o ektimht c Bayes, eÐnai h tim  ekeÐnh pou

elaqistopoieÐ thn, h(t) =
∫
Θ
L(t, θ)π(θ|x

∼
)dθ wc prìc t. Gia θ = µ, h ek twn ustèrwn

katanom  eÐnai, π(µ|x
∼
) =

f(x
∼
;µ)π(µ)

f(x
∼
)

, ìpou f(x
∼
) =

∫
f(x

∼
, µ)π(µ)dx kai ek twn

protèrwn katanom  π(µ) = 1, µ ≤ c kai

∫ c

−∞
π(µ) = ∞.

Epiplèon X(1) ∼ E(µ, σn), X(1) ≥ µ kai c ≥ µ. Opìte µ ≤ min{c, x(1)}. 'Eqoume,

h(t) =

∫
Θ

(eα(t−θ) − α(t− θ)− 1)π(µ|x
∼
)dµ



ΚΕΦ�ΑΛΑΙΟ 4. EKT�IMHSH TWN PARAM�ETRWN, WS PROS TH SUN�ARTHSH ZHM�IAS LINEX 65

h
′
(t) = 0 ⇔

∫ min{c,x(1)}

−∞
(αeα(t−µ) − α)π(µ|x

∼
)dµ = 0

⇔ eαt
∫ min{c,x(1)}

−∞
e−αµπ(µ|x

∼
)dµ−

∫ min{c,x(1)}

−∞
π(µ|x

∼
)dµ = 0

⇔ eαt =

∫ min{c,x(1)}

−∞
π(µ|x

∼
)dµ∫ min{c,x(1)}

−∞
e−αµπ(µ|x

∼
)dµ

⇔ t =
1

α
ln


∫ min{c,x(1)}

−∞
π(µ|x

∼
)dµ∫ min{c,x(1)}

−∞
e−αµπ(µ|x

∼
)dµ


Ja upologÐsoume arqik� thn ek twn ustèrwn katanom .

π(µ|x
∼
) =

f(x
∼
;µ)π(µ)

f(x
∼
)

=

1

σn
e−

1
σ

∑n
i=1(Xi−µ)∫ min{c,x(1)}

−∞
σ−ne−

1
σ

∑n
i=1(Xi−µ)dµ

=
e−

1
σ

∑n
i=1(Xi−µ)

e−
1
σ

∑n
i=1 Xi

∫ min{c,x(1)}

−∞
e
nµ
σ dµ

=
e−

1
σ

∑n
i=1(Xi−µ)

e−
1
σ

∑n
i=1 Xi

σ

n
e
n
σmin{c,x(1)}

Opìte,

t =
1

α
ln


∫ min{c,x(1)}

−∞
e−

1
σ

∑n
i=1(Xi−µ)dµ∫ min{c,x(1)}

−∞
e−αµe−

1
σ

∑n
i=1(Xi−µ)dµ

 =

1

α
ln

(∫ min{c,x(1)}

−∞
e−

1
σ

∑n
i=1(Xi−µ)

)
− 1

α
ln

(∫ min{c,x(1)}

−∞
e−αµe−

1
σ

∑n
i=1(Xi−µ)

)
=

1

α
ln

(
e−

∑n
i=1 Xi
σ

∫ min{c,x(1)}

−∞
e
nµ
σ

)
− 1

α
ln

(
e−

∑n
i=1 Xi
σ

∫ min{c,x(1)}

−∞
eµ(

n
σ−α)

)
=

1

α
ln

(
e−

∑n
i=1 Xi
σ

σ

n
e
n
σmin{c,x(1)}

)
− 1

α
ln

(
e−

∑n
i=1 Xi
σ

emin{c,x(1)}(nσ−α)

n
σ − α

)
=
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1

α
ln(

σ

n
) +

n

σα
min{c, x(1)} −

1

α
min{c, x(1)}(

n

σ
− α) +

1

α
ln(

n

σ
− α) =

1

α
ln(

σ

n
(
n

σ
− α)) +min{c, x(1)} =

1

α
ln(1− σα

n
) +min{c, x(1)} =

1

α
ln(

n− σα

n
) +min{c, x(1)} = min{c, x(1)} −

1

α
ln(

n

n− ασ
).

O upologismìc thc sun�rthshc kindÔnou gÐnetai, qrhsimopoi¸ntac thn Prìtash 5.1.6.,

opìte,

R(µ, δ∗1) = E(L(δ∗1, µ)) =

E(eα(δ
∗
1−µ) − α(δ∗1 − µ)− 1) =

E(eα(δ
∗
1−µ))− αE(δ∗1 − µ)− 1 =

E(eα[min(c,X(1))− 1
α ln(

n
n−ασ )−µ])− αE(min(c,X(1))−

1

α
ln(

n

n− ασ
)− µ)− 1 =

E(eαmin(c,X(1))−ln( n
n−ασ )−αµ)− ασ

n
(1− e−

n
σ (c−µ)) + ln(

n

n− ασ
)− 1 =

e−ln( n
n−ασ )e−αµ eαµ

n− ασ
(n−ασe−(nσ−α)(c−µ))− ασ

n
(1−e−

n
σ (c−µ))+ ln(

n

n− ασ
)−1 =

1

n
(n− ασe−(nσ−α)(c−µ))− ασ

n
(1− e−

n
σ (c−µ)) + ln(

n

n− ασ
)− 1 =

1− ασ

n
e−

n
σ (c−µ)+α(c−µ) − ασ

n
(1− e−

n
σ (c−µ)) + ln(

n

n− ασ
)− 1 =

1− ασ

n
e−

n
σ (c−µ)+α(c−µ) − ασ

n
+

ασ

n
e−

n
σ (c−µ) + ln(

n

n− ασ
)− 1 =

ασ

n
e−

n
σ (c−µ)(1− eα(c−µ))− ασ

n
+ ln(

n

n− ασ
). �

Je¸rhma 4.1.1. O bèltistoc analloÐwtoc ektimht c tou µ, dhlad  o ektimht c

Pitman (Sen and Saleh(1990)), δ1(X∼
) = X(1) −

1

α
ln(

n

n− ασ
), ìtan µ ≤ c kai to σ

eÐnai gnwstì, eÐnai mh apodektìc wc proc thn sun�rthsh zhmÐac Linex kai belti¸netai

apo ton ektimht  δ∗1(X∼
) o opoÐoc dÐnetai sth Sqèsh (4.1) ìtan α ≤ n

σ
.

Apìdeixh

Apì thn Prìtash 2.4.1 gnwrÐzoume ìti, R(µ, δ1) = ln(
n

n− ασ
) − ασ

n
, en¸ apì thn

Prìtash 4.1.1. èqoume, R(µ, δ∗1) =
ασ

n
e−

n
σ (c−µ)(1 − eα(c−µ)) − ασ

n
+ ln(

n

n− ασ
).

Epomènwc,
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R(µ, δ1)−R(µ, δ∗1) =

ln(
n

n− ασ
)− ασ

n
− ασ

n
e−

n
σ (c−µ)(1− eα(c−µ)) +

ασ

n
− ln(

n

n− ασ
)

=
ασ

n
e−

n
σ (c−µ)(eα(c−µ) − 1) > 0.

Sunep¸c o ektimht c δ1, ìtan µ ≤ c eÐnai mh apodektìc wc proc thn sun�rthsh zhmÐac

Linex kai belti¸netai apo ton ektimht  δ∗1. �

Ta parap�nw aforoÔn thn ektÐmhsh thc paramètrou µ ìtan h par�metroc σ eÐnai

gnwst . Sthn perÐptwsh pou σ eÐnai �gnwsth par�metroc gnwrÐzoume ìti, o bèltistoc

analloÐwtoc ektimht c tou µ sthn kl�sh C∗ = {δc/δc = X(1) + cS} wc proc thn

sun�rthsh zhmÐac Linex, eÐnai, o δ2(X∼
) = X(1) −

1

α
[(

n

n− α
)
1
n − 1]

n∑
i=1

(Xi −X(1))

ìpou n > α, me sun�rthsh kindÔnouRσ(µ, δ2) = n(
n

n− α
)
1
n−α

n
−n ìpwc apodeÐqjhke

sthn Prìtash 2.4.2.

Ja prospaj soume na belti¸soume thn ektÐmhsh aut  sthn perÐptwsh ìpou µ ≤ c.

Oi Parsian and Farsipour (1997) je¸rhsan ton ektimht 

δ∗2(X∼
) =


δ2(X∼

) , an X(1) ≤ c

c− 1

α
[(

n

n− α
)
1
n − 1]

n∑
i=1

(Xi − c) , an X(1) > c

= min(c,X(1))−
1

α
[(

n

n− α
)
1
n − 1]

n∑
i=1

(Xi −min(c,X(1))) (4.2)

Je¸rhma 4.1.2. O bèltistoc analloÐwtoc ektimht c tou µ, δ2(X∼
), wc proc thn

sun�rthsh zhmÐac Linex, ìtan µ ≤ c kai h par�metroc σ eÐnai �gnwsth, eÐnai mh

apodektìc kai belti¸netai apo ton ektimht  δ∗2(X∼
), opoÐoc dÐnetai sth Sqèsh (4.2),

ìtan α < n.

Apìdeixh

Ja upologÐsoume arqik� thn sun�rthsh kindÔnou tou ektimht  δ∗2(X∼
). 'Eqoume,

R(µ, δ∗2) = E(L(µ, δ∗2)) =

E(eα(
δ∗2−µ

σ ) − α(
δ∗2 − µ

σ
)− 1) =
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E(eα(
δ∗2−µ

σ ))− αE(
δ∗2 − µ

σ
)− 1.

Jètoume κn =
1

α
[(

n

n− α
)
1
n − 1]. Epiplèon

S

σ
∼ G(n− 1, 1) (bl. Prìtash 2.2.3.) kai

n∑
i=1

(Xi − c) =

n∑
i=1

(Xi − c+X(1) −X(1)) = S + n(X(1) − c). Epomènwc,

E(eα(
δ∗2−µ

σ )) =

E(eα(
X(1)−κnS−µ

σ )IX(1)≤c) + E(eα(
c−κn(S+n(X(1)−c))−µ

σ )IX(1)>c) =

e−
αµ
σ E(e−ακn

S
σ )E(e

αx
σ IX(1)≤c) + eα

c−µ
σ E(e

−κnαS−κnαn(X(1)−c)

σ IX(1)>c) =

e−
αµ
σ

1

(1 + κnα)n−1

∫ c

µ

e
α
σ x

n

σ
e−

n
σ (x−µ)dx+ eα

c−µ
σ E(e−κnα

S
σ )E(e−κnα

n(X(1)−c)

σ IX(1)>c) =

e−
αµ
σ

1

(1 + κnα)n−1
e
nµ
σ
n

σ

∫ c

µ

eα
x
σ e−

n
σxdx+ eα

c−µ
σ

1

(1− κnα)n−1
eκnαn

c
σE(e−κnαn

x
σ IX(1)>c) =

e−
αµ
σ

1

(1 + κnα)n−1
e
nµ
σ
n

σ
[(

σ

α− n
)ex

α−n
σ ]cµ+

eα
c−µ
σ (

n− α

n
)
n−1
n e

nc
σ [( n

n−α )
1
n−1]

∫ ∞

c

e−κnα
n
σx

n

σ
e−

n
σ (x−µ)dx =

e
µ
σ (n−α)n

σ
(
n− α

n
)
n−1
n (

σ

α− n
)[ec

α−n
σ − eµ

α−n
σ ]+

eα
c−µ
σ (

n− α

n
)
n−1
n e

nc
σ [( n

n−α )
1
n−1]n

σ
eµ

n
σ

∫ ∞

c

e−
κnαn+n

σ dx =

−e
µ
σ (n−α)(

n− α

n
)−

1
n [e−(n−α) cσ − e−(n−α)µσ ] + eα

c−µ
σ (

n− α

n
)
n−1
n e

nc
σ [( n

n−α )
1
n−1]n

σ
eµ

n
σ ·

[(− σ

n(κnα + 1)
)e−

n
σ (κnα+1)x]∞c =

(
n

n− α
)
1
n (1− e(

n−α
σ )(µ−c)) +

n− α

n
(
n− α

n
)−

1
n eα

c−µ
σ e−

nc
σ e

nµ
σ (

n− α

n
)
1
n =

(
n− α

n
)−

1
n (1− e(

n−α
σ )(µ−c)) +

n− α

n
e
α
σ (c−µ)e

n
σ (µ−c) =

(
n− α

n
)−

1
n (1− e(

n−α
σ )(µ−c)) +

n+ α

n
e(

n−α
σ )(µ−c) =

(
n− α

n
)−

1
n − (

n− α

n
)−

1
n e(

n−α
σ )(µ−c) +

n− α

n
e
n−α
σ (µ−c).
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αE(
δ∗2−µ
σ ) =

α

σ
E((X(1) − κnS − µ)IX(1)≤c) +

α

σ
E(c− κn(S + n(X(1) − c)− µ)IX(1)>c) =

α

σ
E(X(1)IX(1)≤c)− κnαE(

S

σ
)P (X(1) ≤ c)− µα

σ
P (X(1) ≤ c) +

α

σ
(c− µ)e−

n
σ (c−µ)−

κnα(n− 1)e−
n
σ (c−µ) − κnα

∫ ∞

c

n

σ
(x− c)

n

σ
e−

n
σ (x−µ)dx =

α

σ

∫ c

µ

x
n

σ
e−

n
σ (x−µ)dx− κnα(n− 1)(1− e−

n
σ (c−µ))− µα

σ
(1− e−

n
σ (c−µ)) +

αc

σ
e−

n
σ (c−µ)

−µα

σ
e−

n
σ (c−µ) − κnα(n− 1)e−

n
σ (c−µ) − κnα

n2

σ2

∫ ∞

c

(x− c)e−
n
σxe

n
σµdx =

nα

σ2
e
nµ
σ

∫ c

µ

xe−
n
σxdx− κnα(n− 1)(1− e−

n
σ (c−µ))− µα

σ
(1− e−

n
σ (c−µ)) +

αc

σ
e−

n
σ (c−µ)

−µα

σ
e−

n
σ (c−µ) − κnα(n− 1)e−

n
σ (c−µ) − κnα

n2

σ2

∫ ∞

c

(x− c)e−
n
σxe

n
σµdx =

nα

σ2
e
nµ
σ

∫ c

µ

x(−σ

n
e−

n
σx)

′
dx− κnα(n− 1)(1− e−

n
σ (c−µ))− µα

σ
(1− e−

n
σ (c−µ))+

αc

σ
e−

n
σ (c−µ) − µα

σ
e−

n
σ (c−µ) − κnα(n− 1)e−

n
σ (c−µ) − κnα

n2

σ2

∫ ∞

c

(x− c)e−
n
σxe

n
σµdx =

nα

σ2
e
nµ
σ [[−x

σ

n
e−

n
σx]cµ +

σ

n

∫ c

µ

e−
n
σxdx]−κnα(n−1)(1−e−

n
σ (c−µ))−µα

σ
(1−e−

n
σ (c−µ))+

αc

σ
e−

n
σ (c−µ) − µα

σ
e−

n
σ (c−µ) − κnα(n− 1)e−

n
σ (c−µ) − κnα

n2

σ2

∫ ∞

c

(x− c)e−
n
σxe

n
σµdx =

α

σ
e
n
σµ[−ce−

n
σ c + µe−

n
σµ + (−σ

n
e−

n
σx)cµ]− κnα(n− 1)(1− e−

n
σ (c−µ))− µα

σ
(1− e−

n
σ (c−µ))

+
αc

σ
e−

n
σ (c−µ) − µα

σ
e−

n
σ (c−µ) − κnα(n− 1)e−

n
σ (c−µ) − κnα

n2

σ2

∫ ∞

c

(x− c)e−
n
σxe

n
σµdx =

α

σ
e
n
σµ[−ce−

n
σ c + µe−

n
σµ − σ

n
e−

n
σ c +

σ

n
e−

n
σµ]− κnα(n− 1)(1− e−

n
σ (c−µ))− µα

σ
(1− e−

n
σ (c−µ))

+
αc

σ
e−

n
σ (c−µ) − µα

σ
e−

n
σ (c−µ) − κnα(n− 1)e−

n
σ (c−µ) − κnα

n2

σ2

∫ ∞

c

(x− c)e−
n
σxe

n
σµdx =

−αc

σ
e
n
σ (µ−c) − α

n
e
n
σ (µ−c) +

α

n
− κnα(n− 1)(1− e

n
σ (µ−c)) +

µα

σ
e−

n
σ (µ−c) +

αc

σ
e−

n
σ (c−µ)

−µα

σ
e−

n
σ (c−µ) − κnα(n− 1)e−

n
σ (c−µ) − κnα

n2

σ2

∫ ∞

c

(x− c)e−
n
σxe

n
σµdx =

−α

n
e
n
σ (µ−c) +

α

n
− κnα(n− 1)− κnα

n2

σ2

∫ ∞

c

(x− c)e−
n
σxe

n
σµdx =
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−α

n
e
n
σ (µ−c) +

α

n
− κnα(n− 1)− κnα

n2

σ2
e
n
σµ

∫ ∞

c

xe−
n
σxdx+ κnα

n2

σ2
e
n
σµc

∫ ∞

c

e−
n
σxdx =

−α

n
e
n
σ (µ−c) +

α

n
− κnα(n− 1)− κnα

n2

σ2
e
n
σµ

∫ ∞

c

x(−σ

n
e−

n
σx)

′
dx+ κnα

n2

σ2
e
n
σµc(−σ

n
e−

n
σx)∞c =

−α

n
e
n
σ (µ−c) +

α

n
− κnα(n− 1)− κnα

n2

σ2
e
n
σµ[(−x

σ

n
e−

n
σx)∞c +

∫ ∞

c

σ

n
e−

n
σxdx]+κnα

nc

σ
e
n
σ (µ−c) =

−α

n
e
n
σ (µ−c) +

α

n
− κnα(n− 1)− κnα

n2

σ2
e
n
σµ[

cσ

n
e +

σ

n
(−σ

n
e−

n
σx)∞c ] + κnα

cn

σ
e
n
σ (µ−c) =

−α

n
e
n
σ (µ−c) +

α

n
− κnα(n− 1)− κnαe

n
σ (µ−c) − α

n
e
n
σ (µ−c) +

α

n
− ((

n

n− α
)
1
n − 1)(n− 1)

−((
n

n− α
)
1
n − 1)e

n
σ (µ−c) =

−α

n
e
n
σ (µ−c) +

α

n
− n(

n

n− α
)
1
n + n+ (

n

n− α
)
1
n − 1− (

n

n− α
)
1
n e

n
σ (µ−c) + e

n
σ (µ−c).

Telik�,

R(µ, δ∗2) =

(
n− α

n
)−

1
n − (

n− α

n
)−

1
n e(

n−α
σ )(µ−c) +

n− α

n
e
n−α
σ (µ−c) +

α

n
e
n
σ (µ−c) − α

n
+ n(

n

n− α
)
1
n

−n− (
n

n− α
)
1
n + 1 + (

n

n− α
)
1
n e

n
σ (µ−c) − e

n
σ (µ−c) − 1 =

−α

n
+ n(

n

n− α
)
1
n − n+ (

n

n− α
)
1
n e

n
σ (µ−c) − n− α

n
e
n
σ (µ−c) − e−

n−α
σ (c−µ)(

n

n− α
)
1
n

+
n− α

n
e−

n−α
σ (c−µ) =

[(
n

n− α
)
1
n − n− α

n
]e−

n
σ (c−µ)(1− e

α
σ (c−µ)) + n(

n

n− α
)
1
n − α

n
− n.

Opìte,

R(µ, δ2)−R(µ, δ∗2) = [(
n

n− α
)
1
n − n− α

n
]e−

n
σ (c−µ)(e

α
σ (c−µ) − 1) ≥ 0, ìtan α ≤ n.

Sunep¸c o ektimht c δ2(X∼
), ìtan µ ≤ c, eÐnai mh apodektoc wc proc thn mèsh sun�rth-

sh zhmÐac Linex kai belti¸netai apo ton ektimht  δ∗2. �
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4.1.2 EktÐmhsh thc paramètrou jèshc σ, upì ton periorismìµ ≤ c,

wc proc thn sun�rthsh zhmÐac Linex

Apì thn Prìtash 2.4.3. gnwrÐzoume ìti, o bèltistoc analloÐwtoc ektimht c tou σ

sthn kl�sh C∗∗ = {δc/δc = cS} wc proc thn sun�rthsh zhmÐac Linex , ìtan h

par�metroc jèshc µ eÐnai �gnwsth, eÐnai, δ3(X∼
) =

1

α
(1 − e−

α
n )

n∑
i=1

(Xi −X(1)) kai h

sun�rthsh kindÔnou, R(σ, δ3) = ne−
α
n − n+ α.

Ja prospaj soume na belti¸soume thn ektÐmhsh aut  sthn perÐptwsh ìpou µ ≤ c.

Oi Parsian and Farsipour (1997) je¸rhsan ton ektimht ,

δ∗3(X∼
) =

1

α
(1− e−

α
n )

n∑
i=1

(Xi −min(c,X(1))) (4.3)

Prìtash 4.1.2. O bèltistoc analloÐwtoc ektimht c tou σ,

δ3(X∼
) =

1

α
(1− e−

α
n )

n∑
i=1

(Xi −X(1)),

eÐnai isodÔnamoc ¸c proc thn mèsh sun�rthsh zhmÐac Linex me ton ektimht , δ∗3(X∼
),

o opoÐoc dÐnetai apì thn Sqèsh (4.3), ìtan µ ≤ c, me c gnwst  stajer� me sun�rthsh

kindÔnou,

R(σ, δ∗3) = ne−
α
n − n+ α.

Apìdeixh

Jètoume κ =
1

α
(1 − e−

α
n ). IsqÔei ìti,

n

σ
(X(1) − µ)|X(1) > c ∼ G(1, 1) kai

2S

σ
∼

G(n− 1, 2), epomènwc,

R(σ, δ3)−R(σ, δ∗3) =

E[(e
κα
σ

∑n
i=1(Xi−X(1))−α − e

κα
σ

∑n
i=1(Xi−c)−α +

nκα

σ
(X(1) − c))IX(1)>c] =

e−αE(e
κα
σ

∑n
i=1(Xi−X(1))IX(1)>c)− e−αE(e

κα
σ

∑n
i=1(Xi−c)IX(1)>c) + E(nκασ (X(1) −

c)IX(1)>c) =

e−αE(e
κα
σ

∑n
i=1(Xi−X(1)))P (X(1) > c)− e−αE(e

κα
σ

∑n
i=1(Xi−c+X(1)−X(1))IX(1)>c)+



ΚΕΦ�ΑΛΑΙΟ 4. EKT�IMHSH TWN PARAM�ETRWN, WS PROS TH SUN�ARTHSH ZHM�IAS LINEX 72

E(
nκα

σ
(X(1) − c− µ+ µ)IX(1)>c).

'Omwc,

e−αE(e
κα
σ

∑n
i=1(Xi−X(1)))P (X(1) > c) = e−αE(e

κα
σ S))P (X(1) > c) =

e−α 1

(1− σ κα
σ )n−1

∫ ∞

c

n

σ
e−

n
σ (x−µ)dx = e−α(1− κα)−(n−1)[−e−

n
σ (x−µ)]∞x=c =

e−α(1− κα)−(n−1)e−
n
σ (c−µ). (4.4)

EpÐshc,

e−αE(e
κα
σ

∑n
i=1(Xi−c+X(1)−X(1))IX(1)>c) =

e−αE(e
κα
σ S))E(e

nκα
σ (X(1)−c)IX(1)>c) =

e−α(1− κα)−(n−1)

∫ ∞

c

e
nκα
σ (x−c)n

σ
e−

n
σ (x−µ)dx =

e−α(1− κα)−(n−1)n

σ

∫ ∞

c

e(
nκα
σ −n

σ )x−
nκα
σ c+nµ

σ dx =

e−α(1− κα)−(n−1)n

σ
e−

nκα
σ c+nµ

σ

[
1

nκα
σ − n

σ

e(
nκα
σ −n

σ )x

]∞
x=c

=

e−α(1− κα)−(n−1)n

σ
e−

nκα
σ c+nµ

σ
(−1)

(κα− 1)
e
nκα
σ c−nc

σ =

e−α(1− κα)−(n−1)(1− ακ)−1e
n
σ (µ−c). (4.5)

Akìma,

E(
nκα

σ
(X(1) − c− µ+ µ)IX(1)>c) =

nκα

σ
(µ− c)P (X(1) > c) +

nκα

σ
E
[
(X(1) − µ)IX(1)>c

]
=

nκα

σ
(µ− c)e−

n
σ (c−µ) +

nκα

σ

∫ ∞

c

(x− µ)
n

σ
e−

n
σ (x−µ)dx =

nκα

σ
(µ− c)e−

n
σ (c−µ) +

nκα

σ

[(
−xe−

n
σ (x−µ)

)∞
c

+

∫ ∞

c

e−
n
σ (x−µ)dx+ µ

(
e−

n
σ (x−µ)

)∞
c

]
=

nκα

σ
(µ− c)e−

n
σ (c−µ) +

nκα

σ

[
ce−

n
σ (c−µ) − σ

n
(e−

n
σ (x−µ))∞c −−n

σ (c−µ)
]
=

nκα

σ
(µ− c)e−

n
σ (c−µ) +

nκα

σ
(c− µ+

σ

n
)e−

n
σ (c−µ). (4.6)
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Apì tic sqèseic (4.4), (4.5) kai (4.6) prokÔptei,

R(σ, δ3)−R(σ, δ∗3) =

e−α(1− κα)−(n−1)e−
n
σ (c−µ) − e−α(1− κα)−(n−1)(1− ακ)−1e

n
σ (µ−c) +

nκα

σ
(µ− c)·

e−
n
σ (c−µ) +

nκα

σ
(c− µ+

σ

n
)e−

n
σ (c−µ) =

e−α(1− κα)−(n−1)e−
n
σ (c−µ)

[
1− 1

1− κα

]
+

nκα

σ

σ

n
e−

n
σ (c−µ) =

e−α(1− κα)−(n−1) − −κα

1− κα
e−

n
σ (c−µ) +

nκα

σ
e−

n
σ (c−µ) =

ακe−
n
σ (c−µ)

[
1− e−α

(1− ακ)n

]
.

Epeid ,

κ =
1

α
(1 − e−

α
n ) ⇔ ακ = 1 − e−

α
n ⇔ 1 − ακ = e−

α
n ⇔ (1 − ακ)n = e−α ⇔

e−α

(1− ακ)n
= 1.

Sunep¸c,

R(σ, δ3)−R(σ, δ∗3) = ακe−
n
σ (c−µ)

[
1− e−α

(1− ακ)n

]
= 0 ⇔ R(σ, δ3) = R(σ, δ∗3).

'Ara o ektimht c δ3 eÐnai isodÔnamoc me ton ektimht  δ∗3 wc proc thn mèsh sun�rthsh

zhmÐac Linex. �

ParathroÔme, loipìn, ìti o b.a.e. tou σ, δ3, eÐnai isodÔnamoc me ton b.a.e. tou σ, δ∗3,

ìtan isqÔei o periorismìc µ ≤ c, afoÔ h sun�rthsh zhmÐac eÐnai austhr� kurt , oi

Parsian and Farsipour (1997), prìteinan ton ektimht ,

δ4(X∼
) =

δ3(X∼
) + δ∗3(X∼

)

2

  diaforetik�

δ4(X∼
) =

 κS , an X(1) ≤ c

κS +
nκ

2
(X(1) − c) , an X(1) > c

(4.7)
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ìpou κ =
1

α
(1− e−

α
n ).

Prìtash 4.1.3. O ektimht c tou σ, δ∗3(X∼
) =

1

α
(1− e−

α
n )

n∑
i=1

(Xi −min(c,X(1))),

eÐnai mh apodektìc wc proc thn mèsh sun�rthsh zhmÐac Linex, ìtan µ ≤ c, kai belti¸-

netai apo ton ektimht  δ4(X∼
) o opoÐoc dÐnetai sth Sqèsh (4.7) me sun�rthsh kindÔnou,

R(σ, δ4) = e−
n
σ (µ−c) (1− e−

α
n )(3 + e−

α
n )

2(1 + e−
α
n )

+ ne−
α
n − n+ α.

Apìdeixh

GnwrÐzoume ìti, S ∼ Gamma(n− 1, σ) kai
n

σ
(X(1) − c)|X(1) > c ∼ Gamma(1, 1)

( bl, Prìtash 5.1.1.). Epomènwc,

R(σ, δ∗3)−R(σ, δ4) =

E(eα(
δ∗3
σ −1) − α(

δ∗3
σ

− 1)− 1)− E(eα(
δ4
σ −1) − α(

δ4
σ

− 1)− 1) =

E(e
α
σ κS+

α
σ κn(X(1)−c)−αIX(1)>c)− E((

α

σ
κS +

α

σ
κn(X(1) − c)− α)IX(1)>c)−

E(e
α
σ κS+

α
σ

nκ
2 (X(1)−c)−αIX(1)>c) + E((

α

σ
κS +

α

σ

nκ

2
(X(1) − c)− α)IX(1)>c) =

e−αE(e
α
σ κS)E(e

α
σ κn(X(1)−c)IX(1)>c)− e−αE(e

α
σ κS)E(e

α
σ

κn
2 (X(1)−c)IX(1)>c)−

E(
α

σ

nκ

2
(X(1) − c)IX(1)>c) =

e−α 1

(1− κα)n−1

∫ ∞

c

e
nκα
σ (x−c)n

σ
e
n
σ (x−µ)dx−eα

1

(1− κα)n−1

∫ ∞

c

e
nκα
2σ (x−c)n

σ
e
n
σ (x−µ)dx

−nκα

2σ

∫ ∞

c

x
n

σ
e−

n
σ (x−µ)dx− nκα

2σ
ce−

n
σ (c−µ) =

e−α 1

(1− κα)n−1

n

σ

∫ ∞

c

e(
nκα
σ −n

σ )x−
nκα
σ c+nµ

σ dx− e−
α
n
n

σ
e−

nκα
2σ c+n

σµ

∫ ∞

c

e(
nκα
2σ −n

σ )xdx−

nκα

2σ

[
−xe−

n
σ (x−µ)

]∞
x=c

− nκα

2σ

∫ ∞

c

e−
n
σ (x−µ) − nκα

2σ
ce−

n
σ (c−µ) =

e−α 1

(1− κα)n−1

n

σ
e−

nκα
σ c+n

σµ

[
1

nκα
σ − n

σ

e(
nκα
σ −n

σ )x

]∞
x=c

−
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e−
α
n
n

σ
e−

nκα
2σ

1
nκα
2σ − n

σ

[
e(

nκα
2σ −n

σ )x
]∞
x=c

+
ακ

2
e−

n
σ (c−µ) =

e−α 1

(1− κα)n−1

n

σ
e−

nκα
σ c+n

σµ
(−1)

n
σ (κα− 1)

e
nκα
σ c−n

σ c − 2

2− κα
e−

α
n e−

n
σ (c−µ)+

1− e−
α
n

2
e−

n
σ (c−µ) =

e−α 1

(1− κα)n
e
n
σ (µ−c) − 2

1 + e−
α
n
e−

α
n e−

n
σ (c−µ) +

1− e−
n
σ (c− µ)

2
=

e−
n
σ (µ−c)

(
1− 2

1 + e−
α
n
e−

α
n +

1− e−
α
n

2

)
=

e−
n
σ (µ−c)

(
2 + 2e−

α
n − 4e−

α
n + 1− e−2α

n

2(1 + e−
α
n )

)
=

e−
n
σ (µ−c)

(
2(1− e−

α
n ) + (1− e−

α
n )(1 + e−

α
n )

2(1 + e−
α
n )

)
=

e−
n
σ (µ−c) (1− e−

α
n )(3 + e−

α
n )

2(1 + e−
α
n )

> 0

Sunep¸c o ektimht c tou σ, δ∗3(X∼
) ìtan µ ≤ c eÐnai mh apodektìc wc proc thn sun�r-

thsh zhmÐac Linex kai belti¸netai apo ton ektimht , δ4(X∼
) me sun�rthsh kindÔnou,

R(σ, δ4) = e−
n
σ (µ−c) (1− e−

α
n )(3 + e−

α
n )

2(1 + e−
α
n )

+ ne−
α
n − n+ α. �

4.2 Efarmog  sto prìblhma twn dÔo deÐgmatwn

'EstwX1, X2, ..., Xn tuqaÐo deÐgma apo th diparametrik  ekjetik  katanom  E(µ1, σ1),

kai Y1, Y2, ..., Ym epÐshc tuqaÐo deÐgma apo th diparametrik  ekjetik  katanom  E(µ2, σ2).

Mac endiafèrei h ektÐmhsh twn paramètrwn µ1 kai σ1 sthn perÐptwsh ìpou µ1 ≤ µ2

wc proc thn sun�rthsh zhmÐac Linex.

Ja ektim soume arqik� thn par�metro µ1 ìtan oi σ1 kai σ2 eÐnai gnwstèc par�metroi

kai µ1 ≤ µ2.

Apì thn Prìtash 2.4.1. gnwrÐzoume ìti, o bèltistoc analloÐwtoc ektimht c tou µ1,

dhlad  o ektimht c Pitman, (Sen and Saleh (1990)), sthn kl�sh C = {δc/δc =

X(1)+ c} wc proc thn sun�rthsh zhmÐac Linex , ìtan h par�metroc klÐmakac σ1 eÐnai
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gnwst , me∆ = δc−µ1 kaiX∼
= (X1, X2, ..., Xn) eÐnai, δ

′
1(X∼

) = X(1)−
1

α
ln(

n

n− ασ1
)

ìtan α <
n

σ1
.

Gia thn ektÐmhsh thc paramètrou µ1, ìtan σ1 kai σ2 eÐnai gnwst� kai µ1 ≤ µ2, oi

Parsian and Farsipour (1997) prìteinan ton ektimht ,

δ∗
′

1 (X∼
) = min(X(1), Y(1))−

1

α
ln(

n

n− ασ1
), ìpou α <

n

σ1
(4.8)

Je¸rhma 4.2.1. O bèltistoc analloÐwtoc ektimht c thc paramètrou µ1,

δ
′
1(X∼

) = X(1) −
1

α
ln(

n

n− ασ1
), ìtan µ1 ≤ µ2 kai oi par�metroi σ1 kai σ2 gnwstèc,

eÐnai mh apodektìc wc proc thn mèsh sun�rthsh zhmÐac Linex kai belti¸netai apo

ton ektimht , δ∗
′

1 (X∼
) thc Sqèshc (4.8).

Apìdeixh

R(µ1, δ
′
1)−R(µ1, δ

∗′
1 ) =

E
[
(e

α(X(1)− 1
α ln(

n
n−ασ1

))−µ1) − e
α(Y(1)− 1

α ln(
n

n−ασ1
))−µ1) − α(X(1) − Y(1)))IX(1)>Y(1)

]
=

E
[
E[(e

α(X(1)− 1
α ln(

n
n−ασ1

))−µ1) − e
α(c− 1

α ln(
n

n−ασ1
))−µ1) − α(X(1) − c))IX(1)>c|Y(1) = c]

]
=∫ ∞

µ2

E[(e
α(X(1)− 1

α ln(
n

n−ασ1
))−µ1)−e

α(c− 1
α ln(

n
n−ασ1

))−µ1)−α(X(1)−c))IX(1)>c]fY(1)(c)dc.

'Omwc, apì thn apìdeixh tou Jewr matoc 4.1.1.,prokÔptei ìti,

R(µ, δ1)−R(µ, δ∗1) =

E[(eα(X(1)− 1
α ln(

n
n−ασ ))−µ) − eα(c−

1
α ln(

n
n−ασ ))−µ) − α(X(1) − c))IX(1)>c] =

ασ

n
e−

n
σ (c−µ)(eα(c−µ) − 1) ≥ 0.

Sunep¸c,

R(µ1, δ
′
1)−R(µ1, δ

∗′
1 ) =

E
[
ασ1
n

e
− n

σ1
(c−µ1)(eα(c−µ1) − 1)|Y(1) = c

]
=

ασ1
n

E
[
e
− n

σ1
(Y(1)−µ1)(eα(Y(1)−µ1) − 1)

]
.

An α > 0 h t. m. eα(Y(1)−µ1+µ2−µ2) − 1 > 0, epomènwc

ασ1
n

E
[
e
− n

σ1
(Y(1)−µ1)(eα(Y(1)−µ1) − 1)

]
> 0 (4.9)
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AntÐstoiqa, h (4.9) isqÔei gia α < 0.

'Ara o ektimht c δ
′
1(X∼

) eÐnai mh apodektìc wc proc thn mèsh sun�rthsh zhmÐac Linex

kai belti¸netai apo ton ektimht , δ∗
′

1 (X∼
). �

Sth sunèqeia parajètoume trìpouc ektÐmhshc thc par�metrou µ1 sthn perÐptwsh

ìpou σ1, σ2 eÐnai �gnwsta kai µ1 ≤ µ2.

Apì thn Prìtash 2.4.2. gnwrÐzoume ìti, o bèltistoc analloÐwtoc ektimht c tou µ1

sthn kl�sh C∗ = {δc/δc = X(1) + cS} wc proc thn sun�rthsh zhmÐac Linex, ìtan oi

par�metroi σ1 kai σ2 eÐnai �gnwstec, me ∆ =
δc − µ1

σ1
eÐnai,

δ
′
2(X∼

) = X(1) −
1

α
[(

n

n− α
)
1
n − 1]

n∑
i=1

(Xi −X(1)), ìpou m > α.

Gia thn ektÐmhsh thc paramètrou µ1, ìtan σ1, σ2 �gnwsta kai µ1 ≤ µ2, oi

Parsian and Farsipour (1997) je¸rhsan ton ektimht ,

δ∗
′

2 (X∼
) = min(X(1), Y(1))−

1

α
[(

n

n− α
)
1
n − 1]

n∑
i=1

(Xi −min(X(1), Y(1))) (4.10)

Je¸rhma 4.2.2. O bèltistoc analloÐwtoc ektimht c tou µ1, δ
′
2(X∼

) wc proc thn

mèsh sun�rthsh zhmÐac Linex, ìtan µ1 ≤ µ2 kai oi par�metroi σ1 kai σ2 eÐnai �gnw-

stec, me ∆ =
δc − µ1

σ1
eÐnai mh apodektìc kai belti¸netai apo ton ektimht  δ∗

′
2 (X∼

),

thc Sqèshc (4.10), ìtan α < n.

Apìdeixh

'Estw S =

n∑
i=1

(Xi −X(1)) kai κn =
1

α
[(

n

n− α
)
1
n − 1]. 'Eqoume,

R(µ1, δ
′
2)−R(µ1, δ

∗′
2 ) =

E[(e
α(

X(1)−κnS−µ1
σ1

) − e
α(

Y(1)−κnS−κnn(X(1)−Y(1))−µ1
σ1

) − α

σ1
(1 + κnn)(X(1) − Y(1)))

IX(1)>Y(1) ] =

E[E[(e
α(

X(1)−κnS−µ1
σ1

) − e
α(

c−κnS−κnn(X(1)−c)−µ1
σ1

) − α

σ1
(1 + κnn)(X(1) − c))IX(1)>c

|Y(1) = c]] =
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∫ ∞

µ2

E[(e
α(

X(1)−κnS−µ1
σ1

) − e
α(

c−κnS−κnn(X(1)−c)−µ1
σ1

) − α

σ1
(1 + κnn)(X(1) − c))IX(1)>c]

fY(1)(c)dc.

'Omwc, apì thn apìdeixh tou Jewr matoc 4.1.2., prokÔptei ìti,

R(µ1, δ2)−R(µ1, δ
∗
2) =

E[(eα(
X(1)−κn−µ

σ ) − eα(
c−κnS−κn(X(1)−c)−µ

σ ) − α

σ
(1 + κnn)(X(1) − c))IX(1)>c] =

[(
n

n− α
)
1
n − n− α

n
]e−

n
σ (c−µ)(e

α
σ (c−µ) − 1)

Sunep¸c,

R(µ1, δ
′
2)−R(µ1, δ

∗′
2 ) =

[(
n

n− α
)
1
n − n− α

n
]E[e

− n
σ1

(Y(1)−µ1)(e
α
σ1

(Y(1)−µ1) − 1)].

An 0 < α < n, tìte h t.m. e
α
σ1

(Y(1)−µ1+µ2−µ2) > 0 kai (
n

n− α
)
1
n − n− α

n
> 0

⇔ 1 > (
n

n− α
)
1
n )n+1, isqÔei gia 0 < α < n. Opìte,

[(
n

n− α
)
1
n − n− α

n
]E[e

− n
σ1

(Y(1)−µ1)(e
α
σ1

(Y(1)−µ1) − 1)] > 0 (4.11)

AntÐstoiqa, h (4.11) isqÔei gia α < 0.

'Ara o ektimht c δ
′
2(X∼

) eÐnai mh apodektìc wc proc thn mèsh sun�rthsh zhmÐac Linex

kai belti¸netai apo ton ektimht , δ∗
′

2 (X∼
). �

Sth sunèqeia asqoloÔmaste me thn ektÐmhsh thc par�metrou σ1 sthn perÐptwsh ìpou

µ1 ≤ µ2. Apì thn Prìtash 2.4.3 gnwrÐzoume ìti, o bèltistoc analloÐwtoc ektimht c

tou σ1 sthn kl�sh C∗∗ = {δc/δc = cS1} wc proc thn mèsh sun�rthsh zhmÐac Linex

me ∆ =
δc
σ1

− 1 kai X
∼

= (X1, X2, ..., Xm) eÐnai, δ
′
3(X∼

) = 1
α(1− e−

α
n )

n∑
i=1

(Xi −X(1)).

Ja prospaj soume na belti¸soume thn ektÐmhsh aut  sthn perÐptwsh pou µ1 ≤ µ2.

JewroÔme ton ektimht ,
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δ∗
′

3 (X∼
) =

1

α
(1− e−

α
n )

n∑
i=1

(Xi −min(X(1), Y(1))) (4.12)

Prìtash 4.2.1. O bèltistoc analloÐwtoc ektimht c tou σ1,

δ
′
3(X∼

) =
1

α
(1− e−

α
n )

n∑
i=1

(Xi −X(1)),

ìtan µ1 ≤ µ2 eÐnai isodÔnamoc wc proc thn mèsh sun�rthsh zhmÐac Linex me ton

ektimht , δ∗
′

3 (X∼
) thc Sqèshc (4.12)

Apìdeixh

Jètoume κ =
1

α
(1− e−

α
n ) kai S =

n∑
i=1

(Xi −X(1)) 'Eqoume,

R(σ1, δ
′
3)−R(σ1, δ

∗′
3 ) =

E
[
(e

κα
σ1

S−α − e
κα
σ1

∑n
i=1(Xi−Y(1))−α

+
nκα

σ1
(X(1) − Y(1)))IX(1)>Y(1)

]
=

E
[
E[(e

κα
σ1

S−α − e
κα
σ1

∑n
i=1(Xi−c)−α

+
nκα

σ1
(X(1) − c))IX(1)>c|Y(1) = c]

]
=

E
[
(e

κα
σ1

S−α − e
κα
σ1

∑n
i=1(Xi−c)−α

+
nκα

σ1
(X(1) − c))IX(1)>c

]
.

'Omwc, apì thn apìdeixh thc Prìtashc 4.1.2. prokÔptei ìti,

E
[
(e

κα
σ S−α − e

κα
σ

∑n
i=1(Xi−c)−α +

nκα

σ
(X(1) − c))IX(1)>c

]
=

R(σ1, δ3)−R(σ1, δ
∗
3) = 0.

Sunep¸c, R(σ1, δ
′
3)−R(σ1, δ

∗′
3 ) = 0.

Opìte o bèltistoc analloÐwtoc ektimht c tou σ1, δ
′
3(X∼

), ìtan µ1 ≤ µ2 eÐnai isodÔna-

moc wc proc thn mèsh sun�rthsh zhmÐac Linex me ton ektimht  δ∗
′

3 (X∼
). �

Qrhsimopoi¸ntac to gegonìc, ìti h sun�rthsh zhmÐac eÐnai austhr¸c kurt , oi

Parsian and Farsipour (1997) je¸rhsan ton ektimht ,

δ
′
4(X∼

) =
δ
′
3(X∼

) + δ∗
′

3 (X∼
)

2

gia thn ektÐmhsh tou σ1, ìtan µ1 ≤ µ2,   diaforetik�
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δ
′
4(X∼

) =

 κS , an X(1) ≤ Y(1)

κS +
nκ

2
(X(1) − Y(1)) , an X(1) > Y(1)

(4.13)

ìpou κ =
1

α
(1− e−

α
n ) kai S =

n∑
i=1

(Xi −X(1)).

Prìtash 4.2.2. Oi ektimhtèc tou σ, δ∗
′

3 (X∼
) kai δ

′
3(X∼

), ìtan µ1 ≤ µ2 eÐnai mh apo-

dektoÐ wc proc thn mèsh sun�rthsh zhmÐac Linex kai belti¸nontai apo ton ektimht 

δ
′
4(X∼

), pou dÐnetai sth Sqèsh (4.13.).

Apìdeixh

'Eqoume,

R(σ, δ∗
′

3 )−R(σ, δ
′
4) =

E(e
α
σ1

κS+ α
σ1

κn(X(1)−Y(1))−α
IX(1)>Y(1))−E((

α

σ1
κS+

α

σ1
κn(X(1)−Y(1))−α)IX(1)>Y(1))−

E(e
α
σ1

κS+ α
σ1

nκ
2 (X(1)−Y(1))−α

IX(1)>Y(1))+E((
α

σ1
κS+

α

σ1

nκ

2
(X(1)−Y(1))−α)IX(1)>Y(1)) =

E[E[e
α
σ1

κS+ α
σ1

κn(X(1)−c)−α
IX(1)>c|Y(1) = c]]−

E[E[(
α

σ1
κS +

α

σ1
κn(X(1) − c)− α)IX(1)>c|Y(1) = c]]−

E[E[e
α
σ1

κS+ α
σ1

nκ
2 (X(1)−c)−α

IX(1)>c|Y(1) = c]]+

E[E[(
α

σ1
κS +

α

σ1

nκ

2
(X(1) − c)− α)IX(1)>c|Y(1) = c]] =

E(e
α
σ1

κS+ α
σ1

κn(X(1)−c)−α
IX(1)>c)− E((

α

σ1
κS +

α

σ1
κn(X(1) − c)− α)IX(1)>c)−

E(e
α
σ1

κS+ α
σ1

nκ
2 (X(1)−c)−α

IX(1)>c) + E((
α

σ1
κS +

α

σ1

nκ

2
(X(1) − c)− α)IX(1)>c).

'Omwc, apì thn apìdeixh thc Prìtashc 4.1.3., prokÔptei ìti,

R(σ, δ∗3)−R(σ, δ4) =

E(e
α
σ κS+

α
σ κn(X(1)−c)−αIX(1)>c)− E((

α

σ
κS +

α

σ
κn(X(1) − c)− α)IX(1)>c)−

E(e
α
σ κS+

α
σ

nκ
2 (X(1)−c)−αIX(1)>c) + E((

α

σ
κS +

α

σ

nκ

2
(X(1) − c)− α)IX(1)>c) =
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e−
n
σ (µ−c) (1− e−

α
n )(3 + e−

α
n )

2(1 + e−
α
n )

.

Sunep¸c,

R(σ, δ∗
′

3 )−R(σ, δ
′
4) =

(1− e−
α
n )(3 + e−

α
n )

2(1 + e−
α
n )

E(e−
n
σ (µ1−Y(1))) > 0.

'Ara oi ektimhtèc tou σ, δ∗
′

3 (X∼
) kai δ

′
3(X∼

), ìtan µ1 ≤ µ2 eÐnai mh apodektoÐ wc proc thn

sun�rthsh zhmÐac Linex kai belti¸nontai apo ton ektimht , δ
′
4(X∼

). �



Kef�laio 5

Par�rthma

5.1 ApodeÐxeic qr simwn prot�sewn

Prìtash 5.1.1. 'Estw Y =
n

σ
(X(1) − c).Tìte Y |X(1) > c ∼ Gamma(1, 1).

Apìdeixh

'Eqoume,

FY (y|X(1) > c) = P (Y ≤ y|X(1) > c) =
P (Y ≤ y,X(1) > c)

P (X(1) > c)
=

P (n
X(1)−c

σ ≤ y,X(1) > c)

P (X(1) > c)
=

P (c < X(1) ≤ c+ σ
ny)

P (X(1) > c)
=

P (X(1) ≤ c+ σ
ny)

P (X(1) > c)
−

P (X(1) ≤ c)

P (X(1) > c)
.

Opìte, fY (y|X(1) > c) =
d

dy
FY (y|X(1) > c) =

fX(1)
(c+ σ

ny)
σ
n

P (X(1) > c)
=

n
σe

−n
σ (c+

σ
ny−µ) σ

n

e−
n
σ (c−µ)

=

e−y.

Sunep¸c, Y |X(1) > c ∼ Gamma(1, 1) ≡ E(1) �

Prìtash 5.1.2. An Gn ∼ Gamma(n, 1), tìte P (Gn < n) =

∞∑
k=n

e−nn
k

k!
.

Apìdeixh

fT (t) =
1

Γ(n)
tn−1e−t =

1

(n− 1)!
tn−1e−t.

82
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P (Gn < n) =

∫ n

0

1

(n− 1)!
tn−1e−tdt =

∫ n

0

1

(n− 1)!
tn−1d[−e−t] =

− 1

(n− 1)!

[
tn−1e−t

]n
t=0

+

∫ n

0

1

(n− 1)!
(n− 1)tn−2e−tdt =

− 1

(n− 1)!
nn−1e−n− 1

(n− 2)!
nn−2e−n− 1

(n− 3)!
nn−3e−n+...+1− 1

(n− n)!
nn−ne−n =

1−
n−1∑
k=0

nk
1

k!
e−n =

∞∑
k=n

nk
1

k!
e−n. �

Prìtash 5.1.3. 'Estw Y ,mia tuqaÐa metablht  apo thn katanom  Poisson me

mèso v èna jetikì akèraio. Tìte P (Y = i) < P (Y = 2v − (i + 1)), ìpou i =

0, 1, ..., v − 3, v − 2.

Apìdeixh

Gia i = v − 2 èqoume,

P (Y = v − 2) < P (Y = v + 1) ⇔ e−v vv−2

(v − 2)!
< e−v vv+1

(v + 1)!
⇔

(v + 1)v(v − 1) < v3 ⇔ (v2 − 1)v < v3 ⇔ v2 − 1 < v2, isqÔei.

Gia i = v − 3 èqoume,

P (Y = v − 3) < P (Y = v + 2) ⇔ e−v vv−3

(v − 3)!
< e−v vv+2

(v + 2)!
⇔

(v + 2)(v + 1)v(v − 1)(v − 2) < v5 ⇔ (v2 − 1)(v2 − 4) < v4 ⇔

v2 − 1 < v2 kai v2 − 4 < v2, isqÔei.

Gia i = 0 èqoume,

P (Y = 0) < P (Y = 2v − 1) ⇔ e−v v
0

0!
< e−v v2v−1

(2v − 1)!
⇔

(2v − 1)(2v − 2)...(v + 1)v(v − 1)...1 < v2v−1 ⇔

(v + v − 1)(v + v − 2)...(v + 1)v(v − 1)...(v − (v − 2))(v − (v − 1)) < v2v−1 ⇔

[v2 − (v − 1)2][v2 − (v − 2)2]...(v2 − 1)v < v2v−1 ⇔

[v2 − (v − 1)2][v2 − (v − 2)2]...(v2 − 1) < v2(v−1) isqÔei.

Opìte, ∀ i = 0, 1, ..., v−2, P (Y = i) < P (Y = 2v−(i+1)). �

Prìtash 5.1.4. 'Estw Y ,mia tuqaÐa metablht  apo thn katanom  Poisson me mèso

v èna jetikì akèraio. Tìte

∞∑
k=v

P (Y = k) >
1

2
.

Apìdeixh
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'Eqoume, P (Y = v) = e−v v
v

v!
= e−v vv−1

(v − 1)!
= P (Y = v−1) (5.1)

Epiplèon isqÔoun oi parak�tw sqèseic,

P (Y = 0) < P (Y = 2v− 1), P (Y = 1) < P (Y = 2v− 2), ..., P (Y = v− 3) < P (Y =

v + 2), P (Y = v − 2) < P (Y = v + 1) (bl. Prìtash 5.1.3 ).

Prosjètoume tic parap�nw anisìthtec kaj¸c kai thn sqèsh (5.1) kat� melh kai

prokÔptei,
v−1∑
k=0

P (Y = k) <

2v−1∑
k=v

P (Y = k) <

∞∑
k=v

P (Y = k).

Opìte, P (Y = 0) + ...+ P (Y = v − 1) + P (Y = v) + ... = 1 ⇔
v−1∑
k=0

P (Y = k)+

∞∑
k=v

P (Y = k) = 1 (5.2)

'Omwc,
v−1∑
k=0

P (Y = k)+

∞∑
k=v

P (Y = k) <

∞∑
k=v

P (Y = k)+

∞∑
k=v

P (Y = k) (5.3)

Apì tic Sqèseic (5.2) kai (5.3) prokÔptei ìti,

2

∞∑
k=v

P (Y = k) > 1 ⇒
∞∑
k=v

P (Y = k) >
1

2
. �

Prìtash 5.1.5. H tuqaÐa metablht  Gn =
S

σ
+

n

σ
(X(1) − c)|X(1) > c akoloujeÐ

thn katanom  Gamma(n, 1), dhlad  Gn ∼ Gamma(n, 1).

Apìdeixh

GnwrÐzoume ìti oi statistikèc sunart seic S kai X(1) eÐnai anex�rthtec kai S ∼

Gamma(n− 1, σ). Opìte
S

σ
∼ Gamma(n− 1, 1). Lìgw thc anexarthsÐac

S

σ
|X(1) >

c ∼ Gamma(n − 1, 1). Epiplèon
n

σ
(X(1) − c)|X(1) > c ∼ Gamma(1, 1) (Prìtash

5.1.1).Sunep¸c Gn =
S

σ
+

n

σ
(X(1)− c)|X(1) > c ∼ Gamma(n, 1). �

Prìtash 5.1.6. 'Estw X(1) ∼ E(µ, σ
n
).Tìte,

E[min(c,X(1))] = µ+
σ

n
(1− e−

n
σ (c−µ))

E(eαmin(c,X(1))) =
eαµ

n− ασ
(n− ασe−(nσ−α)(c−µ))

Apìdeixh
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E[min(c,X(1))] =

∫ ∞

µ

min(c,X(1))
n

σ
e−

n
σ (x−µ)dx =

ìmwc min(c,X(1)) ≥ µ∫ ∞

c

c
n

σ
e−

n
σ (x−µ)dx+

∫ c

µ

x
n

σ
e−

n
σ (x−µ)dx =

c
n

σ

∫ ∞

c

e−
n
σxe

n
σµdx+

n

σ
e
n
σµ

∫ c

µ

xe−
n
σxdx =

cnσe
n
σµ

∫ ∞

c

e−
n
σxdx+

n

σ
e
n
σµ

∫ c

µ

x(−σ

n
e−

n
σx)

′
dx =

c
n

σ
e
n
σµ[−σ

n
e−

n
σx]∞c +

n

σ
e
n
σµ[(−σ

n
xe−

n
σx)cµ −

∫ c

µ

−σ

n
e−

n
σxdx] =

ce
n
σ (µ−c) +

n

σ
e
n
σµ[−c

σ

n
e−

n
σ c + µ

σ

n
e−

n
σµ − σ2

n2
e−

n
σ c +

σ2

n2
e−

n
σµ] =

ce
n
σ (µ−c) − ce

n
σ (µ−c) + µ− σ

n
e−

n
σ (c−µ) +

σ

n
=

µ+
σ

n
(1− e−

n
σ (c−µ)).

En¸,

E(eαmin(c,X(1))) =

∫ ∞

µ

eαmin(c,X(1))
n

σ
e−

n
σ (x−µ)dx =

∫ ∞

c

eαc
n

σ
e−

n
σ (x−µ)dx+

∫ c

µ

eαx
n

σ
e−

n
σ (x−µ)dx =

eαc nσe
n
σµ

∫ ∞

c

e−
n
σxdx+

n

σ
e
n
σµ

∫ c

µ

ex(
ασ−n

σ )dx =

eαc
n

σ
e
n
σµ[−σ

n
e−

n
σx]∞c +

n

σ
e
n
σµ

σ

ασ − n
[ex(

ασ−n
σ )]cµ =

eαce
n
σ (µ−c) +

ne
n
σµ

ασ − n
[ec(

ασ−n
σ ) − eµ(

ασ−n
σ )] =

eαce
n
σ (µ−c) +

ne
n
σµe−

n
σ cecα − neαµ

ασ − n
=

(n− ασ)eαce
n
σ (µ−c) − ne

n
σµe−

n
σ cecα + neαµ

n− ασ
=

−ασeαce
n
σ (µ−c) + neαµ

n− ασ
=
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eαµ

n− ασ
(n−ασe−(nσ−α)(c−µ)). �
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